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PREFACE 

The Third Symposium on Nonlinear Consti tutive Relations for High 
Temperature Applications, sponsored jointly by the NASA Lewis Research Center, 
Cleveland, Ohio, and The University of Akron was held at The University of 
Akron, Akron, Ohio, June 11-13, 1986. Over one-hundred participants and 
attendees representing government agencies, universities, and industry were in 
attendance. The purposes of the symposium were ( 1 )  t o  review the state-of-the 
art in nonlinear constitutive modeling of high-temperature materials, ( 2 )  to 
document and disseminate the research progress and new technology developed to 
date and (3) to identify needs for future research and development in the areas 
of constitutive modeling, life prediction, and structural analysis applications. 

One of the specific goals of NASA is to foster technological development 
of analyticallexperimental methodologies for improved design of gas turbine 
engine structures as well as advanced aerospace propulsion engine structures, 
including hypersonic vehicle and reusable space propulsion engine structures. 
To support these technologies, there i s  considerable development work yet 
needed in the area of nonl Inear consti tutive relations for high-temperature 
applications. This has become an increasingly critical need in light of recent 
advances in high-temperature materials technology (including single crystal and 
directionally solidified superalloys, metal matrix composites, and ceramic 
matrix composites) in response to new demands on material performance. NASA 
Lewis, in cooperation with industry, universities, and other government 
agencies, i s  supporting this new technology development; some of which i s  
reported in this symposium publicatiom. The symposium served not only to 
foster this technological development, but also to serve as a forum for all 
industries with a commonality in technology interests. The common interests 
addressed were development of nonlinear constitutive modelslexperiments 
(including life prediction models for advanced materials), their implementatlon 
into structural analysis codes, and their application to analyze advanced 
structures at elevated temperatures. 

The symposium was organized into the following five sessions: 

1. Constitutive Modeling 

111. Experimental Techniques 

V .  Structural Appl ications 

11. 

IV. Numerical Methods and Computation 

Damage and Life Prediction Modeling 

There were a total of twenty-nine papers presented. The papers and 
authors are grouped by session in the Contents. 

The symposium co-chairmen wish to thank the session chairmen; 
distinguished invited lecturers, Professor E.T. Onat from Yale University, 
Professor F.A. Leckie from the University of California at Santa Barbara, and 
Professor A.R.S. Ponter from the University of Leicester, England; and authors 
whose efforts contributed greatly to the technical excellence of the symposium. 
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N88-21499 
THE VISCOPLASTICITY THEORY BASED Oh’ OVERSTRESS 

APPLIED TO THE MODELING OF A N I C K E L  BASE SUPERALLOY AT 815°C 

E. Krempl, H .  Lu and D. Yao 
Department of Mechanical Engineering, 
Aeronaut ica l  Engineering and Mechanics 

Rensselaer  Polytechnic  I n s t i t u t e  
Troy, NY 12180-3590 

Short-tenn s t r a i n  ra te  change, c reep  and r e l axa t ion  tests were performed i n  an MTS 
computer-controlled servohydraul ic  t e s t i n g  machine. Aging and recovery were found t o  
be i n s i g n i f i c a n t  for test  times no t  exceeding t h i r t y  hours .  The m a t e r i a l  func t ions  
and cons t an t s  of t h e  theory  were i d e n t i f i e d  from results of s t r a i n  r a t e  change tes t s ,  
Numerical i n t e g r a t i o n  of t h e  theory  f o r  r e l a x a t i o n  and creep  tes ts  showed good pre-  
d i c t i v e  c a p a b i l i t i e s  of t he  v i s c o p l a s t i c i t y  theory based on o v e r s t r e s s .  

In t roduc t ion  

Advanced materials are being developed f o r  use i n  high temperature  gas t u r b i n e  
a p p l i c a t i o n s .  To f u l l y  u t i l i z e  t h e  c a p a b i l i t y  of t hese  new materia-1s t h e i r  deforma- 
t i o n  p r o p e r t i e s  and t h e i r  c reep  and f a t i g u e  f r a c t u r e  c h a r a c t e r i s t i c s  m u s t  be de t e r -  
mined by s u i t a b l e  experiments .  The experimental  f i nd ings  must be analyzed,  i dea l i zed  
and t r a n s l a t e d  i n t o  c o n s t i t u t i v e  equat ions  f o r  use i n  stress a n a l y s i s  and l i f e  pred ic-  
t i o n .  Only when t h e s e  i n g r e d i e n t s  t oge the r  with appropr i a t e  computat ional  t o o l s  a r e  
a v a i l a b l e  can d u r a b i l i t y  a n a l y s i s  be performed i n  t h e  design s t a g e  long before  a compo- 
nent  i s  being b u i l t .  This paper  c o n t r i b u t e s  t o  t he  design methodology and r e p o r t s  on 
an experimental  i n v e s t i g a t i o n  of t h e  deformation behavior  of a n icke l -base  supera l loy  
a t  815°C and on i t s  mathematical  modeling us ing  the  v i s c o p l a s t i c i t y  theory based on 
o v e r s t r e s s .  

Tes t ing  Method and Test Materials 

All  tests were performed i n  an MTS ax ia l - to r s ion  servohydraul ic  mechanical t e s t i n g  
machine wi th  an MTS 4 6 3  Data/Control processor  f o r  computer c o n t r o l .  
furnace  w a s  used t o  h e a t  t h e  specimens. S t r a i n  measurement on t h e  gage s e c t i o n  was 
done with an MTS high-temperature u n i a x i a l  extensometer.  S t r a i n  and load con t ro l l ed  
tests were performed a t  815°C. 
( a t  room temperature)  and on t h e  uniformity of t he  temperature  a long t h e  gape l eng th .  
For t h e  du ra t ion  of t h e  tes ts  t h e  temperature  of the  gage s e c t i o n  s tayed  wi th in  2 ° C  
of t h e  nominal temperature .  

An MTS c lamshel l  

Separa te  tests checked on t h e  extensometer c a l i b r a t i o n  

The nickel-base supe ra l loy  test m a t e r i a l  was donated by AVCO Lycoming and was 
de l ive red  i n  the  form of 1 9  mm coupons. The machined specimens had a gage s e c t i o n  
diameter of about 6 .5  nun. They were t e s t e d  i n  the  as-received cond i t ion  a t  8 1 5 O C .  

Experiment a1 Resu 1 t s 

E f f e c t s  of s t r a i n  r a t e  

Figure 1 shows t h e  r e s u l t s  of t h r e e  tests:  two were subjec ted  t o  continuous 
s t r a i n i n g  a t  
s t r a i n  r a t e s .  The s i g n i f i c a n t  i n f luence  of s t r a i n  r a t e  i s  ev iden t .  These and o the r  
s t r a i n  r a t e  change tests revea led  no d i s c e r n i b l e  s t r a i n  r a t e  h i s t o r y  e f f e c t .  
s t r a i n  ra te  change tes t s  i n  F ig .  1 and o t h e r s  i n d i c a t e  t h a t  t h e r e  i s  a unique s t r e s s  
l e v e l  a s soc ia t ed  with each s t r a i n  r a t e  which w i l l  be reached a f t e r  a t r a n s i e n t  per iod 

1 

and s-’, r e s p e c t i v e l y ;  the  o the r  t o  a s e q u e n t i a l  decrease i n  

The 
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i r r e s p e c t i v e  of t h e  p r i o r  h i s t o r y .  The stress l e v e l s  were determined from the  tes ts  
and are l i s t e d  i n  Table 1 toge the r  wi th  t h e  stress l e v e l  d i f f e r e n c e s  r e l a t i v e  t o  the  
s t r e s s  corresponding t o  10" s-I. 

The tests i n  Fig.  1 show good r e p r o d u c i b i l i t y  which w a s  a l s o  found w i t h  o t h e r s .  
An except ion  i s  t h e  stress l e v e l  a t  A t  1.1 percent  
s t r a i n ,  specimen 1 5  su f fe red  a temperature v a r i a t i o n  of about 4°C which may have caused 
the  drop-off a t  po in t  A.  
found i n  o t h e r  experiments.  Premature cracking i s  probably the  cause f o r  t he  decrease 
i n  stress l e v e l  of specimen # 7  before  unloading s t a r t e d ,  

s-l f o r  specimens 1/12 and 1115. 

The f i l l e d  t r i a n g l e  i n d i c a t e s  t h e  stress l e v e l  a t  lo- '  s-' 

Aging and recovery 

To a s c e r t a i n  whether t hese  phenomena have a s i g n i f i c a n t  i n f luence  on the  deformation 
behavior  two specimens were sub jec t ed  t o  a 3 and 33 hours  hold pe r iod ,  r e spec t ive ly ,  a t  
ze ro  load a f t e r  loading  t o  1 percent  s t r a i n  and subsequent unloading had been accomplished. 
It i s  seen from Fig.  2 t h a t  t h e  s t r e s s - s t r a i n  curves  be fo re  and a f t e r  t he  rest per iod a r e  
wi th in  t h e  normal s c a t t e r  of t h e  test r e s u l t s .  This  can be e a s i l y  a sce r t a ined  by compar- 
i n g  t h e  responses  of t h e  two specimens and t h e  r e s u l t s  of F igs .  1 and 2 .  

The tes t s  show t h e r e f o r e  t h a t  recovery and aging are i n s i g n i f i c a n t  f o r  t h i s  ma te r i a l  
f o r  times less than 33 hours  a t  815OC. This r e s u l t  w a s  very s u r p r i s i n g  t o  t h e  au tho r s .  

Modeling. The V i s c o p l a s t i c i t y  Theory Based on Overstress (VBO) 

The model and i t s  material func t ions  

In  t h e  p re sen t  v e r s i o n  of VBO recovery and aging are no t  included.  In  t h e  un iax ia l  
s t a t e  of stress t h e  theory c o n s i s t s  of two coupled,  nonl inear .  o rd inary  d i f f e r e n t i a l  
equat ions  which con ta in  two p o s i t i v e ,  decreas ing  m a t e r i a l  func t ions ;  t he  v i s c o s i t y  func- 
t i o n  k c o n t r o l s  t h e  ra te  dependence and t h e  shape func t ion  J I  i n f luences  the  shape of t h e  
knee of t h e  s t r e s s - s t r a i n  curve.  In  add i t ion ,  t h e  e l a s t i c  modulus E ,  t h e  tangent  modulus 
E t  and t h e  asymptot ic  va lue  A of t h e  equi l ibr ium stress g e n t e r  i n t o  t h e  theory .  The 
equ i l ib r ium stress is a t t a i n e d  i n  t h e  l i m i t  as rates approach zero .  The d i f f e r e n c e  
a - g = x  between t h e  stress 0 and g i s  c a l l e d  t h e  o v e r s t r e s s  and k and J I  a r e  only func t ions  
of x. The equa t ions  are 

d c / d t  = dcel /dt  + dcin/dt = da/d t /E  + (a-g) / (Ek[x])  (1) 

where square  b racke t s  fo l lowing  a symbol denote  " func t ion  of ."  Under cons t an t  s t r a i n  
ra te  loading ,  t h e  system of equa t ions  permi ts  asymptot ic  s o l u t i o n s  given by 

{da/dc} = {dg/dEj = Et 

{XI  = (E-Et) k [ { x I ] d ~ / d t  

{g-EtE) = A dE/dt /  IdEin/dt I 

I where b races  denote  asymptot ic  va lues .  Details of t h e  theory are found i n  [1 ,2 ] .  

The asymptotic s o l u t i o n s  are a l g e b r a i c  equat ions  and are used i n  i d e n t i f y i n g  the  
material cons t an t s  and func t ions .  The procedure e x p l o i t s  (4)  t o  compute t h e  stress 
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l e v e l  d i f f e r e n c e s  a t  d i f f e r e n t  s t r a i n  rates so t h a t  t h e  d a t a  of Table 1 can be used. 
D e t a i l s  can be found i n  [ 3 ] .  
l e a s t  square  a n a l y s i s  i s  performed t o  determine t h e  c o n s t a n t s  of t h e  shape func t ion ,  
The m a t e r i a l  func t ions  and c o n s t a n t s  obtained by t h i s  method a r e  given i n  Table 2 .  

The g-curve i s  obtained by e x t r a p o l a t i o n  and a nonl inear  

P r e d i c t i o n s  of t h e  theory 

With t h e  material c o n s t a n t s  determined from s t r a i n  r a t e  change tests, t h e  theory 
was app l i ed  t o  p r e d i c t  t h e  outcome of r e l a x a t i o n  and creep  t e s t s .  F igure  3 shows the  
resul ts  of a s t r a i n  r a t e  change test followed by r e l a x a t i o n  tests of 1024 s dura t ion .  
The t r i a n g l e s  r e p r e s e n t  experimental  r e s u l t s ;  t h e  cont inuous l i n e ,  t h e  p r e d i c t i o n s  of 
t h e  theory  as obta ined  by i n t e g r a t i n g  (1) and (2)  numer ica l ly  us ing  t h e  IMSL rou t ine  
DGEAR. The p r e d i c t i o n  f o r  incremental  c reep  tests is dep ic t ed  i n  Fig. 4. The creep 
pe r iods  l a s t  700 s except a t  t h e  h ighes t  stress l e v e l  where c reep  was t e m i n a t e d  a f t e r  
300 s. The experimental  r e s u l t s  a r e  aga in  given as t r i a n g l e s .  

The discrepancy between p r e d i c t i o n s  and experiment i n  F ig .  3 i s  mainly due t o  an 
ove rp red ic t ion  of r e l a x a t i o n  i n  t h e  f i r s t  r e l a x a t i o n  per iod  a a ' .  
f o r  t h i s  d i f f e r e n c e  and t h e  t h e o r e t i c a l  curves  are t r a n s l a t e d  upwards so t h a t  they 
co inc ide  a t  t h e  end of t h e  f i r s t  r e l a x a t i o n  pe r iod ,  t h e  subsequent p r e d i c t i o n s  a r e  very 
reasonable .  A s i m i l a r  observa t ion  holds f o r  t he  stress vs time r e l a x a t i o n  c u m e s .  

If allowance i s  made 

It is  seen t h a t  bo th  t h e  theory  and t h e  experiment do no t  show creep  a t  s t r e s s  
levels a and b in Fig.  4. 
creep  s t r a i n  bu t  o v e r p r e d i c t s  i t  a t  stress l e v e l s  e and f .  

A t  t h e  next two stress l e v e l s  t h e  theory  unde rp red ic t s  t h e  

The f i t t i n g  of t h e  m a t e r i a l  f u n c t i o n s  was only done once on t h e  b a s i s  of t h e  s t r a i n  
r a t e  change test r e s u l t s ,  
t h e  theory  o v e r p r e d i c t s  a t  high i n e l a s t i c  s t r a i n  rates. Since underpredic t ion  is 
observed a t  t h e  small stress l e v e l s  i n  Fig.  4, it i s  reasonable  t o  assume t h a t  an 
op t imiza t ion  of t h e  m a t e r i a l  f u n c t i o n s  i s  p o s s i b l e  so as t o  improve t h e  p r e d i c t i o n s ,  
This op t imiza t ion  and o t h e r  tests a r e  planned f o r  t h e  f u t u r e .  

Both t h e  c reep  and t h e  r e l a x a t i o n  experiments  s u g g e s t  t h a t  

Ac kn owled p e n  t 

This i n v e s t i g a t i o n  was made p o s s i b l e  by a g r a n t  from AVCO Lycming.  D r .  S a i t  &soy 
provided l i a i s o n  and h e l p f u l  sugges t ions .  
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TABLE 1 

Averaged Flow Stress Levels and Stress Level Differences 
for ClOl at 815OC 

Strain Rate Stress Level Stress Level 
-1 at 1.2% Difference S 

MPa MPa 

966 

834 

721 

638.4 

554.4 

132 

0 

-113 

-195.6 

-279.6 

TABLE 2 

THE DETERMINED MATERIAL CONSTANTS AND FUNCTIONS 

.- 

Material Constants Shape Modulus 

E = 156620 MPa $[XI = c1 + (C2-cl)exp(-c31xl) 

Et = 267 MPa 

A = 421.7 MPa 

Viscosity Function 

cl, c2 and x in units of MPa; 

c =62500, c =150000 

3 

1 2 
c in units of MP~-'; - - 

-k 
k[x] = kl(l +e) 

2 

kl = 3150000 s 

k2 = 186 MPa 

kg = 9.96 

c =0.0387 3 
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Figure 1. Stress-strain curves of constant strain-rate test 
(solid lines) and strain-rate change tests (triangles). 
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lxlO-' per second. 
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SUMMARY 

A v i s c o p l a s t i c  c o n s t i t u t i v e  t h e o r y  i s  presented for r e p r e s e n t i n g  t h e  h igh -  
temperature de fo rma t ion  behav io r  o f  metal  m a t r i x  composi tes.  The p o i n t  o f  v iew 
taken i s  one o f  a continuurn wherein t h e  composite i s  cons ide red  a m a t e r i a l  i n  
i t s  own r i g h t ,  w i t h  i t s  own p r o p e r t i e s  t h a t  can be determined fo r  t h e  composi te 
as a whole. 
i d e n t i f i a b l e  a t  each m a t e r i a l  p o i n t  (cont inuum element) ,  t he reby  a d m i t t i n g  t h e  
i d e a l i z a t i o n  o f  l o c a l  t ransve rse  i s o t r o p y .  
t h e  s p e c i f i c a t i o n  of  an exper imenta l  program fo r  t h e  complete d e t e r m i n a t i o n  of 
t h e  m a t e r i a l  f u n c t i o n s  and parameters fo r  c h a r a c t e r i z i n g  a p a r t i c u l a r  meta l  
m a t r i x  composi te.  The parameters r e l a t i n g  to  t h e  s t r e n g t h  of a n i s t r o p y  can be 
determined th rough  t e n s i o n  and t o r s i o n  t e s t s  on l o n g i t u d i n a l l y  and c i r cumfe ren -  
t i a l l y  r e i n f o r c e d  t h i n - w a l l e d  tubes. Fundamental aspects  o f  t h e  t h e o r y  a r e  
exp lo red  th rough  a geometr ic i n t e r p r e t a t i o n  o f  some b a s i c  f e a t u r e s  analogous 
t o  those of  t h e  c l a s s i c a l  t h e o r y  o f  p l a s t i c i t y .  

I t  i s  presumed t h a t  a s i n g l e  p r e f e r e n t i a l  ( f i b e r )  d i r e c t i o n  i s  

A key  i n g r e d i e n t  i n  t h i s  work i s  

m 

INTRODUCTION 

S t r u c t u r a l  a l l o y s  used i n  h igh- temperature a p p l i c a t i o n s  e x h i b i t  complex 
thermomechanical behav io r  t h a t  i s  i n h e r e n t l y  t ime-dependent and h e r e d i t a r y ,  i n  
t h e  sense t h a t  c u r r e n t  behav io r  depends n o t  o n l y  on c u r r e n t  c o n d i t i o n s  b u t  a l s o  
on thermomechanical h i s t o r y .  Considerable a t t e n t i o n  i s  b e i n g  focused now on 
metal  m a t r i x  composi te m a t e r i a l s  t h a t  possess s t r o n g  d i r e c t i o n a l  c h a r a c t e r i s -  
t i c s .  I n  h igh- temperature a p p l i c a t i o n s  these m a t e r i a l s  e x h i b i t  a l l  t h e  com- 
p l e x i t i e s  o f  conven t iona l  a l l o y s  (e.g. ,  creep,  r e l a x a t i o n ,  r e c o v e r y ,  r a t e  
s e n s i t i v i t y ,  e t c . ) ,  and I n  a d d i t i o n ,  t h e i r  s t r o n g  i n i t i a l  a n i s t r o p y  adds f u r -  
t h e r  c o m p l e x i t i e s .  

Here, we p resen t  a cont inuum t h e o r y  to  r e p r e s e n t  t h e  h igh- temperature,  
t ime-dependent, h e r e d i t a r y  de fo rma t ion  b e h a v i o r  o f  m a t e r i a l s  t h a t  a r e  i n i t i a l l y  

*NASA Lewis Resident  Research A s s o c i a t e .  
tNow a t  NASA Lewis. 

7 
PRECDLNG P A W  BLANK NOT FILMED 



t r a n s v e r s e l y  i s o t r o p i c .  The t h e o r y  i s  i n tended  t o  a p p l y  t o  m a t e r i a l s ,  p a r t i c u -  
l a r l y  m e t a l l i c  composi tes,  t h a t  can be i d e a l i z e d  as psuedohomogeneous c o n t i n u a  
w i t h  l o c a l l y  d e f i n a b l e  d i r e c t i o n a l  c h a r a c t e r i s t i c s .  

The composite m a t e r i a l  i s  viewed as a m a t e r i a l  i n  i t s  own r i g h t ,  w i th  i t s  
own p r o p e r t i e s  t h a t  can be measured and s p e c i f i e d  for t h e  composi te as a whole. 
Exper iments fo r  t h i s  purpose a re  o u t l i n e d  i n  d e t a i l  i n  t h e  f o u r t h  s e c t i o n  o f  
t h e  paper.  Th i s  v iew i s  i n tended  t o  s a t i s f y  t h e  s t r u c t u r a l  a n a l y s t  or des ign  
eng ineer  who needs reasonab ly  s imp le  cont inuum methods o f  s t r u c t u r a l  a n a l y s i s  
t o  p r e d i c t  de fo rma t ion  behav io r  i n  complex m u l t i a x i a l  s i t u a t i o n s ,  p a r t i c u l a r l y  
a t  h i g h  temperature where m a t e r i a l  response i s  enormously complex. Indeed, t h e  
p r e d i c t i o n  o f  component l i f e t i m e  depends c r i t i c a l l y  on  the  accu ra te  p r e d i c t i o n  
o f  de fo rma t ion  behav io r .  

The a l t e r n a t i v e  approach i s  concerned w i t h  d e t a i l e d  i n t e r a c t i o n s  o f  t h e  
c o n s t i t u e n t s  o f  the  composi te:  f a b r i c a t i o n ,  bonding, and t h e  r e l a t i o n  o f  t h e  
p r o p e r t i e s  o f  t h e  composi te to  t h e  i n d i v i d u a l  p r o p e r t i e s  o f  t h e  f i b e r  and 
m a t r i x .  C l e a r l y ,  such problems a r e  of g r e a t  importance, and t h e  two approaches 
ment ioned a r e  n o t  m u t u a l l y  e x c l u s i v e .  Here, however, t h e  cont inuum p o i n t  o f  
v iew w i l l  be emphasized. Th is  i s  done i n  t h e  same s p i r i t  t h a t  t h e  t h e o r i e s  of 
e l a s t i c i t y ,  p l a s t i c i t y ,  v i s c o e l a s t i c i t y ,  and o t h e r s  a r e  f o r m u l a t e d ;  on  t h e  
b a s i s  o f  macroscopic obse rva t i ons ,  w i t h o u t  d i r e c t  c o n s i d e r a t i o n  o f  t h e  d e t a i l s  
of i n t e r m o l e c u l a r ,  i n t e r g r a n u l a r  or  i n t e r d i s l o c a t i o n  i n t e r a c t i o n s .  O f  course, 
t h i s  i s  n o t  t o  i m p l y  t h a t  q u a l i t a t i v e  (and q u a n t i t a t i v e )  unders tand ing  of 
behav io r  on t h e  m i c r o s c a l e  shou ld  n o t  s t r o n g l y  i n f l uence  t h e  f o r m u l a t i o n  and 
s t r u c t u r e  o f  phenomenological t h e o r i e s .  

The au tho rs  a r e  hope fu l  t h i s  research  w i l l  complement o t h e r  ongo ing  
e f f o r t s  a t  NASA Lewis Research Center r e l a t i n g  to  t h e  h igh- tempera ture  behav io r  
o f  meta l  m a t r i x  composites ( r e f s .  1 t o  5). P a r t s  o f  t h e  p r e s e n t  work ( b e l i e v e d  
e s s e n t i a l  i n  r e p r e s e n t i n g  t h e  time-dependent, h e r e d i t a r y  behav io r  o f  me ta l s )  
may prove h e l p f u l  i n  ex tend ing  t h e  micromechanics equa t ions  f o r  t h e  thermal  
and mechanical behav io r  of composites ( r e f s .  1 and 2 )  t o  i n c l u d e  some impor tan t  
v i s c o p l a s t i c  f ea tu res .  

STATEMENT OF THE THEORY 

T h i s  work i s  an e x t e n s i o n  of  t h a t  by  Robinson ( r e f .  6) and i n c l u d e s  t h e  
fo rmer  work as a s p e c i a l  case. I n  r e f e r e n c e  6, t h r e e  m a t e r i a l  parameters ove r  
and above those necessary for r e p r e s e n t i n g  1 s o t r o p i c  v i  s c o p l a s t i c  behav io r  were 
necessary t o  account for t ransve rse  i s o t r o p y .  Here, f ou r  parameters have t o  be 
s p e c i f i e d  ( f i g .  1 ) .  The a d d i t i o n a l  parameter a r i s e s  from a l e s s  r e s t r i c t i v e  
s e t  of  assumptions made i n  t h e  t h e o r e t i c a l  development. D e f i n i t i o n  o f  t h e  
a d d i t i o n a l  parameter leads  t o  more t e s t i n g  t o  c h a r a c t e r i z e  a p a r t i c u l a r  m a t e r i a l  
b u t ,  a t  t h e  same t ime,  o f f e r s  t h e  d i s t i n c t  advantage o f  g r e a t e r  f l e x i b i l i t y  i n  
c o r r e l a t i n g  p r e d i c t i o n s  w i t h  exper imenta l  da ta .  

A s  i n  r e f e r e n c e  6, t h e  s t a r t i n g  p o i n t  i s  t h e  assumed e x i s t e n c e  o f  a d i s -  
s i p a t i o n  p o t e n t i a l  f u n c t i o n  ( r e f s .  7 to  9); t h a t  i s  

R = R (uij,aij,T) ( 1 )  



w i t h  t h e  g e n e r a l i z e d  n o r m a l i t y  s t r u c t u r e  

Here, oi j  and aij denote t h e  components o f  the  a p p l i e d  and i n t e r n a l  s t r e s s  
t e n s o r s ,  r e s p e c t i v e l y ,  E i j  denotes the  components o f  the  i n e l a s t i c  s t r a i n  r a t e  
tenso r ,  h i s  a s c a l a r  f u n c t i o n  o f  the  i n t e r n a l  s t r e s s ,  and T i s  t h e  tempera- 
t u r e .  A l though  a i s  shown as a f u n c t i o n  o f  temperature,  o n l y  i s o t h e r m a l  
de fo rma t ions  w i l l  be cons idered i n  the  f o l l o w i n g  development. Ex tens ion  to  
non iso thermal  c o n d i t i o n s  fol lows as i n  r e f e r e n c e  10. 

I n  t h e  f u l l y  i s o t r o p i c  case, t he  s t r e s s  dependence o f  Q e n t e r s  o n l y  
th rough  t h e  p r i n c i p a l  i n v a r i a n t s  o f  the d e v i a t o r i c  a p p l i e d  and i n t e r n a l  
s t resses  ( r e f .  10). For t r a n s v e r s e  i s o t r o p y ,  R must  depend a d d i t i o n a l l y  on 
t h e  l o c a l  p r e f e r e n t i a l  ( f i b e r )  d i r e c t i o n  denoted by  t h e  components o f  a u n i t  
v e c t o r  d i  (or ,  as t h e  sense o f  d i  i s  i m m a t e r i a l ,  on the  components o f  a 
symmetric d i r e c t i o n a l  t enso r  d i d j ) .  Form i n v a r i a n c e  ( o b j e c t i v i t y )  o f  R 
r e q u i r e s  t h a t  i t  depend o n l y  on i n v a r i a n t s  o f  the  a p p l i e d  and i n t e r n a l  
s t resses ,  t h e  d i r e c t i o n a l  t e n s o r ,  and c e r t a i n  p roduc ts  o f  these tenso rs  
( r e f .  1 1 ) .  

A subset o f  the  i r r e d u c i b l e  s e t  o f  i n v a r i a n t s  fo r  form i n b a r i a n c e  ( i n t e g -  
r i t y  b a s i s )  i s  used ( r e f .  11) 

I, = 2 'c c 
i j  j i  

( 4 )  

where X i *  denotes t h e  components o f  t h e  e f f e c t i v e  s t r e s s ,  t h a t  i s ,  t h e  d i f -  
f e rence  o# t h e  d e v i a t o r i c  a p p l i e d  and i n t e r n a l  s t r e s s e s .  I 1  r e l a t e s ,  as i n  
the  i s o t r o p i c  case, t o  t h e  e f f e c t i v e  o c t a h e d r a l  shear s t r e s s ,  I 2  r e l a t e s  to  
t h e  shear component o f  t h e  e f f e c t i v e  t r a c t i o n  on the  p lane  o f  i s o t r o p y  ( p l a n e  
normal t o  d i ) ,  and I 3  corresponds to t h e  normal component o f  the  e f f e c t i v e  
t r a c t i o n  a l o n g  d i .  

Tak ing  Q to  be dependent on t h e  a p p r o p r i a t e  i n v a r i a n t s  and u s i n g  equa- 
t i o n s  ( 2 )  and ( 3 ) .  t h e  f low law becomes 
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- 4I3(wZ2- ll)(3didj - &ij)/ (7) 
4w - 

and t h e  e v o l u t i o n a r y  law becomes 

- 41 id id j  H d i j  - -  - Go E i j  - RGm-o[aij - ( v ) ( d k d i a j k  + djdkaki 

w i t h  

and 

The f u n c t i o n  f (  
c i a t e d  w i t h  t h e  
v e c t o r  d i  (spec 
parameters assoc 
( f i g .  1 ) .  1;. I 

(10) 

F) and t h e  m a t e r i a l  parameters m, 0, R, H ,  and KT a r e  asso- 
v i s c o p l a s t i c  response ( r e f .  10); t h e  components o f  the u n i t  
i f i e d  i n  terms o f  two Eu le r  ang les ) ,  w ,  and q, a r e  t h e  f o u r  
i a t e d  w i t h  t h e  d i r e c t i o n  and s t r e n g t h  of t r a n s v e r s e  i s o t r o p y  ;, 1; a r e  i n v a r i a n t s  of t h e  d e v i a t o r i c  i n t e r n a l  s t r e s s  aii, 

' J  

s i m i l a r  i n  form t o  equa t ions  (4 )  t o  (6). Note t h a t  w i t h  w = q = 1 
equa t ions  ( 7 )  t o  (10) reduce t o  t h e  i s o t r o p i c  forms r e p o r t e d  i n  r e f e r e n c e  10. 
The d e t a i l s  o f  the  d e r i v a t i o n  of equa t ions  ( 7 )  to  (10) a r e  l e f t  t o  t h e  
re fe rences  6, 10, and 1 1 .  

For a p a r t i c u l a r  composi te m a t e r i a l  t h e  parameters w and q, des igna t -  

D i f f e r e n t  volume r a t i o s  i n v o l v i n g  
i n g  t h e  s t r e n g t h  of a n i s o t r o p y ,  depend on  t h e  i n d i v i d u a l  c o n s t i t u e n t  m a t e r i a l s  
( f i b e r  and m a t r i x )  and t h e i r  volume r a t i o .  
t h e  same c o n s t i t u e n t s  a r e  cons idered d i f f e r e n t  m a t e r i a l s .  
p resen t  t h e o r y  t o  a r b i t r a r i l y  l a r g e  deformat ions, t h e  l o c a l  volume r a t i o  may 
change i n  t h e  course of de format ion  (as does t h e  l o c a l  d e n s i t y  i n  an i s o t r o p i c  
m a t e r i a l ) ;  i n  which case e v o l u t i o n a r y  laws fo r  w and r l  must be s p e c i f i e d .  
Also, fo r  l a r g e  de format ions  and/or  r o t a t i o n s ,  t h e  p r e f e r e n t i a l  d i r e c t i o n  d i  
may convect w i t h  t h e  m a t e r i a l  t he reby  r e s u l t i n g  i n  i n c r e a s i n g  a n i s o t r o p i c  inho- 
mogeneity.  A t  t h i s  t ime,  l a r g e  deformat ions and r o t a t i o n s  a r e  n o t  cons idered.  

I n  ex tend ing  t h e  
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SOME FUNDAMENTAL IMPLICATIONS OF THE THEORY 

A s  i n  e a r l i e r  works ( r e f s .  6 and 10) F p l a y s  t h e  r o l e  o f  a Bingham-Prager 
t h r e s h o l d  s t r e s s  f u n c t i o n ;  i n e l a s t i c  response occurs  o n l y  fo r  F > 0. The sur-  
f a c e  F = 0 i n  the  s t r e s s  space enc loses  s t r e s s  s t a t e s  t h a t  produce e l a s t i c  
behav io r  o n l y .  ull - u2* 
p lane  fo r  f u l l  i s o t r o p y  ( W  = q = 1 )  and t h e  v i r g i n  s t a t e  ( a i  = 0). An i n f i -  

The d i r e c t i o n  o f  t h e  i n e l a s t i c  s t r a i n  r a t e  v e c t o r  a t  each s t r e s s  p o i n t  on a 
g i v e n  su r face  i s  d i r e c t e d  normal t o  t h e  su r face .  The e x i s t e n c e  o f  these sur-  
faces  and the  concept o f  n o r m a l i t y  has been demonstrated e x p e r i m e n t a l l y  f o r  the  
i s o t r o p i c  case i n  r e f e r e n c e  12. 

F i g u r e  2 shows a t y p i c a l  p r o j e c t i o n  of  F = 0 on t h e  

n i t e  f a m i l y  of surfaces F = c o n s t a n t  i s  a s s o c i a t e d  w i t h  eac d i n e l a s t i c  s t a t e .  

O2 2 F i g u r e  3 shows t h e  co r respond ing  p r o j e c t i o n  o f  F = 0 on t h e  ul, - 
p lane  f o r  t h e  t r a n s v e r s e l y  i s o t r o p i c  case w i t h  w = r l  = 2. For each curve  
shown, t h e  p r e f e r e n t i a l  d i r e c t i o n  i s  t aken  t o  l i e  i n  the  XI, X2 p h y s i c a l  
p lane  w i t h  a s p e c i f i e d  ang le  'Q r e l a t i v e  to the  X i  a x i s .  These curves, as 
i n  f i g u r e  2 ,  cor respond t o  t h e  v i r g i n  s t a t e .  The shape and o r i e n t a t i o n  of  t h e  
su r faces  F = 0 (and a l l  su r faces  F = cons tan t )  now depend on t h e  l o c a l  p r e f -  
e r e n t i a l  d i r e c t i o n  d i .  Note, for i ns tance ,  t h a t  f o r  'p = 0, t h e  i n t e r c e p t  on 
t h e  ul1 a x i s  i s  t h e  t h r e s h o l d  s t r e s s  YL,  ( f i g s .  1 and 3 > ,  t h e  i n t e r c e p t  on 
the  uz2 a x i s  i s  YT ,  and w = ( Y L / Y T >  = 2. 

As an i n t e r e s t i n g  and i l l u s t r a t i v e  example, cons ide r  the  s t r e s s  p a t h  
t h a t  i s  denoted as a d o t t e d  l i n e  i n  f i g u r e s  2 ahd 3. T h i s  i s  O11 = 2a22 

e q u i v a l e n t  to the  s t r e s s  s t a t e  i n  a t h i n - w a l l e d  tube w i t h  c losed  ends under 
i n t e r n a l  p ressure ,  where all i s  t h e  c i r c u m f e r e n t i a l  or hoop s t r e s s  and u~~ 

t he  a x i a l  s t r e s s .  Wi th  i n c r e a s i n g  p ressu re ,  t h e  s t r e s s  p o i n t  e v e n t u a l l y  
reaches t h e  su r face  F = 0 and t h e  tube beg ins  t o  deform i n e l a s t i c a l l y .  I n  f i g -  
u r e  2, cor respond ing  t o  t h e  i s o t r o p i c  tube, i n e l a s t i c  de fo rma t ion  occu rs  as 
i n d i c a t e d  by the  s t r a i n  r a t e  v e c t o r  shown. N o r m a l i t y  d i c t a t e s  t h a t  t h e  a x i a l  
s t r a i n  r a t e  .&22 
l e n g t h .  C o n t r a s t  t h i s  behav io r  w i t h  t h a t  o f  f i g u r e  3 w i t h  'p = 0. T h i s  case 
rep resen ts  a c i r c u m f e r e n t i a l l y  r e i n f o r c e d  tube w i t h  a t h r e s h o l d  s t r e s s  i n  t h e  
c i r c u m f e r e n t i a l  d i r e c t i o n  t h a t  i s  t w i c e  t h a t  o f  t h e  a x i a l  d i r e c t i o n .  A s  F = 
0 i s  reached and i n e l a s t i c i t y  beg ins  to  occur ,  t h e  (normal)  s t r a i n  r a t e  v e c t o r  
has a r e l a t i v e l y  l a r g e  a x i a l  component The t h i n  tube now exper iences  
i n e l a s t i c  a x i a l  e x t e n s i o n .  Thus the  mode o f  i n e l a s t i c  de fo rma t ion  has changed 
q u a l i t a t i v e l y  w i t h  r e i n f o r c e m e n t .  S i m i l a r  o b s e r v a t i o n s  a r e  w e l l  documented 
for  t ime- independent r e i n f o r c e d  s t r u c t u r e s  ( r e f .  13).  

i s  zero ,  t h a t  i s ,  t h e  tube i n c u r s  no  i n e l a s t i c  change i n  

E22.  

EXPERIMENTAL DETERMINATION OF MATERIAL PARAMETERS 

Two types  o f  specimens a re  presumed to  be a v a i l a b l e :  t h i n - w a l l e d  compos- 
i t e  tubes t h a t  a re  l o n g i t u d i n a l l y  r e i n f o r c e d  (hav ing  a s i n g l e  f i b e r  d i r e c t i o n  
o r i e n t e d  a x i a l l y )  and those t h a t  a r e  c i r c u m f e r e n t i a l  l y  r e i n f o r c e d  (c i r cumfe ren -  
t i a l  f i b e r  o r i e n t a t i o n ) .  Each t ype  o f  tube w i l l  be loaded e i t h e r  i n  pu re  tor- 
s i o n  or i n  pu re  t e n s i o n .  A l though n o t  d iscussed here ,  combined t e n s i o n  and 
tors on exper iments can be used as v e r i f i c a t i o n  t e s t s  t o  assess the  c o r r e c t -  
ness o f  t h e  m u l t i a x i a l  t h e o r y  ( r e f .  12) .  A s  i s  w e l l  known, t h e  t h i n - w a l l e d  
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tube i s  an i d e a l  specimen fo r  t h e  development of c o n s t i t u t i v e  r e l a t i o n s h i p s  i n  
t h a t  i t  p rov ides  a n e a r l y  homogeneous and u n i f o r m  r e g i o n  of  s t r e s s  and s t r a i n ,  
and i s  s t a t i c a l l y  de te rm ina te .  

Those parameters r e l a t i n g  t o  t h e  s t r e n g t h  o f  a n i s o t r o p y ,  w and Q, and 
the  t h r e s h o l d  s t r e n g t h  Y L ( E K T ( ~ u ~  - 1 ) 1 / 2 )  a r e  determined th rough  p r o b i n g  
t e s t s .  These t e s t s  a r e  designed t o  determine the  i n e l a s t i c  s t r a i n  r a t e  for a 
g i v e n  s t r e s s  i n  the  neighborhood of a cons tan t  i n e l a s t i c  s t a t e ,  here t h e  i n i -  
t i a l  ( v i r g i n )  s t a t e  o f  t h e  m a t e r i a l .  Indeed, i t  i s  the  degree o f  i n i t i a l  
t r a n s v e r s e  i s o t r o p y  t h a t  i s  of i n t e r e s t  i n  t h i s  s tudy .  
ducted p r o p e r l y ,  f u rn i shes  t h e  d e s i r e d  i n f o r m a t i o n  w i t h o u t  s i g n i f i c a n t l y  chang- 
i n g  the  s t a t e .  

The p r o b i n g  t e s t ,  con- 

The m a t e r i a l  f u n c t i o n  f ( F )  and the  parameters m, 8, R, and H r e l a t -  
i n g  to  t h e  v i s c o p l a s t i c  p r o p e r t i e s  of  t h e  composi te a r e  o b t a i n e d  from a combi- 
n a t i o n  o f  t h e  p r o b i n g  t e s t s  and creep t e s t s  conducted on l o n g i t u d i n a l l y -  
r e i n f o r c e d  tubes ( o r  b a r s ) .  A l t e r n a t e l y ,  i n  p l a c e  o f  the  l a t t e r  t e s t s ,  one 
cou ld  use t o r s i o n  t e s t s  on c i r c u m f e r e n t i a l l y  r e i n f o r c e d  tubes as o u t l i n e d  i n  
r e f e r e n c e  1 1 .  The p resen t  cho ice  of bas ing  t h e  v i s c o p l a s t i c  parameters on u n i -  
a x i a l  creep t e s t s  o f  a x i a l l y  r e i n f o r c e d  tubes i s  m o t i v a t e d  by ( 1 )  t h e  r e l a t i v e  
ease o f  f a b r i c a t i n g  l o n g i t u d i n a l l y  r e i n f o r c e d  t u b u l a r  specimens ove r  those 
r e i n f o r c e d  c i r c u m f e r e n t i a l l y  and ( 2 )  t h e  advantage of c h a r a c t e r i z i n g  d i r e c t l y  
t h e  i n e l a s t i c  response i n  t h e  c r i t i c a l  f i b e r  d i r e c t i o n .  I n  t h e  case o f  extreme 
r e i n f o r c e m e n t  (e .g . ,  a r e l a t i v e l y  h i g h  volume r a t i o  o f  v e r y  s t r o n g  f i b e r s  t h a t  
remain e s s e n t i a l l y  e l a s t i c ) ,  composi te s t r u c t u r e s  a r e  known t o  be "shear l i m i t -  
ed" ( r e f .  12),  and t h e i r  i n e l a s t i c  behav io r  i s  governed l a r g e l y  by t h e  shear 
response o f  the  m a t r i x .  
determine t h e  v i s c o p l a s t i c  parameters through t h e  t o r s i o n a l  creep t e s t s  on c i r -  
c u m f e r e n t i a l l y  r e i n f o r c e d  tubes d iscussed i n  r e f e r e n c e  1 1 .  

Under these c o n d i t i o n s  i t  may be advantageous to  

F i r s t ,  cons ide r  a p r o b i n g  t e s t  on a l o n g i t u d i n a l  tube.  Pure t o r s i o n  and 
pure t e n s i o n  probes a re  s c h e m a t i c a l l y  i l l u s t r a t e d  as t h e  r e s p e c t i v e  paths o-a 
and o-b i n  t h e  U-T s t r e s s  space of f i g u r e  4 (a ) .  Data from such t e s t s  t ake  
t h e  form o f  a sequence of s t r e s s  and i n e l a s t i c  s t r a i n  r a t e  p a i r s ,  ( r ,y)  a l o n g  
o-a and (u,€) a long  o-b. These d a t a  can be c o n v e n i e n t l y  p l o t t e d  as t h e  s o l i d  
curves u versus E and T versus y i n  f i g u r e  5. E x t r a p o l a t i o n  o f  t h e  
u versus & curve i n  f i g u r e  5 t o  t h e  E = 0 a x i s  f u r n i s h e s  t h e  l o n g i t u d i n a l  
t h r e s h o l d  s t r e s s  YL. 

S p e c i a l i z a t i o n  of equa t ions  (9) and (7 )  fo r  t h e  p a t h  o-a i n  f i g u r e  4(a)  
r e s u l t s  i n  

and 

2.r 
2 2E12 = y = f ( F )  - 

Q 
(12) 

i n  which T ( : u ~ ~ )  i s  t h e  a p p l i e d  shear s t r e s s .  The corresponding equa t ions  
fo r  pa th  o-b a re  
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and 

where o(3v11) i s  the applied normal stress. Now for F = constant (R = con- 
stant), equations ( 1 1 )  and (13) give 

112 
E =  T (9) 

while equations (12) and (14) combine to give 

(15) 

or 

OE = Ty (17) 

Thus, in figure 4(a) points (T,Y) along o-a and (u,&) along o-b, having 
the same dissipation rate, lie on a common 
for example, the particular points ( T ~ , Y ~ )  and CuA,EA) i n  figure 4(b). 

F = constant (R = constant) curve; 

Pairs of points in the plot of figure ( 5 )  that lie on an F = constant 
locus are related geometrically such that areas uA&A and T ~ Y ~  are equal. 
Several such pairs can be matched up giving an average value of the ratio 

Thus, from equation (15) 

1 /2 

($- l) = 

Probing tests on circumferential ly reinforced tubes produce results 
entirely analogous to those di scussed above for long1 tudinal ly reinforced 
tubes; counterparts of figures 4(a), 4(b), and 5 can be constructed. 

(19) 

The governlng equations corresponding to the pure torsional loading of 
the circumferentlal tube are identical to equations ( 1 1 )  and (12). The equa- 
tions relating to pure tension of the circumferential tube are 
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2 2  o w  - 1  2 (4u2 - l ) K T  
F =  

and 

2 
w 20 Ell = E = f ( F )  

4u2 - 1 

(20) 

(21 1 

A s  b e f o r e ,  fo r  F = cons tan t  (R = c o n s t a n t ) ,  equa t ions  ( 1 1 )  and (20)  combine t o  

g i v e  

whereas equa t ions  (12) and (21) g i v e  

or 

Again, i n  f i g u r e  4 
d i s s i p a t i o n  r a t e s ,  
l a r l y ,  match ing pa 
averagi  ng g i v e s  

OE = r y  (24) 

a) p o i n t s  (r,i) a long  o-a anG (a,;, a l o n g  o-b, w i t h  equal 
f a l l  on a common F - c o n s t a n t  curve ( f i g .  4 (b ) ) .  S i m i -  
r s  of p o i n t s  corresponding t o  F = c o n s t a n t  curves and 

Making use o f  e q u a t i o n  (191,  from t e s t s  on l o n g i t u d i n a l l y  r e i n f o r c e d  tubes, and 
equa t ion  (251, from c i r c u m f e r e n t i a l l y  r e i n f o r c e d  tubes, r e s u l t s  i n  

and 

112 (4w2 - 1 )  
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t he reby  comp le te l y  c h a r a c t e r i z i n g  the  s t r e n g t h  of  i n i t i a l  a n i s o t r o p y .  Reca l l  
t h a t  the  l o n g i t u d i n a l  t h r e s h o l d  s t r e s s  Y ~ ( z K ~ ( 4 0 2  - 1 I 1 l 2 )  i s  a l s o  known. 

Turn now t o  t h e  d e t e r m i n a t i o n  o f  t h e  rema in ing  v i s c o p l a s t i c  m a t e r i a l  
parameters.  A s  i n d i c a t e d  e a r l i e r ,  a l t hough  severa l  o p t i o n s  a r e  open i n  t h i s  
r e g a r d  ( i n c l u d i n g  t o r s i o n a l  t e s t s  on c i r c u m f e r e n t i a l l y  s t reng thened  tubes as 
i n  r e f .  l l), the  cho ice  here  i s  t o  cons ide r  u n i a x i a l  c reep t e s t s  on  l o n g i t u d i -  
n a l l y  r e i n f o r c e d  t h i n - w a l l e d  tubes .  
on l o n g i t u d i n a l  tubes a l r e a d y  d iscussed.  Typ ica l  r e s u l t s  o f  u n i a x i a l  c reep 
t e s t s  a re  i l l u s t r a t e d  i n  f i g u r e  6 .  

Th i s  i s  i n  a d d i t i o n  to  t h e  p r o b i n g  t e s t s  

Accord ing  t o  t h e  p r e s e n t  t h e o r y ,  t h e  govern ing  equa t ions  f o r  t h e  cons id -  
e red  creep c o n d i t i o n s  a r e  

2 G = 7  S 

yL 

n 1 
F (U - E =  

p(4w2 - 1 )  

and 

where 

3R n 

2 2(m-l3) R =  
(40  - l ) Y L  

n 

8 = 28 

m = 2m 
h 

(29) 

(30) 

(32) 

. .  
Here, E(:E,~) i s  t h e  a x i a l  component o f  i n e l a s t i c  s t r a i n  r a t e ,  and 
the  u n i a x i a l  component o f  the  i n t e r n a l  s t a t e  v a r i a b l e  aij. 
t i o n s  (32) i n d i c a t e s  t h a t  t he  f u n c t i o n  f ( F >  has been s p e c i a l i z e d  as a power 
f u n c t i o n  c h a r a c t e r i z e d  by  t h e  cons tan ts  p and n. 

s(5all) i s  
The first of  equa- 
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Note fo r  f u t u r e  re fe rence t h a t  for F > >  0, equa t ion  (30 ) .  t h e  f low law, 
can be approximated as 

2n+l  E = B(o - S )  

where 

1 
2 2n B =  

p ( 4 u  - l ) Y L  

Also, d u r i n g  t h e  e a r l y  p a r t  of p r i m a r y  ( t r a n s i e n t )  creep where s i s  smal l  
( f i g .  6), t h e  e v o l u t i o n a r y  law e q u a t i o n  (31) can be approximated as 

s %(>)E h 

The i n i t i a l  creep r a t e  f o l l o w i n g  a b r u p t  a p p l i c a t i o n  o f  t h e  s t r e s s  o 
( f i g .  6 ) ,  i s  expressed by equa t ion  (33) w i t h  s = 0. That i s  

2n+l 
E = BO 

(33)  

(34)  

(35) 

(36) 

I n f o r m a t i o n  f o r  d e t e r m i n i n g  B and n can be o b t a i n e d  d i r e c t l y  from t h e  i n i -  
t i a l  c reep r a t e s  as i l l u s t r a t e d  i n  f i g u r e  6, or a l t e r n a t i v e l y ,  and more accu- 
r a t e l y ,  from t h e  d a t a  genera ted  from t h e  p r o b i n g  t e s t s  a l r e a d y  cons ide red ;  t h e  
u versus E d a t a  i l l u s t r a t e d  i n  f i g u r e  5. By assuming these d a t a  c o r r e l a t e  
w i t h  e q u a t i o n  (36).  a p l o t  o f  l o g ( & >  versus  l o g ( a )  p r o v i d e s  b o t h  n and B 
d i r e c t l y  ( f i g .  7 ) .  I f  c o r r e l a t i o n  w i t h  equa t ion  (36) i s  n o t  s a t i s f a c t o r y  a 
d i f f e r e n t  f u n c t i o n  f ( F >  may have t o  be cons idered i n  t h e  f irst o f  equa- 
t i o n s  (32) .  I n  t h i s  s tudy ,  i t  i s  assumed t h a t  t h e  power law form i s  a p p r o p r i -  
a t e  (as  has been found f o r  severa l  i s o t r o p i c  a l l o y s )  and t h a t  n and B can 
be determined. Wi th  n ,  B ,  a, and YL known, p i s  t hen  de termined from equa- 
t i o n  ( 3 4 ) .  

Now focus a t t e n t i o n  on steady s t a t e  c reep i n f o r m a t i o n  ( f i g .  6 ) .  A t  
s teady  s t a t e  s = 0, so from e q u a t i o n  (31) 

Steady s t a t e  c reep d a t a  p rov ides  the  p a i r s  ( u , E S )  b u t  w i t h  u, p, YL, and 
known, equa t ion  (30) a l l o w s  s s  ( t h e  s teady  s t a t e  i n t e r n a l  s t r e s s )  to  be ca l cu -  
l a t e d  f o r  each p a i r ,  thus  g i v i n g  the  d a t a  p a i r s  ( E s , s s ) .  P l o t t i n g  log(Cs)  ve r -  
sus l o g ( s s )  p rov ides  va lues  of ( R / H )  and m d i r e c t l y  as i n d i c a t e d  by t h e  
l o g a r i t h m i c  form o f  equa t ion  (37) and f i g u r e  8 .  The l a s t  of equa t ions  (32) 
p rov ides  the  exponent m. 

n 

A h  h 
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A t t e n t i o n  i s  now t u r n e d  t o  t h e  p r i m a r y  creep 
i n d i c a t e d  i n  e q u a t i o n  (35 ) ,  t h e  e v o l u t i o n  of s 

governed by creep i s  

E l  i m i  n a t  

5 =(>)E 

r e s u l t s  i n  

ng t i m e  and i n t e g r a t i n g  

or i n  t ransposed l o g a r i t h m i c  form 

s tage o f  the  c reep t e s t s  
n t h e  e a r l y  stages o f  p r  

dc 

Now u s i n g  e q u a t i o n  (33)  t o  s o l v e  fo r  s y i e l d s ,  

1 /2n+l  
s = 0 - (;) 

and s u b s t i t u t i n g  t h i s  r e s u l t  i n t o  equa t ion  (41)  g i v e s  

A s  
mary 

(38) 

(39) 

(42) 

E a r l y  p r i m a r y  c reep d a t a  p rov ides  t h e  d a t a  t r i p l e t s  ( C Y , & , € )  a t  each t i m e .  
B and n known, these d a t a  can be p l o t t e d  ( f i g .  9) i n  t h e  form o f  equa- 
t i o n  (43) y i e l d i n g  H(8 + 1 )  and (8 + 1). Us ing  equa t ions  ( 3 2 1 ,  R and 

n n  n 

A h  

With 

H 

can then be de termined.  Since R / H  i s  known from steady s t a t e  creep da ta ,  
i n d i v i d u a l  va lues  fo r  R and H can then  be found. F u r t h e r ,  by making use 
o f  the  second and t h i r d  o f  equa t ions  (32), t he  parameters R and H then  a r e  
known. F i n a l l y ,  t he  v i s c o p l a s t i c  parameters Y ~ ( z K ~ ( 4 w 2  - 1I1I2), p, n, m ,  8, 
R, and H a r e  comp le te l y  determined, as a r e  the  measures o f  t h e  s t r e n g t h  of 
t ransve rse  i s o t r o p y ,  w and q. 

h n 

SUMMARY AND CONCLUSIONS 

A c o n s t i t u t i v e  t h e o r y  i s  p resented  t o  r e p r e s e n t  the  h iah- tempera ture ,  
t ime-dependent, h e r e d i t a r y  behav io r  o f  m a t e r i a l s  t h a t  can be i d e a l i z e d  as 
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i n i t i a l l y  t r a n s v e r s e l y  i s o t r o p i c .  I n  p a r t i c u l a r ,  t he  t h e o r y  i s  a p p l i c a b l e  t o  
metal  m a t r i x  composite m a t e r i a l s  a t  e l e v a t e d  temperature where t h e i r  mechanical  
behav io r  i n c l u d e s  s i g n i f i c a n t  v i s c o p l a s t i c i t y  (e .g . ,  creep, r e l a x a t i o n ,  thermal  
recove ry ,  et:.) and, a t  t h e  same t i m e  these m a t e r i a l s  a r e  s t r o n g l y  d i r e c t i o n a l .  
I t  i s  presumed t h a t  a s i n g l e  p r e f e r e n t i a l  ( f i b e r )  d i r e c t i o n  i s  i d e n t i f i a b l e  a t  
each m a t e r i a l  p o i n t  t he reby  a d m i t t i n g  t h e  i d e a l i z a t i o n  o f  l o c a l  t r a n s v e r s e  iso- 
t r o p y .  A l though  n o t  addressed here ,  t h e  t h e o r y  can be extended, a t  t h e  expense 
o f  some a d d i t i o n a l  c o m p l e x i t y ,  t o  account for  two (or more) i d e n t i f i a b l e  p r e f -  
e r e n t i a l  d i r e c t i o n s  a t  each m a t e r i a l  p o i n t .  

The composi te i s  viewed as a cont inuum i n  i t s  own r i g h t ;  and d e t a i l e d  
i n t e r a c t i v e  e f f e c t s  o f  t h e  c o n s t i t u e n t s  a r e  n o t  accounted fo r  d i r e c t l y .  O f  
course, t h i s  p rec ludes  p r e d i c t i o n s  o f  d e t a i l e d  phenomena such as f a i l u r e  by  
debonding, de lamina t ion ,  and so f o r t h .  However, t he  r e s u l t  i s  a reasonab ly  
s imp le  m u l t i a x i a l  c o n s t i t u t i v e  t h e o r y  t h a t  i s  e a s i l y  implemented i n t o  s t r u c -  
t u r a l  a n a l y s i s  codes fo r  p r e d i c t i n g  the  de format ion  response o f  s t r u c t u r e s  sub- 
j e c t e d  to complex thermomechanical l o a d i n g  h i s t o r i e s .  Because t h e  response i n  
t h e  presence o f  m a t e r i a l  a n i s o t r o p y  i s  o f t e n  h i g h l y  n o n i n t u i t i v e ,  t h i s  t h e o r y  
p rov ides  a v a l u a b l e  tool f o r  t h e  des ign  eng ineer .  

Some fundamental aspec ts  o f  the  t h e o r y  a r e  exp lo red  th rough geomet r i c  
i n t e r p r e t a t i o n  o f  some b a s i c  f e a t u r e s  analogous t o  those o f  t ime- independent  
p l a s t i c i t y  t h e o r y .  Convex i t y  o f  the  d i s s i p a t i o n  p o t e n t i a l  su r faces  ( F  = 
cons tan t  or Q = c o n s t a n t )  i s  demonstrated, and t h e  shape o f  t h e  su r faces  i s  
shown t o  be dependent on t h e  s t r e n g t h  and o r i e n t a t i o n  o f  a n i s o t r o p y .  An exam- 
p l e  i n v o l v i n g  t h e  response o f  a t h i n - w a l l e d  tube under i n t e r n a l  p ressu re  demon- 
s t r a t e s  the  q u a l i t a t i v e  changes i n  t h e  i n e l a s t i c  de fo rma t ion  mode t h a t  can 
r e s u l t  from d i r e c t i o n a l  s t r e n g t h e n i n g  ( a n i s o t r o p y ) .  

A key  i n g r e d i e n t  i n  t h e  p r e s e n t  work i s  t he  s p e c i f i c a t i o n  o f  an e x p e r i -  
mental p rocedure  for t h e  complete d e t e r m i n a t i o n  o f  t h e  m a t e r i a l  parameters fo r  
a p a r t i c u l a r  meta l  m a t r i x  composi te.  The parameters r e l a t i n g  t o  the  s t r e n g t h  
o f  a n i s o t r o p y  a r e  de termined th rough p r o b i n g  exper iments on t h i n - w a l l e d  tubes 
o f  two k i n d s ;  c i r c u m f e r e n t i a l l y  r e i n f o r c e d  ( a  s i n g l e  f i b e r  d i r e c t i o n  o r i e n t e d  
c i r c u m f e r e n t i a l l y )  and l o n g i t u d i n a l l y  r e i n f o r c e d  ( a x i a l  f i b e r  d i r e c t i o n ) .  The 
tubes a r e  loaded i n  b o t h  t e n s i o n  and t o r s i o n .  The parameters r e l a t i n g  t o  the  
v i s c o p l a s t i c  p r o p e r t i e s  o f  t h e  composi te a r e  determined p r i m a r i l y  t h rough  u n i -  
a x i a l  c reep t e s t s  conducted on l o n g i t u d i n a l l y  r e i n f o r c e d  tubes .  A1  t e r n a t e l y ,  
as d iscussed,  one c o u l d  use pu re  t o r s i o n  t e s t s  on c i r c u m f e r e n t i a l l y  r e i n f o r c e d  
tubes i n  p l a c e  o f  t h e  u n i a x i a l  c reep t e s t s .  A d d i t i o n a l  t e s t s  a r e  suggested i n  
o r d e r  to assess the  c o r r e c t n e s s  and accuracy of the  t h e o r y .  
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FIGURE 1. - PARAMETERS ACCOUNTING FOR TRANSVERSE ISOTROPY ~lr. e .  
0 , Q .  THE LOCAL F IBER DIRECTION IS DENOTED BY THE U N I T  VECTOR 

ARE THRESHOLD STRESSES AS INDICATED. DEFINITIONS OF THE PARAM- 
ETERS 0 AND r) ARE GIVEN. 

q - SPECIFIED BY THE EULER ANGLES u~ AND e .  yL, Y,. K ~ ,  AND K, 
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FIGURE 2. - PROJECTION OF FLOW SURFACE F = 0 ON U11-92 PLANE 

( 0  = r) = ~ - I S O T R O P Y ) .  UNITS OF STRESS ARE ARBITRARY. 
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FIGURE 3. - PROJECTION OF FLOW SURFACES F = 0 ON u,,-a,, PLANE 

UNITS OF STRESS ARE'ARBITRARY. ( 0  = Q = 2). 
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FIGURE 4 ( a ) .  - TENSION AND TORSION PROBES SCHEMATICALLY ILLUSTRATED 
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4(b) . - DATA POINTS THAT L I E  ON A COMMON f = CONSTANT CURVE, 
POINTS A.A HAVE THE SAME DISSIPATION RATE. 
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DEVELOPMENT OF A UNIFIED CONSTITUTIVE MOD L FOR AN 
ISOTROPIC NICKEL BASE SUPERALLOY REN s 80 

V,G. Ramaswamy, R a H a  Van Stone, J,H, Laflen 
General Electric Company 
Cincinnati, Ohio 45215 

D.C. Stouffer 
University of Cincinnati 
Cincinnati, Ohio 45221 

Accurate analysis of stress-strain behavior is of critical 
importance in the evaluation of life capabilities of hot section 
turbine engine components such as turbine blades and vanes. The 
constitutive equations used in the finite element analysis of such 
components must be capable of modeling a variety of complex behavior 
exhibited at high temperatures by cast superalloys. The classical 
separation of plasticity and creep employed in most of the finite 
element codes in use today is known to be deficient in modeling 
elevated temperature time dependent phenomena. Rate dependent, 
unified constitutive theories can overcome many of these 
difficulties. A new unified constitutive theory was developed to 
model the high temperature, time dependent behavior of Renel 80 which 
is a cast turbine blade and vane nickel base superalloy. 
Considerations in model development included the cyclic softening 
behavior of Renel 80, rate independence at lower temperatures and the 
development of a new model for static recovery. 

EXPERIMENTAL PROGRAM 

The constitutive behavior of Renel 80 under a multitude of 
conditions was experimentally determined.The test specimens, 
experimental temperatures, strain ranges, strain ratios, hold times, 
and strain rates were established through an evaluation of the 
operating conditions in commercial jet engines. In performing the 
experiments, the approach was to evaluate a series of transient and 
steady state conditions in each test by using a block cycling 
method. By using several combinations of strain range blocks in 
different sequences in a single experiment all combinations of 
transient effects could be interrogated. The block length was 
selected to produce cyclically stable hysteresis loops by the end of 
each block. 
saved in digitized form in real time by using a data acquisition 
device. These final data files could then be used in plotting data 
or determining constants in constitutive theories. 

I The experimental results of each test were automatically 

~ 
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THEORY DEVELOPMENT 

Following a detailed review, the Bodner model [l] and a generic 
back stress/drag stress model [ 2 ]  were selected for further detailed 
evaluations with the Renet 8 0  data. Many of the results from that 
study have been presented previously [ 2 ] .  It was found that neither 
model was adequate for predicting the response characteristics of 
Rene' 80 at 18OOF. Consequently a new theory was developed which 
combined the Bodner exponential flow law with a back stress 
formulation. It was found to be necessary to modify the evolution 
equations for the back stress to account for static recovery effeccs 
and to account for effects in the small inelastic strain regime. 
When these factors were included the final set of equations could be 
written as: 

1 

G G = sij + (1 - -) ' . . I  ' i j  E 13 ( 3 )  

The procedures for determining the constants in these equaticns 
have been reported previously in [2,3]. Basically it involves the 
determination of most of the constants through the use of the 
monotonic, strain rate dependent, stress-strain curves; only the 
saturated value of the drag stress, 21, and the rate of softening 
parameter, m, are determined from cyclic tests. The accuracy of these 
equations. has been verified very extensively through comparisons 
with a wide variety of experimental data . Figures 1 and 2 shew the 
correlation of the monotonic stress-strain data at 1400F through 
1800F, respectively. That the theory is capable of predicting strain 
rate dependent as well as rate independent behavior is clear. 

I 
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Figure 3(a) shows a comparison with the first two cycles of a 
compressive mean strain test, while Figure 3(b) shows a comparison 
with the saturated hysteresis loop of this test. It has been seen 
that the theory can also predict the stress relaxation behavior at 
high and low temperatures. At 1400F ReneI80 exhibits stress 
relaxation, but no strain rate dependence. Creep capability 
comparisons are shown in Figures 4 and 5. 
strongly on the form of the static recovery term. 
that is used in the current theory is much different than those used 
in other unified approaches. 

Multiaxial capability verifications are shown in Figures 6,7 and 
8. Figures 6 (a) and (b) show the axial and shear responses, 
respectively, for a combined tension/torsion (in-phase) test. Figure 
7 shows the experimental results and theory predictions from a 
special nonproportional test where segments of proportional cycles 
were used Comparisons of results from the first segment (cycle 5), 
and the last segment (cycle 32) of this nonproportior!al loading 
experiment are shown. That the predictions are accurate illustrates 
that the theory is good for such conditions without considering the 
additional hardening that has been found in some other materials. 
Figures 8 shows that the new theory can predict 90 deg. out-of-phase 
tension/torsion experimental results 

Figures 9 and 10 show two predictions of the theory with test 
data from combined temperature and strain cycling tests. 
predictions are shown to be reasonable considering that the model 
development was based only on isothermal test data. 

These predictions depend 
Note that the form 

with good accuracy. 

The 

SUMMARY 

A new multiaxial constitutive model which can represent the 

The TMF and nonproportional cyclic 

complex nonlinear high temperature behavior of Renel 80 has been 
developed. 
data at several temperatures. 
modeling capabilities of the model were demonstrated. 

The model was extensively verified based on experimental 

I. 

2 .  

3. 
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MODELING THE VISCOPLASTIC BEHAVIOR OF INCONEL 718 AT 1200OF 

M.S. Abdel-Kadert, J. Eftis, and D.L. Jones 
School of Engineering and Applied Science 

The George Washington University 
Washington, D.C. 20052 

Inconel 718 is a nickle-based superalloy that possesses 
several outstanding elevated-temperature mechanical properties. It has been 
widely used for the manufacture of critical compressor and turbine engine 
components requiring relatively long service lives. A large number of 
tests, including tensile, creep, fatigue, and creep-fatigue have been 
perfgrmed to characterize the mechanical properties of Inconel 718 at 
1200 F, the operating temperature for turbine blades. In additiog, a few 
attempts have been made to model the behavior of Inconel 718 at 1200 F using 
viscoplastic theories. 

The Chaboche theory of viscoplasticity can model a wide variety of 
mechanical behavior, including monotonic, sustained, and cyclic responses of 
homogeneous, initially-isotropic, strain-hardening (or softening) materials. 
It has been successfully used to model the viscoplastic behavior of several 
structural materials of practical importance. This paper shows how the 
Chaboche thegry can be used to model the viscoplastic behavior of Inconel 
718 at 1200 F. First, an algorithm has been developed to systematically 
determine the material parameters of the Chaboche theory from uniaxial 
tensile, creep, and cyclic data. The algorithm, however, is general and can 
be used in conjunction with similar high-temperature materials. A 
sensitivity study was then performed and an 'optimal' set of Chaboche's 
parameters was obtained. This study has also indicated the role of each 
parameter in modeling the response to different loading conditions. Based 
on the 'optimal' set of material parameters, uniaxial tensile, creep, and 
cyclic behavior has been predicted. The results were compared to available 
experimental data and the agreement was found to be good. Moreover, 
predicted behavior of Inconel 718 at 1200°F under a variety of additional 
loading conditions has been examined and relevant conclusions were drawn. 

I. INTRODUCTION 

For high temperature applications, such as those encountered in the 

nuclear and aerospace industries, severe demands are generally placed on 

candidate structural materials. These demands have led to the development 

of a new class of structural materials called superalloys having 

considerably improved elevated-temperature mechanical properties. One such 

material is Inconel 718, which possesses several excellent properties such 

f' On leave from The Military Technical College, Cairo, Egypt. 



as creep-rupture strength, high-cycle fatigue strength, oxidation 

resistance, and long time stability [l-31. These properties are, for the 

most part, due to the susceptibility of this material to precipitation 

hardening and strengthening caused by coherent gamma prime precipitates. 

These properties can be obtained by two different solution annealing and 

aging procedures. A comparative study of the effects of both types of heat 

treatment procedures on the tensile and fatigue behavior of Inconel 718 from 

room temperature to 1200 F has been presented in Ref. [2]. It was concluded 

that Inconel 718 subjected to the so called 'standard heat treatment' 

exhibits higher resistance to stress rupture and fatigue. Therefore, 

Inconel 718 in this condition is widely used in current production of gas 

turbine engine components requiring relatively long service lives and 

operating normally at high temperatures [1,4]. 

0 

A large number of uniaxial monotonic, sustained, and cyclic tests have 
been performed to obtain the mechanical properties of Inconel 718 at 1200°F 
[l-91. However, only a few of these tests address the strain-rate 

sensitivity, with the result that no significant strain rate sensitivity 
-1 could be observed for > ~ x I O - ~  sec . At lower strain rates, tensile and 

cyclic data were too limited to establish the rate sensitivity of this 
material, although existing creep data do suggest the existence of some rate 

sensitivity. 

Domas, et a1 [4] have shown that the tensile and stabilized cyclic 
stress-inelastic strain curves for Inconel 718 at 1200°F can be described by 

the Ramberg-Osgood form 

* n* 
Q - K ( e " )  , 

It 

where Q and E are the tensile stress and inelastic strain (or the stress at 

the tensile tip of the stabilized hysteresis loop and the corresponding 

inelastic strain amplitude), respectively, and K and n are material 

parameters 

and n for Inconel 718 (standard heat treatment) at 1200°F and for different 

tensile The first five sets 

of values were determined by Domas, et a1 [4], whereas the remaining values 
were determined within a larger study [lo], part of which is the present 

* * 
* that depend on the heat treatment and strain rate. Values of K * 

and cyclic strain rates are listed in Table 1. 
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work. Available experimental data on the cyclic behavior of Inconel 718 at 
1200°F have also indicated that this material cyclically softens for 

approximately 10-20% of its fatigue life, followed by a period of near- 

stabilization when damage mechanisms are activated. For convenience the 
values of o and e used to evaluate the cyclic material parameters in Table 

1 were those at N /2, where Nf is the fatigue life. f 
Inconel 718 at 1200°F displays classical creep response (primary, 

secondary, and tertiary creep stages). The time to the onset of tertiary 

creep is normally about 0.5 tr, where t is the rupture life [ll] . For 
Inconel 718, however, the region of increasing creep rates following steady 

state creep commences at about 0.3 tr [3]. This suggests that the 

initiation of increasing creep rates may be due to softening and is not 

necessarily a manifestation of the instability associated with tertiary 

creep [3,6]. Thus, from a unified viscoplastic theory view-point, some 

provision for softening (or increasing creep rates) must be incorporated 

into the theory. 

n 

r 

Booker [3,6] has developed a creep model in the form 

0.2 
c - EXP [1.75(tn - l)] tn , n 0 < tn < 1, 

which describes the salient features of the creep behavior of Inconel 718 at 

1200'F. Eq. (2), cn - €/etr is the normalized creep strain, tn - t/ttr 
is the normalized time; provided that etr and t are the strain and time to 

tertiary creep given empirically by 

In 

tr 

1.04 - 0.392 tr ttr 1 

-0.14 
C 9 0.2 + 1.16 t tr 

The time to failure, tr, is given by 

log  t 9 163.92 + 23924/T - 226.92 log uh r 

2 3 + 94.196 (log 0 )  - 13.215 ( log  0 )  , 

( 3 )  

( 4 )  

(5) 
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0 where 
(2) thru ( 5 ) ,  time is given in hours and strain in percent. 

T is the temperature in K and oh is the hold stress in MPa. In Eqs. 

A few attempts have been made to model the behavior of Inconel 718 at 

1200°F using unified viscoplastic theories, e.g., [7,8]. In this paper, the 
Chaboche yield-based theory of-viscoplasticity [12,13] is used for the same 
purpose. This theory can model a wide variety of rate-dependent inelastic 

mechanical behavior, including monotonic, sustained, and cyclic responses. 

It also models isotropic and kinematic strain hardening, including cyclic 

hardening (or softening) and the multidimensional Bauschinger effect. This 
theory has been employed to model the mechanical response of Inconel 100 

[ 12,141, type 316 stainless steel [ 15,161, and Ti-6A1-4V alloy [ 17,181 . 
However, the theory does not account for the rate dependence of initial 

yield, which limits its use to materials that do not exhibit such behavior 

within the loading rates of interest. In a previous paper [19], the authors 
have shown how rate dependency of initial yielding can be incorporated into 
the Chaboche theory, without changing its general structure. The principal 

objective of the current paper is to show how the extended theory can be 

used to model the mechanical behavior of Inconel 718 at 1200’F. A major 

part of this effort has been devoted to developing a systematic algorithm 

for the determination of the Chaboche material parameters from available 

uniaxial test data. The need for a systematic procedure for determining the 

material parameters of a viscoplastic theory from the results of standard 

mechanical tests has been addressed [17,21]. 

A sensitivity study was then undertaken to explore the effects of 

introducing small changes in the Chaboche material parameters on different 

predictions and to obtain an ‘optimal‘ set of the material parameters that 

globally improves the predicted behavior. The ‘optimal’ set was then 

incorporated into the Chaboche set of differential equations; and uniaxial 

tensile, creep, and cyclic responses were predicted and compared to 

available experimental data. In addition, strain-rate and strain-rate- 

history effects, creep, stress relaxation, and the load-unload-reload 

effects were predicted and examined. 
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11. CONSTITUTIVE EQUATIONS 

In the present paper, the one-dimensional form of the Chaboche theory 
is presented and used; the three-dimensional form of the theory can be found 

elsewhere [12,13]. A basic assumption of the theory is the decomposition of 
the rate of deformation into rate-independent elastic and rate-dependent 

inelastic components. For infinitesimal deformations, the strain rate, E ,  

approximates the rate of deformation, or 

The 

Hooke's law, that is, 
linear elastic strain rate, z ' ,  is obtained from the time derivative of 

where Q is the stress and E is Young's modulus. The nonlinear inelastic 

strain rate, e , is based on the normality hypothesis and has the form '1 

where K and n are material parameters. F is the von Mises yield function 
given by 

F(o,Y,p) = Io - YI - R(P), (9) 

where Y is the kinematic hardening variable, p is the cumulative inelastic 

strain defined in terms of the inelastic strain rate by 

and R is the isotropic hardening variable associated with p. Note that in 

Chaboche's theory, as in most of the viscoplastic theories, two variables, Y 
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and p, are employed to model hardening. Note also that F represents the 
overstress, whose positive values signify the initiation of inelastic 

deformations [c.f. Eq. ( S ) ] .  

The evolution of the kinematic hardening variable is given by 

where c,a,r, and m are material parameters. The first term on the right 

hand side of Eq. (11) is the nonlinear Armstrong-Frederick modification of 
Prager's linear kinematic hardening rule, which is appropriate for iyclic 

loading. The second term models softening effects such as reduced hardening 

rate, secondary creep, and stress relaxation typically associated with 

elevated temperatures. Equation (11) provides an effective tool by which 
anisotropic hardening (Bauschinger effect) and creep/relaxation effects can 
be modeled and represents one of the principal advantages of 

the Chaboche theory. In its modified form [19], the isotropic hardening 
variable, R, depends on the cumulative inelastic strain, p, and the total 

strain rate, e ,  rather than on p alone, as postulated in the original 

theory. The dependence of R on is assumed to be limited to its initial 

value, Ro, that is, 

appropriately 

where b and q are material parameters and R is the rate-dependent initial 

yield strength. 
0 

111. DETERMINATION OF THE CHABOCHE MATERIAL PARAMETERS 

In its modified form, the Chaboche theory incorporates eight 

viscoplastic material parameters and the rate-dependent initial yield 

strength [c.f. Eqs. ( 8 ) ,  (111, and (1211, which are generally temperature- 
dependent. It is now shown how these parameters as well as the function 

R (;) were determined from available experimental data of Inconel 718 at 
1200'F. approximations and assumptions had to be made; these will be 

discussed as they are introduced. 

0 

Some 
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Determination of a and c 

The Chaboche flow law given by Eqs. (8) and ( 9 ) ,  upon inversion, takes 

the form 

l/n . o 9 Y + R + K(;") 

At relatively high strain rates, the recovery term in Eq. (11) can be 
neglected, thereby allowing it to be integrated as 

- s c ( 6 '1 - e ; ) 
Y 9 sa + (Yo - sa) e , 

where 

;" > 0, { r:: 2 1  < 0, 
s 9 sg(;") 9 

and Yo and e; are the initial values of Y and e". 

the stabilized cycle of a strain-controlled cyclic test, R assumes 
its saturation value q [c.f Eq. (12)], whereas Y alternates between two 
extreme values, 

For 

. It can be shown t'lat [10,12] 'max and Ymin 9 - 'max 

Ymax 9 a(1 - e -CAE It )/(I + e -CAE'' ) - a tanh(cr'') , 

where Hence, if a 
series of stain-controlled cyclic tests are performed until stabilization 

has occurred, a cyclic stress-strain curve can be established through the 

tensile peaks of these stabilized hysteresis loops. Such a curve, within 
the context of Chaboche's theory, can be represented by use of Eqs. (13) and 
(16) as 

e; - Ae"/2 is the stabilized inelastic strain amplitude. 

u = a tanh(ce1) + q + K(;w) l/n , (17) 

which, when differentiated with respect to e", yields 

W 2 
&/dea 9 a c sech (ca") a 

43 



An alternative form for Eq. (18) can also be obtained by 

differentiating Eq. (1)) i.e., 

* 
11 * *  n - 1  da/de = n K (6'') a 

* * 
Since values of K and n are available (c.f. Table l), E q .  (19) can be used 

to generate values of f - da/da; for (e''),, i-1,2, . . . ,  n. These values can 

be used to evaluate a and c in Eq. (18). This is, in fact, a nonlinear 

regression analysis problem. Draper and Smith [22] have shown how such a 

problem can be solved based on the least squares technique. A computer 

program based on their analysis has been developed and used to find the 

values of a and c listed in Table 1. The first and seventh sets are 

considerably different from the remaining values. Therefore, these two sets 
were excluded and mean values of a and c were calculated for the remaining 
sets as 

i 

a = 31.40 KSI, c - 3 4 9 . 5  (20) 

Determination of K and n 
Since the material parameters K and n characterize the rate dependency 

of the material response, they were evaluated from tensile data at different 

strain rates. Two tensile stress-strain curves may be adequate for this 

purpose. Figure 1 illustrates two stress-strain curves at strain rates of . . . 
If it is assumed that these rates are e l  and 

sufficiently high and close together, then Eq. (14) holds for Y, and R can 
1' where c2 > e  €2 , 

0 
be considered the same for both cases. Thus, 

, R - R  (21) 
al a2 ' 'bl = 'b2 al a2 

Y - Y  

l,a2,bl, and b where a are shown in Fig. 2. 2 
From Eqs. (13) and (21)) the stress differential may be written as 
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which relates the difference in stress levels to the corresponding inelastic 
strain rates at specific inelastic strain values. It is necessary, 
therefore, to evaluate the inelastic strain rate at different points on both 
curves using the equation 

where E* - du/dc is the instantaneous slope of the stress-strain curve. 
Equation (l), along with the integrated form of Eq. (6), can be employed to 
obtain the relation 

1 + - l  
1 + 1  P n  k -  0 E n*K* [k*) do (24) 

* 
Note that the inverse of this equation is E . Therefore, Eqs. (23) and (24) 
can be used to calculate values of ;;; and ;" in Eq. (22) , and A u  can be 

obtained by applying Eq. (1) independently to curve'l and curve 2 of Fig. 1. 
Then, K and n in Eq. (22) are evaluated using a nonlinear regression 
procedure similar to that used in evaluating a and c. The tensile data of 
Table 1 were used for this purpose, and the following values of n and K were 

a 1 a2 

obtained 
n 9 5.12, K = 154.4 KSI nL 

Determination of b and g 
Once a, c, n, and K have been obtained, b and q can be determined from 

the results of one strain-controlled cyclic test, such as that reported in 
Refs. [7,9] at 1;1  = 2.667~10-~ sec-l and c 9 f 1%. At the tensile tip of a 
hysteresis loop, Eqs. (13) and (16) can be combined and solved for R as 

and p can be calculated from 
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where n represents the n-th cycle and A € "  represents the inelastic strain 
range at the i-th cycle. Equations (26) and (27) were then used to 
calculate R and p values from the strain-controlled test discussed above, 
with the results given in Table 2. In these calculations the overstress, 
K(;")"", was assumed to be constant, since the slopes of the loops at their 
peaks were relatively constant. The value of was calculated from Eq. 

(23) , from which the overstress was determined to be 
47.73 KSI. Since the available results did not include records of all 

hysteresis loops, it was assumed that a missing loop had the same value of 
Ae'I as the first preceding available loop. Table 2 shows that R had 
essentially The corresponding value of R was, 
therefore, taken to be the saturation value, i.e., 

i 

-1 to be 2.465~10-~ sec 

saturated by the 32nd cycle. 

q - 18.63 KSI (28)  

A value for b was then determined from the slope of the line 

W R - q )  = ln(Ro-q) - bp, 
to be 

b - 4.679 
Determination of Ro 

In a previous paper [19], the authors have shown how the Chaboche 
theory can be modified to account for the rate-dependent initial yield 
response and permit prediction of creep behavior at low stress levels. In 
effect, the function Roc;) in Eq. (12) had to be evaluated. Based on the 
analogy between tensile and creep responses [23] and the creep data base of 

Ref. [8], a form for Roc;) was selected as 

where Roo=q-18.63 KSI, ao-25.56, ~ ~ 4 . 5 5 1 ,  a2-0.3360, and a3-0.8375~10 -2 , as 

shown in Ref. [19]. 
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Booker's creep model [c.f. Eqs. (2-5)] was used to evaluate the strain 
at the initiation of steady-state creep needed for these calculations. This 

was achieved by differentiating Eq. ( 2 )  twice with respect to time, equating 
to zero, solving for tn, and then substituting back into Eq. (2) to obtain 
the required strain values. 

Determination of m and 2 
It has been shown in Ref. [17] that hardening is mostly kinematic 

during primary creep, because of the relatively high value of the ratio of 
the hardening exponents c and b [c.f. Eqs. (12) and (13)], and because of 
the small amount of inelastic strains that are likely to have accumulated. 
Therefore, it can be assumed that R - Ro = constant at the attainment of 
steady-state creep. During secondary creep, e = e "  = constant, and the time 
derivative of Eq. (13) reduces to 

m .  

where iSs is the steady-state creep rate. 
as 

Equation (32) can also be written 

In[c(a-Y) E S s ]  = m 1nY + lny, (33) 

which represents a straight line whose slope is m and intercept is In 7 .  In 

this equation, The data of 
Ref. [ 8 ]  for small creep stresses, where the recovery effects are 

significant, were used to evaluate 7 and m as 

Y can be calculated from Eq. (13) with R = Ro. 

, m = 6.942 (34) 
- 10 7 = 0.4~10 

To conclude, a procedure has been developed to evaluate the material 
parameters of the modified Chaboche theory of viscoplasticity from uniaxial 
tensile, creep, and cyclic test data. Since these tests were not 
specifically designed for the purpose of determining the Chaboche 
parameters, the procedure employed herein to determine these parameters is 

not unique, but appropriate for the kind of data available. However, the 
procedure is general and can be employed to determine the Chaboche 
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parameters for any similar material. Values of the parameters are listed in 

Table 3. Based on these values, predictions of a tensile test at - 
1.333~10-~sec-', a creep test at 130 KSI, and a strain-controlled, fully- 

-5 reversed cyclic sec-l and Ac - 2% are shown in Figs. 2 
to 4, respectively, along with available experimental data for comparison. 

test at 1;1 - 4x10 

IV. SENSITIVITY STUDY 

Although the predicted and actual responses are in reasonable 

agreement, it was anticipated that better agreement could be achieved by 

modifying the parameter values. Therefore, a parametric study was 

undertaken to explore the sensitivity of each of the parameters to the 

overall predicted behavior of Inconel 718 at 1200°F, and thus lead to the 

determination of an 'optimal' modeling of overall material response. To 
perform such a multi-parameter optimization, it is necessary to have a 

complete and accurate set of experimental results of specific base-line 

tests. These tests should be chosen in such a way that all aspects of 

material behavior to be modeled by the theory are represented in the test 
data. Such a data set is not available for Inconel 718 at 1200°F, partly 

because of the expense of such testing, but also because existing test data 

were not acquired for the purpose 'of evaluating Chaboche's model. 

Therefore, has been necessary to work with available data sets that are 

not adequate for the present purpose. 

it 

With this in mind, the data base of Ref. [ 8 ] ,  which consists of tensile 

and creep test results only was employed to perform the parametric study. 

Then this data base was enlarged by including cyclic data from Ref. [4]. 
The first step of the parametric study consisted of varying the parameters, 

one at a time, by +7% of the value listed in Table 3, predicting the 

corresponding material responses, and comparing these predictions with the 

selected data base. Because of space limitations, only representative 

samples of the results of this step are shown in Tables 4 to 6 , along with 
corresponding experimental data. A thorough examination of the results of 

this step of the parameteric study has led to the following observations: 

(a) Some parameters have stronger effects on material behavior than 

others, in decreasing order, Ro, n, k, and m have the strongest effects. 



(b) Whereas a material parameter or a subset of the parameters has a 

strong effect on a certain facet of material behavior, it does not 

necessarily have the same effect on a different aspect of material behavior. 

For instance, R had a strong effect on the creep behavior; however, it had 

less effect on the tensile and cyclic behavior. 
0 

(c) Creep response seems to be the most sensitive to changes in 

For instance, changing Ro by 27% results in approximately parameter values. 

one order-of-magnitude change in the minimum creep rate value. 

(d) Increases in b, 7 ,  and m increase the minimum creep rate and the 

inelastic strain range, and decrease the saturation stress, whereas the 

other remaining parameters have the opposite influence. 

Based on these observations, it was decided to extend the parametric 

study for the parameters that strongly affect the material behavior by 

reducing the amount of change from 27% to 23.5% for n, K ,  and m and to 
- +5.25, 3.5, and 1.75% for Ro, since it'seemed to be the most influential. 
Representative results of these changes are also included in Tables 4 to 6. 
These results support the previous observations in that they confirm that 

the overall material behavior is most sensitive to variations of R . For 

example, a change of +1.75% in Ro changes the minimum creep rate by about 50 

to 100%. Thus, the results of the current parametric study verify that the 

modification to Chaboche's theory, i.e., considering Ro to be a 
function of the strain rate, is of critical importance for improving the 
accuracy of this theory. 

0 

introduced 

Although the results of this parametric study have shown that the 

cyclic material response (first cycle Au and A d " )  is not strongly affected 

by small changes in b and q, the influence of these parameters is best 

exhibited by studying the complete cyclic behavior and not just the first 

cycle. the only cyclic test available for this material is 

the one previously used to determine values of b and q. This test was 
conducted at 1;1 - 2.667~10 sec , a value which is well above the limit 

-5 
of rate sensitivity for Inconel 718 at 1200°F - estimated to be about 4x10 

Unfortunately, 

- 3  -1 

- L  sec . Thus the results of such a test should not be used to determine the 

material parameters. Problems also arise in attempting to use Chaboche's 

theory to predict a rate-insensitive response, since it is basically a rate- 

dependent plasticity theory. This problem was demonstrated by predicting 
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-3 the cyclic behavior at - 2.667~10 sec-’ and Q - +lo for the first 
several cycles. The results showed that the stress was initially 
overstimated and the inelastic strain was underestimated. Also, the 
predicted cycles softened at a higher rate than actually observed, which 
suggests that b and q must be re-evaluated. 

To best accomplish such a task, the hysteresis loops from a cyclic test 
at 1;1 5 4x10-’ sec-’ are needed. Such data, however, are not available , 
and it was hypothesized by virtue of the material rate insensitivity for 

are essentially the same as a test at 1;1 - ~ x I O - ~  sec . In effect, values 
of R have been recalculated and the new estimates of the material parameters 
b and q were found to be 

* 

> 4x10-’ sec-’ that the results of a cyclic test at - 2.667~10-~ sec -1 
-1 

b - 3.75, q - 50 KSI (35) 

It was also found that by rounding off the values of a, c, K, m, and n, 

- i.e., 
a -+ 30 KSI, c -+ 350, K -+ 155 KSIn]sec, m + 7 ,  n -+ 5.1, (36) 

insignificant effects on the predicted behavior were observed. Therefore, 
these values will be considered in the remainder of this work to be the 

‘optimal’ values. 
The final step in the optimization procedure was to change the form for 

Roc;) such that the best possible agreement could be obtained between 
experimental and predicted behavior. First the values of Ro that gave best 
prediction of overall behavior were determined and are shown in Ref. [19]. 
Then, an improved expression for R was established as 

0 

where Roo= q - 50 KSI, Po - 48.88, /3, - 18.30, 8, - 2.767, B3 - 0.2082, 
8, - 0.7813~10-~, and p, - 0.1174~10-~. 
* 
Contacts were made with ORNL to obtain the cyclic data from the tests 
reported in Refs. [2,5] but it was indicated that they were not available. 
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The revised material parameterr of the extended Chaboche theory are 
listed in Table 3, and were employed to improve the material response 
predictions in Figs. 2 to 4. 

IV. PREDICTIVE CAPABILITIES 

The 

addition 
Chaboche 

1 mechani 
theory has been employed to predict a wide range of 

a1 behavior of Inconel 718 at 1200°F, including: strain- 
rate and strain-rate-history effects, creep and relaxation behavior, load- 
unload-reload behavior under strain or stress control, and strain- 

controlled, fully-reversed cyclic behavior. 

Strain-Rate and Strain-Rate-Historv Effects 
-5 -1 

‘2 - - 5x10 sec , €1 Three different strain rates; namely, 

- 5~10-~sec-l, have been arbitrarily considered in studying 5x10 sec , 
the strain-rate effect. The stress-strain cuwes at these rates are shown 

in Fig. 5, which shows a rate dependency of initial yield that could not be 
predicted by the original Chaboche theory. This figure shows that the 

extended Chaboche theory predicts a pronounced strain rate effect for the 

strain rates considered. It is also noted that the stress-strain curves 

tend to be closer to each other as : increases. This behavior is consistent 
with the experiments, which have shown that an asymptotic behavior can 
eventually be reached. 

-7 -1 
‘3 

A similar stress rate effect was predicted for three stress rates, 

obtained by multiplying the aforementioned strain rates by Young‘s modulus, 

as shown in Fig. 5. It is seen that the stress-controlled response 

overrides the strain-controlled response, the difference being attributed to 

the stress-strain nonlinearity of the constitutive equations. 

The response of viscoplastic materials is significantly influenced by 

their strain rate history [24,26]. Perhaps the most useful and widely used 

experiment developed to study this behavior is the incremental (jump) test, 

where a specimen is first prestrained at one strain rate and then the strain 

rate A material is said to exhibit a is abruptly changed to another value. 
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strain-rate-history effect if the jump (interrupted) and monotornic (pure) 
responses remain distinct after significant strains have been imposed [21]. 

Let the constant strain rates before and after a jump be denoted . . . .  
c 1  

and c 2 ,  respectively, and let 6 - e2/e1; where 6 > 1 indicates a strain 
rate increase, 0 < 6 < 1 corresponds to a strain rate decrease with 

increasing strain, and 6 < 0 implies strain rate reversal (unloading), Fig. 
6 .  It can be shown that [27] 

* 1 * 
E2 E - ;(E - El) , 

* * 
where E2 and E 
and after the strain rate jump is imposed; If it is further assumed that E 

are the slopes of the stress-strain curve immediately before 

1 
<< E, it follows that E2 = E for 6 >> 1. In other words, the initial 
response after the strain rate increment is imposed is elastic, as 

experiments show. In case of stress-rate jumps, the analogue of Eq. ( 3 8 )  is 

* 1 

* 

. .  
where 7 - a /a is the ratio of the stress rates [27]. 

- 6  -1 2 1  

-5 
Figure 7 shows the predicted monotonic responses at - 10 sec and 

;2 = 5x10 as well as the corresponding interrupted responses for 
6 - 50 (low-to-high strain rate) and 6 - 0.02 (high-to-low strain rate) 
after a prestrain of 0.75%. 

1 
sec-' 

For tensile loading, the saturation stress can be reached when each of 

the terms on the right hand side of Eq. ( 1 3 )  saturates. Numerical exercises 

with the Chaboche theory, however, have shown that R does not change 
substantially when small deformations, such as those produced during a 

tensile Thus, the hardening process is 
essentially kinematic, and, in the presence of recovery, the saturation 

value of Y is smaller than a and can be determined by solving Eq. (32). 
This equation shows that the saturation value of Y is solely dependent on 
the strain rate and is, therefore, strain-rate-history independent. The 

difference observed in predicted monotonic and interrupted behavior is, thus 

caused by different values of R = R in the monotonic and jump tests. 

Since Ro increases with E ,  the jump response lies below the uninterrupted 

test, are considered, i.e., R = Ro. 

0 . 
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response for 6 > 1, i.e., the theory predicts a strain rate history effect 
typical of FCC materials [26]. Due to its treatment of Ro as a constant, 
the original Chaboche theory cannot predict strain-rate-history effects. 

Prediction of the creep behavior of Inconel 718 at oh - 140 KSI, for 
load application rates of G - 20 KSI/sec and G - 0.20 KSI/sec, are 
presented in Fig. 8 .  In each case, the response from the moment of loading 
until the stress reached its hold value was predicted as well as the 
response for an additional 300 sec, with only the creep strains shown in 
Fig. 8 .  It was found that the creep strain corresponding to the higher 
stress rate overrides that corresponding to the lower rate. However, the 
total strain (not shown in Fig. 8) in the latter case was greater. This was 
expected, since at the lower stress rate, yielding initiated at a stress 
value much lower than oh = 140 KSI and by the time the stress value reached 
the hold value substantial hardening had already taken place. Thus, the 
material was capable of sustaining further deformations only at lower rates. 
These results suggest the importance of specifying the rate of load 
application, in addition to the hold stress, when reporting creep data. 

1 2 

When steady-state creep is reached, Eq. (13) yields upon 
differentiation with respect to time 

For tensile creep, H is positive, and Eq. (40)b is valid only if is 

negative, i.e., when the material undergoes isotropic softening. Numerical 
solutions have shown that Inconel 718 at 1200°F starts to harden 
kinematically and soften isotropically with the initiation of creep 
deformations, with the rate of hardening being higher than the softening 
rate. However, a point is eventually reached where both rates are equal in 
magnitude. At this point Eq. (40),, is satisfied and thereafter softening 
begins to dominate, thus allowing for increasing strain rates, as Fig. 9 
depicts for creep at 125 KSI. As mentioned earlier, there is experimental 
evidence that the increasing creep rates, at least in early stages, are not 

a manifestation of instability or impending failure [ 3 , 6 ] .  Therefore, it is 
concluded that the Chaboche theory can predict realistic creep behavior, 
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including increasing creep rates following steady-state creep, caused by 
material softening. 

pelaxation Behavior 
In a stress relaxation situation, Eqs. ( 6 )  and (7)  give 

If 
is, therefore, negative. Experimental data on metals and alloys show that 

the stress normally relaxes at a decreasing rate until a steady state is 

eventually reached when ; - 0, i.e., when 

the stress relaxes from a positive value, ;' is initially positive and 

To examine the stress relaxation prediction of the Chaboche theory, a 
-5 loading history was chosen, which consisted of straining at a rate of 5x10 

sec to 1% strain. The strain was then held at this value for 50 minutes. 

The results are shown in fig. 10, and are consistent with the above 

discussion. 

-1 

Load-Unload-Reload Behavior 

A reversal in strain (stress) corresponds to an instantaneous jump in 

;(;) with 6(r) < 0. Three different cases can be distinguished (c.f. 

Fig.6): (a) 6 ( 7 )  = -1, which corresponds to a reversal with constant strain 
(stress) rate magnitude, (b) 6 ( 7 )  << -1, which represents a large increase 
in the strain (stress) rate magnitude, and (c) 1/6(r) << -1, which 
represents a large decrease in strain (stress) rate magnitude upon 

unloading. 

The loading-unloading behavior of Inconel 718 at 1200°F is now studied 

under strain (stress) control in a fashion similar to that of Ref. [28]. 
For strain control, a loading rate of ; - ~ x I O - ~  sec was arbitrarily 

- - 5 ~ 1 0 - ~  sec € 2  
In each case, unloading was initiated after a strain of 0.75% was reached, 

-1 

2 0 - 5  -1 selected, along with unloading rates of ; - -5x10 sec (61--10 <<-1), 
- 9  11 (63=-10 - 2  , or 1/63--10 2 <<-1). (J2--1), i3  = -5x10 sec -1 
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* 
where El << 1, as was assumed in deriving Eq. (38). The results are shown 

in Fig. 11, where it is seen that the initial unloading behavior is 

inelastic and is sensitive to 6. For a large increase in the strain rate 
magnitude at reversal, the terms with 1/6 in Eq. (38) are negligible and E2 
= E, i.e., the initial unloading response is elastic, which is in agreeement 
with the predicted behavior shown in Fig. 11 for 61 - -10 . For 62 - -1, 
Eq. gives E2 - 2E, which means that the initial unloading response is 
inelastic. Figure 11 however, shows that the slope very rapidly 

approximated E as the stress decreased. For large decreases in strain 

rate magnitudes at reversal, the terms with 1/6 dominate and E2 = E/16 1 .  
Therefore, significant inelastic unloading response with a very large 
positive slope was predicted, resulting in near-vertical decay of the stress 

- 2  at the start of unloading. The inelastic strain increased when 63 - -10 
was imposed, and can be thought of as stress relaxation, since the stress 

decreases at almost constant strain. 

* 

-2 
* 

(38 )  

* 

For stress control, the stress rates were obtained by multiplying the 

prior strain rates by E. In each case, the loading period was adjusted so 
that a strain of 1% was obtained before unloading was started. The results 

are shown in Fig. 12. For r<<-l, Eq. (39) yields a value of E2=E, i.e., the 
initial unloading response is elastic, as Fig. 12 depicts for -yl - -10 . 
For -y - -1, the initial slope upon unloading can be found from Eq. (45) to 
be E2 - -E1, i.e., the initial unloading response is inelastic with a 
negative slope that is equal in magnitude to the slope before unloading. As 

* 
2 

* 2 * 

the stress decreases, however, the unloading response approaches a linear 

shape typical of elastic unloading, as shown in Fig. 12. For l/~<<-l, Eq. 
(39) reduces to E2 - - IrIE1. Consequently, the initial unloading slope is 
negative and much smaller in magnitude than the slope before unloading. The 

theory, therefore, predicts significant inelastic unloading behavior with 

small decreases in stress and very large increases in inelastic strain, as 

shown . This latter case is analogous to a creep 

test, where the stress is held almost constant while the strain increases 

substantially. 

The 

* * 

-2 in Fig. 12, for r3 - -10 

analysis was further expanded by studying the effect of unloading 

rate on subsequent reloading behavior. Two cases were considered: (a) 

loading, unloading, and reloading at 1;1 - S~lO-~sec-', and (b) loading and 
55 



-7 -1 and unloading at - -5x10 sec . In each case, loading reloading at 
was applied until a strain of 0.75% was reached, unloading was initiated and 
maintained to a strain of 0.45%, and finally loading was continued to a 

strain of 1.0%. The results are shown in Fig. 13 for both cases. In the 

first case (6 - -1 at unloading), the initial slope upon unloading is 

positive and twice the elastic response, i.e., the initial response is 

inelastic. However, it rapidly approximates the linear elastic response 

and, therefore, the reloading response immediately approaches the monotonic 

response at the loading rate. In the second case (6 - -10 at unloading), 

however,significant inelastic deformations occurred upon unloading and the 

was considerably different from the consequent reloading response at 

monotonic response at the same rate. Note that differences in reloading 
behavior in the two cases are due essentially to the amount of inelastic 
deformations that occurred upon unloading. It is possible to conclude, 
therefore, that the Chaboche theory is capable of simulating a history- 
dependent reloading response that memorizes rate-dependent prior 

deformations. 

‘1 2 

-2 

. 
‘1 

Cvclic Softening 
As mentioned earlier, Inconel 718 at 1200°F undergoes cyclic softening 

for approximately 10-20 % of its fatigue life. In Chaboche‘s theory, 
cyclic softening is modeled by the isotropic hardening variable R, with its 
saturation value q smaller than its initial value Ro. The first few 

hysteresis loops of a strain-controlled, fully-reversed cyclic test at 1; 1 - 
4x10-’ In this 

figure, cyclic softening is manifested by a continuous decrease in the 

stress range and a corresponding increase in the inelastic strain range with 

cycling. 

sec-l and Ac - 2% were predicted and are shown in Fig. 14. 

V. CONCLUSIONS 

The modified Chaboche theory of viscoplasticity has been employed to 

model the viscoplastic behavior of Inconel 718 at 1200’F. A procedure has 

been developed and used for the determination of the material parameters of 
this theory from available uniaxial experimental data of standard mechanical 
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tests. The procedure for determining the parameters is not unique, but is 
considered appropriate for the available data, which were not adequate for 
the purpose of evaluating the Chaboche material parameters. 

The sensitivity study undertaken herein has resulted in an 'optimal' 
set of material parameters, which gave better overall agreement between 
theory and prediction. The study has also emphasized the influence of each 
material parameter on different aspects of material behavior. 

The predictive capabilities of the theory have been demonstrated for a 
variety of uniaxial loading conditions. The lack of adequate data base, 
however, precludes drawing detailed conclusions about the accuracy of the 
predicted behavior. Nonetheless, the Chaboche theory appears to offer a 
considerable promise for successfully modeling viscoplastic material 
behavior. 
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* *  
Table 1: Values of K , n , a, and c for Inconel 718 at 1200°F 

Ser . 
No. Ref. Test 

1 4  
2 4  
3 4  
4 5  
5 2 
6 295 
7 9  
8 4  
9 4  

cyclic 
cyc 1 ic 
cyclic 
cyclic 
cyclic 
cyclic 
cyclic 
tensile 
tensile 

Strain 
Rate 
Sec- 

8.333~10:: 
3.333~10_~ 
1.667~10-~ 
4.000~10-~ 
4.000~10 
4.000~10-~t 
2 . 6 6 7 ~ 1 0 _ ~  - 3t 
1.670~10-~ 
3.330~10 

No. of 
Data 
Points 

K* 
KSX 

4 
3 
4 
12 
37 
49 
3 

202.3 
188.7 
156.6 
188.2 
172.2 
187.9 
214.9 
166.9 
210.0 

* 
n 

0.1080 
0.1100 
0.0920 
0.1078 
0.1017 
0.1096 
0.1562 
0.0540 
0.0630 

a 
KS I 

24.46 
31.81 
33.86 
31.49 
28.13 
31.64 
39.97 _ _ _ _  

C 

364.4 
347.0 
349.0 
349.1 
355.0 
347.5 
301.5 - - - -  

-5 -1 Some tests were performed at - sec-' and 10 sec t 

Table 2: Calculation of R and p for the determination of b and q 

Cycle u c "  t Y R P 
No. KS I $a KS I KS I 

1 115.0 0.530 0.0265 28.57 39.04 
4 
8 
12 
16 
20 
24 
28 
32 
36 
40 

109.8 
105.4 
102.4 
101.0 
99.42 
98.43 
97.43 
95.44 
95.44 
95.44 

0.546 
0.561 
0.561 
0.588 
0.588 
0.588 
0.588 
0.591 
0.596 
0.596 

0.0907 
0.1568 
0.2247 
0.2942 
0.3648 
0.4354 
0.5059 
0.5766 
0.6477 
0.7192 

28.71 
28.84 
28.95 
29.04 
29.04 
29.04 
29.04 
29.06 
29.09 
29.09 

33.32 
28.83 
25.72 
24.25 
22.66 
21.67 
20.67 
18.66 
18'. 63 
18.63 

Inelastic strain amplitude, A6 "/2 
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Table 3: Material parameters of Chaboche's theory, Inconel 718 at 1200°F 

Para- 
meter 

E 

a 
v 

b 
RO 

Descr iD t ion 

Young' s modulus 
Poisson's ratio 
Saturation value of kinematic 
hardening variable 

Kinematic hardening exponent 
Coefficient of recovery 
Recovery exponent 
Overstress parameter 
Strain rate sensitivity parameter 
Saturation value of isotropic 

Isotropic hardening exponent 
Initial, rate-dependent value of 

hardening variable 

isotropic hardening 

Initial 
Value 

2 4 . 7 3 ~ 1 0 - ~  

31.40 
0.3356 

349.5 
0 . 4 ~ 1 0 - ~ ~  

i 5 4 6 4 g i k ' L  
5.120 
18.62 KSI 

Optimal 
Value 

24. 73X10-3 

30.00 
0.3356 

350.0 
0 . 4 ~ 1 0 - ~ ~  
7.000 

155.0 K S I n L  
5.100 
50.00 KSI 

3.75 
E q .  (37) 

Table 4: Effect of changing n by k(3.5, 7.0)% on tensile behavior, 
Inconel 718 at 1200°F 

Strain Saturation Stress, KSI 

Ratel Predict ions 

Sec- 0.930n 0.96511 n 1.035n 1.70n 

Exper. 

1.1x10-6 134 128.28 129.20 130.18 131.12 132.33 

1 . 3 ~ 1 0 - ~  142 143.57 144.85 146.23 147.62 148.90 
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I N E L A S T I C  S T R A I N  

Fig. 1. Illustration of two stress- 
inelast ic  strain curves a t  
different strain rates. 
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Fig. 2.  Comparison of experimental 
and predicted monotonic res- 
ponse a t  E = 1.333x10-~sec-1. 
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Fig. 3 .  Predicted creep response at u h =130 KSI; only 
experimental steady state is available. 
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An Internal Variable Constitutive Model for the Large 

Deformation of Metals at High Temperatures 

Stuart Brown and Lallit Anand 
Massachusetts Institute of Technology 

Cambridge, Massachusetts 

Elevated temperature deformation processing, 'hot working," is central to the pr* 

duction of more than 80% of d l  metal products. The advent of large deformation finite 

element methodologies is beginning to permit the numerical simulation of hot working pro- 

cesses whose design until recently has been based on prior industrial experience. Proper 

application of such Gnite element techniques requires realistic constitutive equations which 

more accurately model material behavior during hot working. 

The constitutive equations should satisfy several requirements. First, the equations 

should be able to model large, three dimensional deformations. Second, the model should 

cncompa3s the range of hot working conditions, which includes strain rates ranging from 

to lo1 sec" or greater, homologous temperatures from .S to .9, and interrupted de- 

formation histories. Third, determination of parameters Msociated with the model should 

be straightforward and reqilire a minimum of materials testing. Fourth, the model should 

provide a meam of representing material microstructural state and its evolution during 

.deformation. Finally, the model should be formulated with due consideration of issues 

regarding their numerical implementation in h i t e  element programs. 

A simple constitutive model for hot working which satisfies most of these require- 

ments is the single-scalar internal variable model for isotropic thermo-elasto-viscoplasticity 

proposed by Anand [1985,1982]. In the next section we recall this constitutive model. The 

specific scalar functions for the equivalent plastic strain rate and the evolution equation for 

the internal variable presented here are slight modifications of those propcmtd by Anand 

[1982]. These modified functions are better able to represent high temperature material 

behavior. Following this presentation of the constitutive equations we briefly describe 

69 



our monotonic constant true strain rate and strain rate jump compression experiments 

on a 2% silicon iron. The material parameters appearing in the constitutive model can 

be determined from the stress-strain curves resulting from such experiments. The model 

is implemented in the general purpose Gnite element program ABAQUS [Hibbitt, et.al., 

19841. Finally, using this p r o g r b ,  the predictive capabilities of the model are evaluated 

for some simple deformation histories. 

Conet itut ive Model 

(a) Stress-strain-temperature rate relation: 

'W = L[D - DP] -ne, 
where with T denoting the Cauchy stress and F denoting the deformation gradient, 

? = (dctF)T Kirchhoff stress; 

*v=T-w.I.+.I.w 
f = 2 p I  + [IC - ( 2 / 3 ) p ] 1 @  1 

p = jqe), R = &(e) Shear and bulk moduli; 

II = (3rca)l 

a Coefficient of thermal expansion; 

D = sym FF-1 

W = skew FF-l 

U Absolute temperature. 

Jaumann derivative of Kirchhoff stress; 

Elasticity tensor; 

Stress temperature tensor; 

Stretching tensor; 

Spin tensor; 

(b) Flow a l e :  

The constitutive equation for D P  is: 
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equivalent plastic tensile strain rate, 

equivalent tensile stress, 



and 8 b a scalar internal variable with the dimension of stress. We call it the de- 

formation resistance which may be associated with a microstructural characteristic 

ouch M dislocation density. 

(c) Evolution equation: 

The deformation resistance u is assumed to evolve according to: 

i = h(b,8,8)? - i ( 8 , 8 ) ,  

where h represents strain hardening (with dynamic recovery) and i represents static 

recovery. 

The major task in completing the constitutive model involves a specification of the 

rate equation f above and the evolution equation for the internal variable 8 .  We propose 

the following model: 

with 

In t h b  model the material parameters are A, Q, f, m, ho, u, g, and n, and k in Boltzmann's 

.cmtant .  

The rtatic recovery function i in this model is Bet equal to tero. Accordingly, these 

equations are unable to model recovery during hold periods between high rate deformation 

paas- or during very dow deformation processing. 

Compression Experiments on a 2% Silicon Iron 

Isothermal hobcompression t a t s  have been performed to evaluate the material 

constants associated in the above model. A 2% silicon iron was selected mince it does not 

dynamically recrystallize and rince it does not experience a change in crystal structure 
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upon quenching from elevated temperature deformation. Tests were performed on a high 

temperature materials test system consisting of a vacuum furnace mounted in a servo- 

hydraulic test machine. An analog function generator was used to produce constant true 

strain rates and strain rate jumps. Data was collected on a microcomputer data acquisition 

rystem. 

The test specimens were circular cylinders with a height-to-diameter ratio 1.5. Shal- 

low, concentric, circular grooves were machined into the ends of each specimen to hold a 

high temperature lubricant. Lubricants were mixtures of powdered glass and boron nitride 

powder. Homogeneous compression to a true atrain of approximately -1.0 was achievable 

on a routine basis. 

Two r e b  of experiments were performed: isothermal, constant true strain rate tests 

and rtrain rate jump tests. The constant true atrain rate testa were performed for a 

range of temperatures from 800 to 1200 degrees Celsius, and a range of strain rates from 

to IOo per second. Figure 1 provides a representative subset of these tests for a given 

temperature at varying true strain rates. Strain rate jump tests were performed to provide 

means of evaluating strain rate dependence ot a given internal rtafe, because such a test 

instantaneously decouples the strain rate equation (3) from the evolution equation for the 

internal variable (4). Figure 2 rhows a representative wries of jump tests at a constant 

temperature. The stress/strain data following the jump in rtrain rate also provides data 

for an independent comparison of the constitutive model predictions and actual material 

response. 

Material Constant Determination and Model Evaluation 

Material constants for the model represented by equations (3) to (5) have been 

determined using data obtained from the constant true strain rate and strain rate jump 

tests. The equations have been incorporated wing procedures outlined by b a n d  [1986] 

via a user-material interface in the h i t e  element program ABAQUS. Stress-strain curves 
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have been calculated using ABAQUS for conditions representative of the experiments on 

the silicon iron. The calculated c w e s  are compared with the experimental data in Figures 

3 and 4. The agreement between the theory and urperiment is excellent. 

Several test specimen geometries have also been evaluated which produce a gradient 

of internal microstructure within a single deformed specimen. These spechens have been 

deformed at temperature and then quenched. Different measures of microstructure, such as 

microhardness and etchpit density, have been compared with the variation in the internal 

variable predicted by the constitutive model. 
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The nonlinearly viscoelastic response of an amorphous homopolymer is considered 
under aspect of time dependent free volurne behavior. In contrast to linearly viscoelastic 
solids, this rnodel couples shear and volume deformation through a shift function which 
influences the rate of molecular relaxation o r  creep. Sample computations produce all 
those qualitative features one observes normally in uniaxial tenslon including the rate 
dependent formation of a yield point as  a consequence of the history of an imposed pres- 
sure. 

1. INTRODUCTION 

I t  is a well known fact that polymers change their physical response characteristics in a 
very significant manner when they are cooled or heated, and especially so when the 
temperature change spans the glass transition range. This behavior is exemplified, 
perhaps, most clearly in terms of mechanical relaxation or creep phenomena, though it is 
equally evident in optical, electrical and masstransport characteristics. These macroscopi- 
cally observable phenomena are manifestations of the motion of segments of molecule 
chains relative to each other. This motion is controlled by both the thermal activation of 
the molecule segments and by the space available to these segments to move. This space 
is often associated with the concept of "free volume" and has a highly non-linear effect 
on the segment mobility in the sense that a chclngc has a roughly cxponcntial effect on  
the rate of segment motion. Thus small changes in free volume will produce very large 
changes in the mobility of molecule segments, and thus in the physical characterstics of 
the material. 

The change in free volume has been most often connected with thermal changes where 
it has been associated with time-temperature trade-off in material characterization. 
However, volume changes arise not only from temperature alterations but also from the 
absorption of solvents and from mechanical stresses. The latter effect has been studied 
mostly in the context of the influence of pressure on  the glass transition temperature. 

Volume changes in polymers can occur over considerably long time scales, and i t  is a 
characteristic of these materials that the approach to equilibrium conditions occurs under  
ever decreasing rates of change. Thus equilibrium behavior of polymers Is often only 
approached but not reachcd, in particular at temperatures below the glass transition 
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range. Thus Struik [ l ] '  has observed that creep (or relaxation) behavior of polymers 
below the glass transition keeps changing for some time after the material has been 
quenched to  the "rigid" state. This change is first rather rapid after quenching and slows 
down with time to a steady behavior and occurs at a rate that is consistent with the 
decreasing free volume as  i t  adjusts slowly to equilibrium conditions. The idea here is, 
that the quenching process ellicits a delayed volume consolidation which entails a lower 
and lower rate of molecular mobility. 

While there seems to be little question regarding the qualitative correctness of 
these concepts, there is still considerable discussion with respect to  the analyti- 
cal representation or  description of these processes. A particular stumbling block in 
this context seems to be our lack of understanding o r  experimental assessment of 
how the free volume approaches equilibrium conditions. On the one hand one  finds that 
the appropriate experiments demand a very high degree of accuracy in volume measure- 
ments over long periods of time under extremely well controlled environmental condi- 
tions, while, on the other hand one needs to model and represent this behavior analyti- 
cally in order to  ascertain whether the postulated, physics-based model conforms to the 
measurements. Neither propositions are accomplished easily. 

In this paper we shall be concerned with the mechanical behavior of polymers which 
undergo densification (vitrification) while simultaneously subjected to mechanical strain- 
ing. In view of several unresolved issues with respect to representing the time- 
dependent effects of the quenching process we confine ourselves for now to vitrification 
resulting from the imposition of pressure. The work is almost exclusively computational 
in nature, based on the experimentally determined uniaxial relaxation behavior which 
corresponds to that of Solithane 113 (50/50 composition [21), a polyurethane elastomer 
manufactured by the Thiokol Chemical Company in Trenton, N.J. The computations were 
motivated by high pressure experiments on the same material by K. Pae et  alii [3], who 
appear to  have used a somewhat differently formulated or  processed version of the same 
material, which did not allow a point by point comparison. We offer these computations, 
therefore, as  an indication of what the effect of time-dependent volume consolidation is on 
the subsequent mechanical behavior of the polymer. These results are in qualitative 
agreement with Pae's experiments. 

2. THE MOLECULAR MECHANICS VIEW 

In order to relate the following developments to the proper view of molecular 
mechanics i t  is appropriate to give consideration to how the molecular motion is 
related to the material properties when linearly viscoelatic behavior is involved 
and when the stress state induces non-linearly viscoelastic response. We start  with 
the proposition that molecular conformations of the molecule chains and the interdepen- 
dent motion of their segments give rise to the macroscopically observed time-dependent 
behavior. Short-time response derives from near-range interactions while the long-time 
behavior is governed by long-range interactions with a spectral distribution spanning the 
whole range of time dependence. As long as  the macroscopic deformation gradients 
(strains) are so small that the molecular topology is not disturbed greatly, (not rubber-like 

1. Numbers in brackets refer to references at  the  end of the paper 

78 



deformations), one can argue that the molecular interactions as  characterized by the 
spectral distribution functions of relaxation o r  creep remain essentially unchanged. Stat- 
ing this assumption is an alternate way of saying that molecule segments move accord- 
ing to the local constraints offered by neighboring molecules; their rate of motion is 
governed by their mutual proximity but the type of motion such as  slippage o r  rotation 
are  not affected strongly. Thus one expects that the distribution functions appropriate 
for infinitesimal deformations, i.e. linear viscoelasticity, apply. Specifically, we assume that 
this understanding holds for both viscoelastic response in shear and volume deformation. 

One must admit that our  knowledge of molecular motion under a variety of deforma- 
tion gradients is rather limited. Thus i t  is sometimes suggested, in particular in connec- 
tion with thermal changes below the glass transition temperature, that certain types 
of molecular motions cease to occur the lower the temperature becomes. In terms 
of a phenomenological description such changes would entail changes in the spectral dis- 
tribution functions. However, in order to investigate such potential changes I t  is 
necessary to develop improved descriptions of constitutive behavior, and i t  is jus t  that 
purpose we have in mind in this contribution. Thus we feel entitled to  assume a t  this 
stage of development that the spectral functions remain unchanged and leave the 
examination of deviations from this assumption to future experimental and analytical 
scrutiny. 

We  limit ourselves in this inital investigation to materials which are thermorheologically 
simple. This restriction is assumed primarily because we d o  not understand very well the 
reason for the breakdown of thermorheological simplicity from a molecular point of 
view, though we surmise that the breakdown results from the mechanical interaction of 
domains of multiple phases of different constituents in the case of thermorheologically 
non-simple materials. In the latter context i t  would be necessary to apply the considera- 
tions outlined below to each constituent in the (molecular) composite but with the con- 
straint of mechanically compatible interactions imposed. 

Some aspects of this work have been presented in an earlier publication 14) where the 
purely mechanical response as well as the effect of certain thermal histories were con- 
sidered from a unified point of view besides the pressure-ageing. While we shall deal here 
only with the latter topic, we shall next discuss the complete set of constitutive equations 
which apply to the former set of conditions and then specialize them to the problem of 
pressure-ageing. 

3. GENERAL EQUATIONS 

In adhering to the assumptions stated towards the end of the previous section we 
choose the material description to  be governed by the functions of linear viscoelasti- 
city, except that the time-temperature shift function of thermorheologically simple solids 
is a more general function of the time-dependent and thus instantaneous volume change, 
regardless of whether the volume change is induced thermally, mechanically o r  by solvent 
swelling. This shift function 6 is considered to be a functional of the temperature T, of 
the solvent concentration c and of the mechanically induced dilatation 0, that is 
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where curly brackets denote that 4 is a functional of T,c, and 0. Doolittle [5] expressed this 
factor through the free volume by 

b 1  1 
2.3 f f o  

log4 = -(- - -) 

where f is the fractional free volume defined in terms of the total volume V of the solid 
and the free volume V ,  as 

f = -  v f 
V (3) 

and fo denotes the fractional free volume at some reference temperature. We consider 
the free volume to depend on the temperature history and on the strain history, as well as 
on the history of swelling. We assume that at any instant In time the variable f is a linear 
functional of the temperature, solvent and of the dilatational stress component. 

Linearly viscoelastic volume behavior requires that the dilatation 0 is related to the 
first stress invariant 7 k k  through 

(4) 
1 e( t )  = p ( t )  * d~~~ 

where M(t) represents the bulk creep compliance and the star notation Indicates 
Stieltjes convolution; this statement is true within the context of the present discussion 
provided the volume change is so small that the creep function M(t) is not affected. Simi- 
larly, we define a volume creep function for thermal expansion a(t) such that under a 
sufficiently small thermal excursion history (small volume change) the volume change is 
given by [4]. 

(5) AVT = Vo.u(t) * dT 

where V, is a Reference volume. Let us  leave the question as to whether the time 
scale of a(t) needs to be "temperature-reduced" moot for the moment. Finally, we would 
postulate a solvent related volume creep function 7(t)  which by analogy with (4) and 
(5) yields volume changes under a hypothetical instantaneous change in concentration "c" 
to  

With the definitions (4),(5), and (6) in mind and the assumption of a linear depen- 
dence of the space for molecular motion on the volume change we write the contribution 
to this motion space f as 
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where the constants A,B, and c need to be generally determined experimentally. They may 
possibly all have the same value. 

Substitution of (7) into the Doolittle equation (2) renders for the instantaneous shift 
factor 

(8 )  
b 

2.3 f, 
A.Q(t)*dT + B.M(t)*dTkk + c.q(t)*dc 

f o  + A.a(t)*dT + B.M(t)*dTkk + c.T(t)*dc log# = - 

Note that if e c o n s t  and ~ ~ ~ ~ 0 ,  c=O this expression reduces to the standard Doolittle equa- 
tion and thus to the WLF equation. In the present case this shift factor is a function of the 
volume history through the functionals of dilatation, temperature and solvent concentra- 
tion. More specifically these latter functionals involve also the history of q5{f } ;  for example, 
w d T  depends on the history of & { t ) .  Equation (8) is thus an implicit relation for &. 

The shift factor modifles the (materlal-internal) rate with whlch viscoelastic functlons 
change. I f  an environmental change causes a constant change in the volume components, 
then d, multiplies the relaxation or retardation time in the material functions. We now 
assert that in general the argument in the creep functions cr(t), T ( t )  and M(t) must be 
"reduced" by the instantaneous shift factor, where the shift function # is itself a function 
of the environmental histories. 

Lee suggested that the "standard" time-temperature shifting, demonstrated for time- 
independent temperatures, be valid instantaneously under transient thermal conditions 
[6,7]. We shall assume similarly that the shift relation (8 )  for & is valid instantaneously 
while incorporating the effect of mechanically and solvent induced volume change. We 
have thus for a reduced time for the material behavior 

Let T~, and tij  denote, respectively. 
strain. In terms of the deviatoric 

the components of the Cauchy stress and of the (small) 
stresses Sij and deviatoric strains eij the stress-strain 

relations are (the summation convention for repeated indices applies) 

t 
du 

['(I) - 
= { #{ T(Cr) ,C(U) ,B(U)}  
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along with (8) for d{t}* 

Equations (8), (9), and (10) are coupled and implicit relations for the s t ress  history if ,  
e.g., the strain history is prescribed at a material point3 in dependence on the presumably 
known thermal and solvent history. Alternately, if the stress and environmental histories 
are prescribed - in particular when the stress is zero - these equations are implicit rela- 
tions for the time-dependent volume change (kk. 

4. EFFECT OF PRESSURE HISTORY ON UNIAXIAL DEFORMATION BEHAVIOR 

in this section we are interested in demonstrating the profound effect which the 
simple concept of time-dependent volume change has on  viscoelastic behavior when such 
volume change is allowed to affect the time-shift phenomenon. Struik's experiments 
revealed a time-dependent drift of properties toward an equilibrium behavior after initial 
quenching. Because no chemical changes were involved this change process was termed 
"physical ageing." Similar to the experiments on physical ageing by Struik [ l]  time depen- 
dent volume compaction under pressure changes the viscoelastic response of the material, 
tending to  "push" the solid "towards glassy behavior" and we may then speak of an  ageing 
process induced by pressurization. On the other hand, the imposition of a tensile s t ress  
causes an opposing trend. Let u s  consider uniaxial deformation histories with constant 
rate of straining and consider the response under two types of pressure histories: In one  
case let the pressure be applied just  prior to or  with the start  of uniaxial straining; in the 
other  case let straining start  at various times after the pressure has been imposed. In this 
latter case the effect of time dependent volume consolidation (ageing) on the time scale of 
non-linearly viscoelastic will become apparent. Let us turn first to  the case of 

a )  Simultaneous Pressurization and Straining. 

We assume the temperature to remain constant4 throughout these strain histories and 
consider a sudden s tep pressure P applied at time t=O while a constant strain rate history 
io = const is imposed simultaneously. Thus, 

?kk = 3.P.h(t) (1 1) 

and 

Let E ( t )  be the relaxation modulus for (infinitesimal) uniaxial deformation a s  shown in Fig- 
ure 1 and represented by a Dirichlet series 

18 

n = l  
E ( t )  = E, + 

2. Note that with the present notation (kk (f)=e( [)+CY( t)*dT+ y( t)tdc. 
3 .  We choose not to address here the wider problem of thermal and solvent diffusion and their interaction with 

the state of stress or its field. 
4. Actually pressurization produces in general also a temperature rise, which we neglect in these illustrations. 
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where the E ,  and r, are glven in Table 1. These coefficients were determined in a colloca- 
tion procedure based on the data in Figure 1. 

Table I ,  
E, - 26.613 [bar] 

Figure 1 

I 
1. 
(3 
D 
I - 
t 
W 

w 
CT 
0 - 

n 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
1 1  
12 
13 
14 
15 
16 
17 
18 

E, [bar1 

677.827 
8.527 

545.344 
876.463 
5 64.94 7 
584.25 2 
340.672 
286.495 
262.926 
120.850 
22.663 
28.793 
5.446 
3.076 
1.561 
0.2 5 3 
0 
0.072 

T,  [mlnl 

1 1 o-8 
3.162 lo-' 
1 10-7 
3.162 lo-' 
1 10-6 
3.162 
1 10-5 

1 10-4 

1 10-3 

3.162 lo-' 
3.162 

3.162 
1 10-2 
3.162 
1 lo-' 
3.162 lo-' 
1 
3.1622 

L -I 

I '-4.2 
-10 -8 -6 -4 -2 0 2 4  I t - I  I ' I I ' I ' I ' I I I 

log t [min] 
Relaxation modulus for uniaxial state of stress. Bulk creep compliance 
thermal shift factor used for pressure related computations o n  Solithane 
(50/50). 

and 
113 
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Further, let M be the corresponding bulk creep compliance similarly represented by 

9 

n = l  
~ ( t )  = M, + 2' ~ , ( i  - e-"'") t 14) 

which is also indicated in Figure 1, the coefficients Mn and xn being listed in Table 11. In 
view of the fact that we are concerned in this section with qualitative results we estimated 
the coefficients Mi from data offered by Pae [3] through collocation. 

n 

1 
2 
3 
4 
5 
6 
7 
8 
9 

Mn [ b a r ' ]  

5.619 
17.826 
0.294 lo4 
0.192 10"' 
0.415 10"' 
0.343 
0.401 10"' 
8.468 

10.351 

If 711 and e l l  are the increments of stress an( 
strain the stress strain relations are then 

where, again 

3.162 

3.162 
1 10-6 
3.162 
1 1 0 - 5  
3.162 
1 10-4 
3.162 10"' 

1 10-7 

strain *om the pressure and the volume 



In these computations we used B-1 because we do not know K(t) or M(t) closely. The pro- 
perties in Figure 1 are defined for 0°C. To make use of these at different temperatures we 
shift the functions according to the shift factor inset in that figure. However, the parame- 
ters b(T) and f , ( r )  in (17) must be adJusted to the appropriate temperature [8]. It remains 
to evaluate equations 15- 17 numerically. 

In Figure 2 we show for reference purposes the non-linear response at -20°C, 2°C 
below the glass transition, under zero imposed pressure as the uniaxial strain rate is 
varied. One notices the appearance of a yield phenomenon, with the yield stress and yield 
strain increasing with the strain rate. 

' O O W  

T 
n 

b 

O 

u 

60 * O I  P 
c 

Of - 
0.02 0.04 0.06 
- 

0.08 
E [rnrn/mrn] 

Figure 2. Uniaxial Stress response to constant strain rates for atmospheric pressure and 
for  properties shown in Figure 1. 

In terms of the present physical model the appearance of the yield phenomenon has 
the following explanation. The imposition of a pressure causes a decrease in the (free) 
volume and thus a vitrification of the solid. However, the imposition of a tensile 
stress counleracls ltiis vitrificalioti process and produ~es ,  will1 itirreasiiig strain (slress) 
an increase in the rate of molecular relaxation through a change in the time-shift function. 
Whether one achieves a yield phenomenon or not depends on the competition between 
the pressure-induced solidification and the tension-induced volume increase. Once the 
two rates roughly balance each other the stress reaches a plateau such as seems to be 
approximately the case for curve "B" in Figure 2 . For higher strain rates the tension- 
induced volume increase occurs faster than the solidification due to the imposition 
of the pressure thus leading to a relaxation process which overpowers the stress increase 
due to straining. We shall see that this phenomenon occurs again later in an even more 
pronounced fashion depending on the past vitrification history of the material. 

Figure 3a illustrates the effect of increasing the pressure while keeping the tempera- 
ture constant just  below the glass transition (-20°C) and for a fixed strain rate of 
;=20min-l. Note again the occurance of the yield phenomenon, with the yield stress 
increasing with pressure. This observation merely substantiates the fact that a 
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higher environmental pressure requires a higher tension in order to overcome the 
pressure-induced vitrification process. However, the yield phenomenon appears t o  
depend also on the fact that the volume change induced by the uniaxial straining lags 
behind the strain due to the viscoelastic volume response. This statement becomes evi- 
dent  when one looks at  the identical strain and pressure histories but a t  a temperature 
well above the glass transition temperature. Thus, Figure 3b shcws results for the same 
pressure and strain histories as Figure 3a, but about 12 degrees above the glass tempera- 
ture. Here one notes the absence of the yield behavior because first, the temperature is so 
hlgh that pressure-induced volume decrease occurs almost instantaneously, and second, 
the volume change produced by the uniaxial straining is very much in phase with the 
strain so that any relaxation process occurs slmuitaneously with the straining rather than 
being delayed viscoelastically. 

200 t - o:T* -20*C - 
160 - 

- 
120 - T -  x :  - 80-  

b -  - 
40 - 

7 

A P C bar1 

0.02 0.04 0.06 0.08 0.1 

E [mm/mm] 
0.08 0.1 

E [mm/mm] 

Figure 3. Simultaneous pressure application and imposition of strain rate of ;=ZOmin-l I 

a: T= - 20" C; b: T= - 5 . 5 O  C. 

b) Pressure Ageing 

Consider next the effect of itnposing pressure on the material at time t=O and sub- 
jectiiig i l  tu siiaiiiiiig after dilrereiil liilles L Ildve p d ~ s e d .  Tlie equaiiuils guveliliilg illis 
history are similar to (14) and are given by 

where t ' ( t )  and ( ' ( t )  are still given by (16) and (17). 

Solutions to  these equations for  several situations are given in Figures 4a to 4d. 
Several features stand out and deserve attention: The effect of the time dependent consoli- 
dation process is clearly evident in that longer times between pressurization and straining 
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gives rise to markedly stiffer material response and an increase in yield stress with this 
ageing time as noted in reference 3. Again, the competitive effect of pressure-induced con- 
solidation with the tension-induced volume increase is very evident as in the cases con- 
sidered in Figures 3a and b, except that the effect is more pronounced because with 
increased ageing time the consolidation can progress more completely and thus give rise 
to more pronounced relaxation upon reaching a sufficiently high tension-induced dilata- 
tion. Finally, Figure 4c illustrates again the behavior at about 12 degrees above the glass 
transition; one notes again that at this elevated temperature the adjustment of the (free) 
volume to equilibrium conditions occurs very rapidly so that the tension-induced volume 
change is very much in phase with the strain. As  a consequence the time-dependence of 
the bulk deformation barely enters the considerations and the stress-strain curves for the 
material "aged" to varying degrees are virtually indistinguishable. Clearly, Figures 4a-c 
illustrate the importance of the time-dependent volume behavior of polymers in their 
non-linear mechanical characteristics. 

eo 

0.02 0.04 0.06 0.08 0.1 
e [mm/mmJ 

(a) ;=0.002 min-I, T = - ~ O O C  
(2OC below Tg) 

k b : i = 0.02 min-l I 

I, Cminl 

104 

1 1 1 1 1 1 1 1 1 1 1 1 l 1 1 1 .  

0.02 0.04 0.06 0.08 0.1 

Figure 4. Uniaxial stress-strain behavior superposed on pressure of Ap = 20 bar. 

5. CONCLUDING REMARKS 

We have illustrated, on hand of sample calculations, the importance of time-dependent 
volume consolidation on the mechanical, non-linearly viscoelastic response of polymers. 
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The temperature and deformation rates play an important part in this behavior, in large 
measure because these variables determine the rate of change of the (free) volume. 

We point out in closing this presentation that the non-linear effects considerered here 
derive only from the single physical phenomenon of molecular motion and do not incor- 
porate such macroscopic physical phenomena as crazing or fracturing, both of which 
effects give rise to (additional) non-linear "consitutive" behavlor. The presently discussed 
behavior is, however, a precursor to the latter physical phenomena and can hardly be 
neglected in their time-dependent description. Thus one would expect that the "molecular" 
yielding exemplified here is the reason why zones of mechanically unstable material 
behavior develop in materials around zones of stress concentration, which zGnes develop 
possibly into craze zones. 
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1 

An or thot ropic ,  small s t r a i n  v i scop la s t i c i ty  theory based on 
overs t ress  i s  presented. In  each preferred d i r ec t ion  the stress i s  
composed of time (rate)-independent (or  p l a s t i c )  and viscous (or  r a t e -  
dependent) contr ibut ions.  Tension-compression asymmetry can depend on 
d i r e c t i o n  and is included i n  the model. Upon a proper choice of a 
material constant  one preferred d i r ec t ion  can exh ib i t  l i n e a r  e l a s t i c  
response while  the o ther  two deform i n  a v i scop la s t i c  manner. 

INTRODUCTION 

Recently d i r e c t i o n a l l y  s o l i d i f i e d  a l loys ,  n icke l  base s ing le  
c r y s t a l  superal loys and o ther  an iso t ropic  me ta l l i c  composites have 
a t t r a c t e d  i n t e r e s t  f o r  use i n  gas turbines  and o ther  high temperature 
appl ica t ions .  The usual high temperature phenomena such as creep, 
re laxa t ion ,  ra te  s e n s i t i v i t y ,  recovery and aging found i n  near ly  i so-  
t rop ic  materials a r e  a l s o  present  i n  these materials. 
p rope r t i e s  a r e  now dependent on d i r ec t ion .  

However, a l l  these 

For the  pred ic t ion  of l i f e  of components made of an iso t ropic  
ma te r i a l s  and operat ing a t  elevated temperature the deformation behavior 
must be  known i n  addi t ion  t o  an iso t ropic  damage accumulation l a w s .  
i s  the purpose of t h i s  paper t o  introduce an or thot ropic  version of the 
v i s c o p l a s t i c i t y  theory based on overs t ress  (VBO), ( the  t ransversely 
i s o t r o p i c  case  can be  recovered as a spec ia l i za t ion ) .  The uniax ia l  and 
the  i so t rop ic  vers ion of VBO were introduced previously [l, 21. 
i s  of the uni f ied  type ( p l a s t i c i t y  and creep are not represented by 
sepa ra t e  c o n s t i t u t i v e  equations) and does not  employ the concepts of a 
y i e l d  su r face  and associated loading and unloading conditions.  In  the 
present  form of the theory aging and recovery are not  accounted f o r  but  
can be added i f  need arises. 

I t  

The theory 

Now with General E l e c t r i c  Corporate R 6 D  Center, Schenectady, NY. 
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The o r t h o t r o p i c  fonnulat ion was der ived wi th  t h e  h e l p  of tensor  
func t ion  r r p r e r e n t a t i o n  theorans [31 and the u n i a x i a l  vers ion  of the  
VBO. 
n e c e i r i t y  of modeling key m a t e r i a l  phenomena. 
approach is not  r e s t r i c t e d  t o  the  o r t h o t r o p i c  case 8nd can be appl ied 
t o  o t h e r  m a t e r i a l  symmetries as well ,  

S impl ic i ty  w.8 a goal ar long as i t  wa6 c o n r i s t e n t  with t h e  
The t e n r o r  func t ion  

UNIAXIAL PROPERTIES OF VBO INCLUDING ASYMPTOTIC SOLUTIONS 

I n  the  formulat ion of VBO s p e c i a l  cons idera t ion  was given t o  the  
modeling of e l a s t i c  regions i n  a d d i t i o n  t o  t h e  u s u a l  time-dependent 
p r o p e r t i e s  [11. A u s e f u l  property Of the  system of  nonl inear  d i f f e r -  
e n t i a l  equat ions i s  the  ex is tence  Of asymptotic s o l u t i o n s  which a r e  
a l g e b r a i c  expressions.  They apply mathematically a t  i n f i n i t e  time i n  
a cons tan t  s t r a i n  ra te  o r  creep,  o r  r e l a x a t i o n  tes t .  
our experience t h a t  t h e s e  asymptotic s o l u t i o n s  can be used wi th  conf i -  
dence when p l a s t i c  flow is f u l l y  developed i n  a t e n s i l e  test  [1,4]. 

However, i t  i s  

A schematic of t h e  p r o p e r t i e s  of t h e  model i n  a t e n s i l e  t e s t  i s  
given i n  Fig.1. The evolu t ion  of t h e  stress CY, t h e  equi l ibr ium stress g 
(which i s  reached when a l l  r a t e s  approach z e r o )  and of the  q u a n t i t y  
f = E t €  are shown. 
t h e  p l a s t i c  reg ion  even when t h e  asymptotic s o l u t i o n s  are a t t a i n e d .  The 
asymptotic values  are indica ted  by { ] i n  Fig.1.  
s tress c o n s i s t s  of  { o -  g], t h e  time-independent o r  viscous c o n t r i b u t i o n ,  
o f  { g -  f )  which r e p r e s e n t s  the  time-independent o r  p l a s t i c  p a r t  and of 
t h e  p o r t i o n  which grows l i n e a r l y  w i t h  E; i t  is termed t h e  hardening 
c o n t r i b u t i o n .  
see [1,2] f o r  f u r t h e r  d e t a i l s .  
almost co inc ide  and n e a r l y  e l a s t i c  behavior  i s  represented .  

It i s  introduced f o r  modeling a nonzero s l o p e  E i n  
t 

It i s  seen t h a t  t h e  

It i s  z e r o  when t h e  tangent  modulus Et  is set  t o  zero,  
I n  a neighborhood of the  o r i g i n ,  Q and g 

In t h e  formulat ion of t h e  a n i s o t r o p i c  v e r s i o n  of VBO t h e  e l a s t i c  
p r o p e r t i e s  can depend on d i r e c t i o n .  I n  a d d i t i o n ,  i t  was f e l t  necessary 
t o  have s e p a r a t e  d i r e c t i o n a l  p r o p e r t i e s  f o r  t h e  viscous,  t h e  p l a s t i c  and 
the  hardening c o n t r i b u t i o n s  t o  t h e  stress. 
t h a t  t h e  theory does n o t  s e p a r a t e l y  formulate  p l a s t i c  and time-dependent 
c o n s t i t u t i v e  equat ions .  Hatever, t h e  asymptotic s o l u t i o n s  of  t h e  theory 
permit  such a d i s t i n c t i o n . )  The reason f o r  t h i s  d i s t i n c t i o n  l i es  i n  t h e  
r e a l i z a t i o n  t h a t  d i f f e r e n t  m a t e r i a l  c o n s t i t u e n t s  may be used i n  d i f f e r e n t  
d i r e c t i o n s  (example; d i r e c t i o n a l l y  s o l i d i f i e d  a l l o y s )  o r  t h a t  t h e  micro- 
s t r u c t u r e  may develop an  o r i e n t a t i o n  dependence. Moreover, f i b e r s  with 
predominantly e l a s t i c  behavior  may run i n  one d i r e c t i o n  and t h e  visco-  
p l a s t i c  mat r ix  may c o n t r o l  the  behavior  i n  o t h e r  d i r e c t i o n s .  

(It i s  important t o  n o t e  

AN ORTHOTROPIC VISCOPLASTICITY THEORY BASED ON OVERSTRESS 

I n  [ a ]  a f u l l y  i n v a r i a n t  theory i s  developed with a r b i t r a r y  
o r i e n t a t i o n  of  t h e  p r i n c i p a l  m a t e r i a l  axes r e l a t i v e  t o  t h e  coord ina te  
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system used i n  the representat ion of the tensors.  
t h a t  the  coordinate system i n  which the tensor components are given 
coincides with the  mater ia l  axes. Vector notat ion i s  used with 

Present ly  we assume 

and with a s imi l a r  convention fo r  the mall s t r a i n  e except t h a t  
engineering shear  s t r a i n s  a r e  used fo r  the vector  components c4  
through e6. 

The evolution of the  stress i s  governed by 

-1 where C i s  the matr ix  of e l a s t i c  constants.  
given Ey, s ee  [SI 

The inverse of C,, C, i s  

0 0 

0 0 

h 

0 

i n  The i n e l a s t i c  s t r a i n  ra te  d& / d t  i s  represented by 

where the pos i t i ve  function R[r1 i s  a repos i tory  of viscous e f f e c t s  
(K[r]  = l/(Ek[r]) where k[rl i s  the  v iscos i ty  function used i n  El]). 
The dimensionless components of the matr ix  R, a r e  c a l l e d  the  i n e l a s t i c  
l a t e r a l  r a t i o s .  The invar ian t  r is  defined as 

a 0 0 01, where the dimensionless components ai  a r e  T 
3 

zero when the v scous e f f e c t s  a r e  the  same i n  tension and compression. 
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V, i s  the matrix of t he  viscous la te ra l  r a t i o s .  The overs t ress  i s  
x, - - a,- E. The equilibrium stress evolves according t o  

(6) 
2 i n  

dg/dt = Q[I ' Ic[rI(d~/dt  - 0 de cc / d t )  
CI. 

This growth l a w  i s  very similar t o  the one used i n  [l, 21. 
8 is  given by 

The invar ian t  

0 = ((gTS S g)'l2 + bTS &)/A 
cc --- N c c  

with bT = [b b b 0 0 01. The dimensionless components b are zero 

when the p l a s t i c  e f f e c t s  i n  tension and compression a r e  equal,  
ana lys i s  of the asymptotic behavior of the uniax ia l  equivalent of  (6)  
i n  [l] shows t h a t  [g - f ]  i n  Fig.1 equals the constant  A which has the  
dimension of stress. 
the p l a s t i c  la teral  r a t i o s .  
shape ra t ios  and are i n i t i a l l y  equal t o  the components of E C 1- 
the  e l a s t i c  r a t i o s .  
dimension of  stress with $LO1 s l i g h t l y  less than the elastic modulus E 

see [l]. 
t h a t  f i n  Fig.1 i s  zero and a l l  the s t r e s s - s t r a i n  curves become u l t i -  
mately horizontal .  

cc 1 2 3  i 
The 

The dimensionless Components of the matrix 2 a r e  
The dimensionless components of B are ca l l ed  

The posi t ive,  decreasing shape function $ [ r ]  has the 

a , ca l l ed  

1' 
w a s  set  equal t o  zero so  For s impl ic i ty  the  tangent modulus E t 

Due t o  orthotropy, the matrices 3 3 S, and B, all have the  same 
-1 representa t ion  as the matrix C, 

pendent components. The components of each matr ix  can be se lec ted  
independently t o  model the observed d i r e c t i o n a l  dependence of the  various 
material proper t ies .  

i n  (3) and have therefore  nine inde- 

The i n i t i a l  e l a s t i c  proper t ies  a r e  cont ro l led  by C, as i n  the case 
of  e l a s t i c i t y .  
by R, and x. The evolut ion of the i n e l a s t i c  s t r a i n  r a t e s  are influenced 

They a l s o  cont r ibu te  t o  the asymptotic overs t ress  { E ) ,  see 
Fig. 1, 

stress 

and i t  

given by 

The asymptotic time-independent or  p l a s t i c  cont r ibu t ion  t o  the 
is cont ro l led  by the invar ian t  0 through 

{ e l 2  = 1 (9 1 

is  seen from (7) t h a t  the  d i r e c t i o n a l  proper t ies  are cont ro l led  
by E alone. 
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Detailed ana lys i s  i n  [a] shows t h a t  the matrix B, together with 
the shape function $[r] cont ro ls  the "knee" of the s t r e s s - s t r a i n  curves 
i n  d i f f e r e n t  d i r ec t ions .  

A simplif ied version which has been shown t o  be useful  [61 is 
-1 t o  s e t  R, = B, = E C-' and t o  choose 5 and independently. This choice 1- 

permits the  independent ad jusment  of the viscous and p l a s t i c  asymptotic 
cont r ibu t ions  t o  the  stress. Within t h i s  choice i t  is possible  t o  model 

i) purely e l a s t i c  behavior under a hydros ta t ic  s t a t e  of  
stress, 
l i n e a r  e l a s t i c  behavior i n  any of the preferred 
d i r ec t ions  while the other  d i r ec t ions  behave i n  a 
v i scop la s t i c  manner. 

i i )  

This l a s t  property is very usefu l  f o r  modeling f i b e r  re inforced mater ia l s .  
It should a l s o  be  s t ressed  t h a t  the theory permits the modeling of tension/ 
compressi'on asyumetry which depends 011 d i rec t ion  through the dimensionless 
vec tors  and b,. 

The c a p a b i l i t i e s  of the theory a r e  demonstrated i n  Figs.2 through 4. 
They depic t  t he  response of a t ransversely i so t rop ic  material t o  a con- 
s t a n t  s t r a i n  ra te  t e n s i l e  tes t  i n  the 1- and 3-direct ions,  respect ively.  

I n  Fig.2 R = S = V = B - l  = E C - l  and the evolution of the s t r e s s  and of 

t he  equilibrium s t r e s s  are governed by the values of C, 
t h a t  the  e l a s t i c  modulus, the stress and the overs t ress  i n  the  3-direct ion 
are always l a r g e r  than i n  the  1-direct ion.  are s e t  equal 

t o  zero (a l l  o ther  quan t i t i e s  are the same as i n  Ng .2 )  the response i n  
the  3-direct ion is nearly l i n e a r  e l a s t i c  whereas t h a t  i n  the 1-direct ion 
is unaffected,  see Fig.3. 
50/35 used in Fig.2; a l l  o ther  quan t i t i e s  are unchanged from Fig.2) the  
carves of Fig.4 r e s u l t .  This choice w i l l  increase  
time independent p a r t  of the stress, but  w i l l  leave the  overs t ress ,  the 
viscous cont r ibu t ion  t o  t h e  stress, unchanged. 
constants  the equ i l ib r iun  so lu t ion  has not been a t t a ined  within the 
limits of the  graph i n  Fig.4. 

-1 - C C h +  1- . It  i s  seen 

When S33 and V 33 

When S33 is set equal  t o  0 . 5  ( instead of 

the p l a s t i c  o r  

h e  t o  the  na ture  of the 

The above represents  only p a r t  of the c a p a b i l i t i e s  of the theory 
developed i n  161. It includes an incompressible i n e l a s t i c ,  devia tor ic  
formulation. Further developments are given i n  [71. The theory needs 
t o  be appl ied t o  real  an iso t ropic  materials so t h a t  the  ma te r i a l  func- 
t i ons  and constants  can be i d e n t i f i e d  and the  usefulness  of the theory 
be demonstrated. 
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Figure 2 .  hmiufrl t e n s i l e  tests in the  1- and 3-direct ionr ,  Figure 1. S c h e m t i c  shoving t h e  viscous (0-d. 
p l a s t i c  (8-f)  asymptot ic  c o n t r i b u t i o n s  t o  t h e  
stress. The hardening cont r ibu t ion  f - E t E  is respec t ive ly .  S t r a i n  r a t e  is IO-' E-'. g-  2 - - ~ - 1 -  ~ ~ s - 1 .  

also o h m .  In t h i s  paper Et - 0. 

STRAIN X 

Figure 3. Sune as Fig.  2 except  t h a t  SI, -V3* -0. N u r l y  
linear e l a s t i c  response fn t h e  3 - d i r e c t i o n  r e s u l t s .  me 
response in the  l - d i r e c t i o n  is unal te red .  

STiUpr x 

Figure 4. Same as Fig. 2 u c e p t  t h a t  S3, - 0.5 instead of 
50133 used in Fig.  2. 

The response in t h e  l - d i r e c t i m  i r  unal te red .  

Am a consequence { g 3 3 )  is increased 
v i t h o u t  changing (a33*~1). 
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I n t r o d u c t i o n  

It i s  w e l l  e s t a b l i s h e d  t h a t  f i n i t e  deformat ions o f  a s o l i d  body p a r t i c u l a r l y  
a t  e l e v a t e d  temperature and/or h i g h  s t r a i n  r a t e s  represent  coupled 
thermomechanical processes, which r e q u i r e  t h e  simultaneous s o l u t i o n  o f  t h e  
coupled balance of momenta and energy equations. A proper  development and 
s o l u t i o n  o f  such thermomechanical problems requ i res :  1) adopt ion of t h e  
r a t i o n a l  theory  o f  thermodynamics, 2) a comprehensive v i s c o p l a s t i c  
c o n s t i t u t i v e  equat ion which accounts f o r  t h e  s t r a i n  r a t e ,  temperature and 
hardening e f f e c t s ,  and 3 )  c o m p a t i b i l i t y  w i t h  t h e  a v a i l a b l e  numerical  t o o l s ,  
p a r t i c u l a r l y  t h e  f i n i t e  element method. These requirements taken t o g e t h e r  have 
n o t  been used e x t e n s i v e l y  by researchers i n  d e a l i n g  w i t h  t h e  coupled 
thermomechanical problems. However, because o f  t h e  need f o r  s t r i n g e n t  accuracy 
when s o l v i n g  p r a c t i c a l  thermomechanical problems such as i n  rocke ts  and i n  
n u c l e a r  r e a c t o r s ,  t h e  importance of these requirements i s  be ing  recognized. 
Inoue and Nagaki [l] and A l l e n  [2] developed coupled thermornechanical 
equat ions w i t h  l i m i t e d  a p p l i c a t i o n s  t o  one dimensional  problems. Ghoneim [3] 
presented a coupled equat ions,  w i t h o u t  hardening e f f e c t s ,  and a p p l i e d  them t o  
a two dimensional  axisymmetr ic problem o f  compression o f  a constrained-ends 
c y l i n d e r .  Lehmann [4] presented a comprehensive a n a l y s i s  o f  t h e  development o f  
t h e  coupled equat ions w i t h  a p p l i c a t i o n  t o  t h e  neck ing problem i n  a specimen 
sub jec ted  t o  t h e  t e n s i l e  t e s t .  However, a more r e a l i s t i c  c o n s t i t u t i v e  l a w  

which inc ludes  s t r a i n  r a t e  and temperature e f f e c t s  i s  needed. 

I n  t h i s  paper development and s o l u t i o n  of the  coupled thermornechanical 
problems i s  considered, based on t h e  t h r e e  requirements l i s t e d  e a r l i e r :  The 
coupled thermomechanical equat ions a r e  developed on t h e  b a s i s  o f  t h e  r a t i o n a l  
theory  o f  thermodynamics; a v i s c o p l a s t i c  c o n s t i t u t e  equat ion  which accounts 
f o r  t h e  temperature, s t r a i n  r a t e ,  and hardening e f f e c t  i s  proposed; and t h e  
c o m p u t a b i l i t y  o f  t h e  developed coupled thermornechanical equat ion w i t h  t h e  
f i n i t e  element method i s  discussed. 
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Development o f  t h e  Coupled Thermomechanical Equations 

We assume t h a t  t h e  s t a t e  o f  a m a t e r i a l  p o i n t  i s  oomplete ly  determined by the  

knowledge o f  t h e  e l a s t i c  s t r a i n  tenso r  Ee, - t h e  i n e l a s t i c  s t r a i n  t e n s o r  - E', 
t h e  abso lu te  temperature T, t h e  temperature g r a d i e n t  I T ,  and a s e t  o f  
i n t e r n a l  s t a t e  v a r i a b l e s  9 , i ,= 1 ,. . . , p.  Consequently, t h e  f o l l o w i n g  
c o n s t i t u t i v e  r e l a t i o n s  may be pos tu la ted :  

i 

where 5 - i s  t h e  second P i o l a - K i r c h h o f f  s t r e s s  tensor ,  V stands f o r  t h e  

Helmholtz f ree  energy, s means t h e  s p e c i f i c  ent ropy,  and q i s  t h e  heat  f l u x  
p e r  u n i t  area. 

Upon invok ing  t h e  axiom o f  a d m i s s i b i l i t y  ( i . e . ,  t h e  c o m p a t i b i l i t y  of t h e  
assumed c o n s t i t u t i v e  r e l a t i o n s  w i t h  t h e  fundamental equa t ions  o f  mechanics) 

and when adopt ing t h e  s e p a r a b i l t y  o f  t h e  t o t a l  Green-Lagrange s t r a i n  energy 
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where 2 - i s  the coe f f i c i en t  o f  the thermal expansion tensor, i t  fcrllows: 

. . . ( 3 )  

A t  t h i s  stage, we may pos tu la te  

PJI = PJIO + 3 : D 4  : E Ee + p cv T (1 - I n  T )  + g :  * . . ( 4 )  
e - 

where D4 
reference conf igura t ion ,  and c,stands f o r  the  spec i f i c  heat a t  constant 

deformation. The tensor 
and the Four ie r ' s  law, q = - kVT i n t o  equations ( 2 )  and ( 3 ) ,  we ob ta in  

i s  the  f o u r t h  order  e l a s t i c i t y  tensor, p i s  t he  dens i ty  a t  the  

i s  the  mater ia l  proper ty  tensor.  Subs t i t u t i ng  ( 4 )  

- - 

. . . ( 5 )  -kV2T + p c V t  = - p ( y  : D4: f e )  T + - S : - p & : h - L s  

and 

Equation ( 5 )  i s  the coupled heat equat ion which together  w i t h  the  balance o f  
1 inear  momentum equat ion cons t i t u tes  the s e t  of coupled thermomechanical 
equations. I t  might be worth p o i n t i n g  out  t h a t  the r ight-hand s ide  o f  the 
equation ( 5 )  represents the  mechanical energy generation; t he  f i r s t  t e r n  
stands f o r  the reve rs ib le  pa r t ,  the second f o r  t he  d iss ipa ted  i r r e v e r s i b l e  
par t ,  and the  t h i r d  f o r  the s tored i r r e v e r s i b l e  p a r t  due t o  m ic ros t ruc tu ra l  
e f fec ts .  
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The V i s c o p l a c t i c  C o n s t i t u t i v e  Equat ion 

S o l u t i o n  o f  t h e  coupled thermomechanical equat ions r e q u i r e s  closed-form 
expressions f o r  (1 .5)  and (1.6). These may be taken f rom any o f  t h e  s t a t e  
v a r i a b l e  t h e o r i e s  [5-81. Inhere,  a c o n s t i t u t i v e  equat ion which may be regarded 
as a m o d i f i c a t i o n  o f  t h  Bodner-Partom's power law i s  proposed. The proposed 
equat ions a r e  thought t o  be simple, l u c i d ,  and consequently very  p r a c t i c a l .  As 
i n  t h e  case o f  t h e  i n t e r n a l  s t a t e  v a r i a b l e s  theory,  t h e  proposed c o n s t i t u t i v e  
equat ions u t i 1  i z e  two s t a t e  var iab les :  a k inemat ic  hardening s t a t e  v a r i a b l e  
which accounts f o r  t h e  " r e s t "  s t ress ,  and an i s o t r o p i c  hardening s t a t e  
v a r i a b l e  which accounts f o r  t h e  "drag" s t ress .  Only t h e  i s o t r o p i c  hardening 
s t a t e  v a r i a b l e  w i l l  be considered i n  t h i s  paper. 

A f t e r  adopt ing  t h e  f l o w  r u l e ,  we can show t h a t  

. . . (6) 
- i s  t h e  i s  t h e  e f f e c t i v e  s t r e s s  ( TE = J - - i  7 1 J  1 J  ' - 

E 
where 
d e v i a t o r i c  s t r e s s  tensor ,  n i s  a s t r a i n  r a t e  s e n s i t i v i t y  parameter, and Y i s  
t h e  i s o t r o p i c  hardening s t a t e  v a r i a b l e  which i s  e q u i v a l e n t  t o  t h e  dynamic 
y i e l d  s t r e s s  [8]. I n  general ,  Y i s  a f u n c t i o n a l  o f  t h e  h i s t o r y  o f  deformat ion 
o r  any reJa ted  q u a n t i t y  such as t h e  v i s c o p l a s t i c  work W . I f  t h e  c o n v o l u t i o n  
form o f  S t i e l t j e s  i n t e g r a l  i s  adopted f o r  such f u n c t i o n a l  

P 

0 

where t i s  t h e  t ime and To stands f o r  t h e  r e l a x a t i o n  t ime constant,  and when 
t h e  3-parameter element model i s  considered, we g e t  

where a, H1 , and H2 a r e  m a t e r i a l  constants.  

... ( 7 )  

In o r d e r  t o  i n c o r p o r a t 6  t h e  temperature e f f e c t s  i n t o  t h e  e v o l u t i o n  equat ions 
( 6 )  and (7), Y i s  expressed as a func t ion  of  temperature. Since i n  t h e  
proposed c o n s t i t u t i v e  equat ions Y can be viewed as t h e  e q u i v a l e n t  dynamic 
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yield s t ress ,  the func t ion  may be constructed from experimental d a t a  of the 
yield s t ress  versus temperature. A possible form of th i s  function i s  

1 TC - T 
Y = Y  ( 

Tc - To . . . (8) 

where Tc i s  a constant, To i s  a reference temperature, and Yo i s  the value of 
the yield s t ress  a t  To. In  a d d i t i o n ,  from the observation of the v a r i a t i o n  o f  
the plast ic  flow with temperature, we have f' - proportional t o  exp ( -Q/RT) ,  

where Q i s  the activation energy (assumed constant), and R i s  the universal 
gas constant. From equations (6), (8) and  ( 9 )  i t  follows t h a t  n must be a 
function of  T ,  

1 n = K (-) / I n  (- Q T-TO TC - TO 

To T Tc-T . . . (10 )  

The proposed viscoplastic constitutive equations (equations ( 6 )  a n d  ( 7 )  
subjected t o  (8) and  (10) )  are examined by conducting a series of  
one-dimensional uniaxial numerical calculations. Samples of the results are 
given i n  Figures 1-4. Figures 1 and 2 display the tensi le  stress-strain 
results a t  different s t ra in  rates and temperature. S t r a i n  rate history effects 
are demonstrated by a j u m p  t e s t  i n  Figure 3 .  Cyclic t e s t  results, Figure 4 ,  
depict the cyclic hardening effects.  Qualitatively speaking, results 
demonstrate the capability of the proposed viscoplastic constitutive equations 
i n  generating some of the important  characteristics of a class of viscoplastic 
materials. A quantitative investigation of the constitutive equations i s  t o  be 
conducted experimentally for some viscoplastic materials i n  a future work. 
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F i n i t e  E 1 emen t Imp 1 emen t a  t i on 

C o m p a t i b i l i t y  o f  t h e  developed coupled thermomechanical equat ions i s  
demonstrated f o r  t h e  case o f  q u a s i s t a t i c  i n f i n i t e s i m a l  deformat ion w i t h  no 
body force and no heat  generat ion,  i .e.,  

. . . (11)  - v * g  = 0 

wh?re - u = [D]  (2 - - E”’ - y T6) - 

‘IE u1 and - 2’ = Yo ( j . 4  7 
‘I 

Elo i s  a sca la ra  constant ,  Q i s  t h e  d e n s i t y ,  5 stands fo r  the  Kronecker 

symbol 9 - ,-J and - E are  t h e  s t r e s s  and s t r a i n  tensors,  r e s p e c t i v e l y ,  
expressed i n  v e c t o r  form, t h e  corresponding d e v i a t o r i c  s t r e s s  
and v i s c o p l a s t i c  s t r a i n  vectors ,  r e s p e c t i v e l y ,  
i s  t h e  e l a s t i c  mat r ix .  

- o1 and - cVp 
i s  t h e  d i l a t a t i o n ,  and [ D ]  

When adopt ing t h e  G a l e r k i n  f i n i t e  element method, (11) and (12)  become, 
r e s p e c t i v e l y  , 

. . . (13) 

. . . (14) 

where - -  U ,  T, R, and 4 a r e  t h e  nodal displacement, t h e  nodal temperature, t he  
nodal fo rce ,  and t h e  thermal convect ion l o a d  vectors ,  r e s p e c t i v e l y ,  F i s  a 
v e c t o r  which accounts f o r  t h e  v i s c o p l a s t i c  e f f e c t s  o f  t h e  balance of-homentum 
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equation, and r;l i s  a vector  which accounts f o r  the mechanical heat 
generation. A l s o ,  [ K l ] ,  [KZ],  [Cl], and [CZ] are, respec t ive ly ,  the  s t i f f n e s s ,  
conduc t i v i t y ,  coupling, and consistency matr ices.  The d i f f e r e n t i a l  equations 
(13) and ( 1 4 )  can be solved by using the general 'le'' method i n  conjunct ion 
w i t h  the  f i x e d  p o i n t  i t e r a t i o n  method f o r  the  s o l u t i o n  of the ensuing 
non l inear  a lgebra ic  equations. Results o f  t e n s i l e  and compression loading o f  a 
constrained-ends c y l i n d e r  f o r  a constant Y can be found i n  [8]. 

The extension o f  t h i s  work t o  incorporate hardening and temperature e f f e c t s  
and so l v ing  o ther  p r a c t i c a l  problems i s  being undertaken. 
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APPLICATIONS OF ELASTIC-VISCOPLASTIC CONSTITUTIVE MODELS I N  
DYNAMIC ANALYSES OF CRACK RUN-ARREST EVENTS* 

B. R. Bas.s, C. E. Pugh, R. W. Swindeman 
Heavy-Section S tee l  Technology Program 

Oak Ridge National Laboratory 
P. 0. Box Y 

Oak Ridge, Tennessee 37831 

Unified c o n s t i t u t i v e  theo r i e s  a t t e m p t  t o  treat  d i f f e r e n t  manifesta- 

t i o n s  of t imedependent  i n e l a s t i c  behavior, such as creep, stress. re- 

l axa t ion ,  and p l a s t i c  flow, by a s i n g l e  kinematic equat ion and a 

d i s c r e t e  set of s ta te  var iab les .  The motivation f o r  developing such 

t h e o r i e s  has,  over  t he  last  f i f t e e n  yea r s ,  come mostly from i n t e r e s t  i n  

high-temperature appl ica t ions .  High temperature r e f e r s  t o  t h e  range 

where observable creep deformations occur over long per iods of t i m e  when 

the  stress l e v e l s  are near  the  engineering y i e ld  stress. There are, 

however, rap id  loading s i t u a t i o n s  a t  lower temperatures where ra te  

e f f e c t s  can become equal ly  important. One such s i t u a t i o n  i s  the  

r ep resen ta t ion  of rapid crack propagation events  i n  d u c t i l e  s t r u c t u r a l  

a l loys .  Duct i le  here means t h a t  the material i s  a t  a temperature above 

t h a t  where cleavage ( b r i t t l e )  f r a c t u r e  c h a r a c t e r i s t i c s  cease t o  be 
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and 40-552-75 with the U.S. Department of Energy under Contract DE-AC05- 
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present .  The temperature  f o r  t r a n s i t i o n  from b r i t t l e  t o  d u c t i l e  f r a c -  

t u r e  may be w e l l  below t h e  c lass ical  c reep  regime, f o r  example, about  50 

t o  100°C f o r  some n u c l e a r  grade s t r u c t u r a l  steels.  This paper examines 

t h e  r o l e  t h a t  v i s c o p l a s t i c i t y  may p lay  i n  t h e  p r e d i c t i o n  of c rack  

r u n l a r r e s t  behavior i n  such d u c t i l e  steels. 

The growing i n t e r e s t  i n  t h e  v i s c o p l a s t i c  a s p e c t  of f r a c t u r e  be- 

h a v i o r  i s  r e f l e c t e d  by s e v e r a l  recent  s tud ies ’ ,  i n  t h e  l i t e r a t u r e  

which emphasize t h e  importance of inc luding  combined p l a s t i c  and s t r a i n -  

rate e f f e c t s  i n  c o n s t i t u t i v e  r e l a t i o n s .  Accordingly,  i n  concer t  w i t h  

s u b c o n t r a c t i n g  groups,  t h e  Heavy-Section S t e e l  Technology (HSST) Program 

a t  t h e  Oak Ridge Nat iona l  Laboratory (ORNL) is  suppor t ing  r e s e a r c h  

e f f o r t s  t o  develop v iscoplas t ic -dynamic  f i n i t e  element a n a l y s i s  tech- 

niques f o r  h igh  s t r a i n - r a t e  f r a c t u r e  a n a l y s e s  and t o  v a l i d a t e  t h e i r  

u t i l i t y  through t h e  a n a l y s i s  of c a r e f u l l y  performed crack-ar res t  experi-  

ments. I n  p a r t i c u l a r ,  t h e s e  a n a l y s i s  c a p a b i l i t i e s  are expected t o  g i v e  

an  improved b a s i s  f o r  a s s e s s i n g  t h e  dynamic f r a c t u r e  behavior  of l a r g e  

( 1  X 1 X 0.1 m) p l a t e  c rack-ar res t  specimens c u r r e n t l y  being t e s t e d  by 

t h e  Nat iona l  Bureau of Standards as p a r t  of t h e  HSST program. 

I n  t h e  s t u d i e s  being conducted a t  ORNL, v a r i o u s  v i s c o p l a s t i c  

c o n s t i t u t i v e  models and s e v e r a l  n o n l i n e a r  f r a c t u r e  c r i te r ia  are being 

i n s t a l l e d  i n  t h e  ADINA g e n e r a l  purpose f i n i t e  element computer program, 

and t h e  combined p r e d i c t i v e  c a p a b i l i t i e s  are being eva lua ted  through 

a p p l i c a t i o n s  t o  t h e  HSST wide-plate experiments.  The f i r s t  t w o  c o n s t i -  

t u t i v e  models s e l e c t e d  f o r  i n s t a l l a t i o n  i n  ADINA were a v a r i a t i o n  of t h e  

Perzyna3 e l a s t i c - v i s c o p l a s t i c  model w i t h  l i n e a r  s t r a in  hardening and t h e  

Bodner-Partom4 v i s c o p l a s t i c  model with s t r a i n  hardening. Other models 
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being examined include those due t o  Robinson-Pugh5, and Hart.' 

f r a c t u r e  cr i ter ia  being examined f o r  use  with nonl inear  ana lyses  inc lude  

s e v e r a l  path-independent i n t e g r a l s  t ha t  were formulated by d i f f e r e n t  re- 

searchers  (e.g., A t l u r i  ,7 Kishimoto*) t o  remove l i m i t a t i o n s  on t he  

o r i g i n a l  J - in t eg ra l  of Rice. Some of these i n t e g r a l s  represent  s l i g h t  

modif icat ions of t he  J - in t eg ra l ,  while o the r s  have a d i f f e r e n t  t heo re t i -  

ca l  bas i s .  

The 

This  paper descr ibes  app l i ca t ions  of these nonl inear  techniques t o  

the  f i r s t  series of s ix  HSST wide-plate crack-arrest  tests t h a t  have 

been performed. These experiments include crack i n i t i a t i o n s  a t  low tem- 

pe ra tu res  and r e l a t i v e l y  long (20 cm)  cleavage propagation phases which 

are terminated by arrest i n  high-temperature regions.  Crack arrests are 

then followed by d u c t i l e  t ea r ing  events .  

regions i n  these  tests are exposed t o  wide ranges of s t r a i n  rates and 

temperatures.  

Consequently, t h e  crack-front 

The v i s c o p l a s t i c  formulations i n s t a l l e d  in ADINA a t  ORNL can be ex- 

pressed i n  vec to r  form a t  time t ae 

where Gvp is t h e  v i s c o p l a s t i c  s t r a i n  rate, CY I s  t he  stress tensor ,  and D 

is the  d e v i a t o r i c  stress opera tor  matrix. The implementation of t he  

Bodner-Partom4 model in ADINA i s  based on t h e  formulat ion descr ibed by 

Kanninen, et al.' f o r  which 4 i s  defined by 
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where the  hardening parameter Z has the  form 

and where Zo,  Z1, n, m, Do = prescr ibed  material cons tan ts ,  

Up = accumulated p l a s t i c  work, and 

J2 = second inva r i an t  of dev ia to r i c  stress.  

In  Ref. 9 ,  temperature  dependence of the  material p rope r t i e s  i s  taken 

i n t o  account pr imar i ly  through t h e  r e l a t i o n s  

2*44 lo' + 1084 (MPa) , T n =I- 175 + 1.35 and Z o  = T (4) 

where temperature T is in deg K. Values f o r  t he  remaining material con- 

s t a n t s  are given by m = .061 (l/MPa), Do = lo6,  and Z 1  = 1550 MPa. 

The Bodner-Partom model described above has been appl ied t o  the  

ana lys i s  of t he  f i f t h  HSST wide-plate crack-arrest  t es t ,  WP-1.5. 

Figure 1 shows the  single-edge-notched p l a t e  specimen (1  X 1 X 0.1 m)  

t h a t  was cooled on the notched edge and heated on t he  o t h e r  edge t o  give 

a l i n e a r  temperature grad ien t  (Tmin = -83.3'C, T,, = 183.3OC) along t h e  

plane of crack propagation. Upon i n i t i a t i n g  propagation of the  crack i n  

cleavage, arrest was intended t o  occur i n  the  higher-temperature d u c t i l e  

region of the  specimen. 

p l a t e  width r a t i o  ( a / w )  of 0.2. 

depth equal t o  12.5% of the  plate thickness .  The specimen was welded t o  

pul l -p la tes  which have a pin-to-pin length  of 9.6 m t o  minimize stress 

wave e f f e c t s .  

-23OC f o r  t h i s  material. 

wide-plate material are descr ibed in Ref. 10. 

The specimen had an i n i t i a l  crack depth-to- 

Each su r face  was side-grooved t o  a 

Drop weight and Charpy tes t  d a t a  ind ica t e  t h a t  RTNDT = 

Information on mate r i a l  p rope r t i e s  of t h e  
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The specimen was instrumented with thermocouples, s t r a i n  gages, and 

crack-opening-displacement gages. 

s i x t e e n  s t r a i n  gages were loca ted  about 65 m above the  crack plane 

across  t h e  p l a t e  t o  record temperature and s t r a i n  as func t ions  of time 

and crack pos i t ion .  

A series of e leven thermocouples and 

The two-dimensional (2-D) f i n i t e  element model used i n  t h e  ana lys i s  

cons is ted  of 1833 nodes and 567 eight-noded i soparamet r ic  elements. The 

measured f r a c t u r e  load of Fin = 11.03 MN was appl ied  a t  the  top of t h e  

load-pin hole  t o  determine the  load poin t  displacement. For t h e  dynamic 

a n a l y s i s ,  t he  load point  was f ixed  a t  the  displacement value of t he  i n i -  

t i a t i o n  load and the  t i m e  s t e p  was set a t  A t  = 1 I& i n  t he  i m p l i c i t  

Newmark scheme f o r  t he  t i m e  i n t eg ra t ion .  The estimate of crack pos i t i on  

VS. t i m e  i n  Fig. 2 was constructed from strain-gage d a t a  and was used as 

input  f o r  a genera t ion  mode dynamic ana lys i s .  Figure 2 shows the  mea- 

sured f i r s t  crack arrest a t  a = 0.52 m which occurred a t  t i m e  

t = 0.723 m s  a f t e r  crack i n i t i a t i o n .  Figure 3 shows contour p l o t s  of 

t h e  e f f e c t i v e  v i s c o p l a s t i c  s t r a i n  a t  times t = 0.7 m s  and t = 2.9 IUS, 

r espec t ive ly .  The t i m e  h i s t o r i e s  of t he  A t l u r i  and t h e  Kishimoto path- 

independent i n t e g r a l s  are depicted i n  Fig. 4. The r e s u l t s  are expressed 

i n  terms of a pseudo-KI va lue  f o r  purposes of comparison with e l a s to -  

dynamic values .  

KI = 208 MPaG ( A t l u r i )  and KI = 174 MPaG (Kishimoto). 

f m 1  

The values  a t  crack arrest were determined t o  be 

Computed r e s u l t s  from the  v i s c o p l a s t i c  ana lys i s  are compared with 

measured d a t a  f o r  crack-line s t ra in- t ime response and wi th  elastodynamic 

ana lyses  of t he  same crack run-arrest  event. Work is cur ren t ly  under 

way t o  determine material cons tan ts  f o r  t h e  Perzyna model t h a t  can be 
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applied to wide-plate analysis. Results of this effort will permit 

comparisons between the Perzyna and the Bodner-Partom models for the 

wide-plate material in the temperature and strain-rate regions of 

interest to the HSST program. 
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Fig. 1. Wide-plate c rack-ar res t  specimen and p u l l - p l a t e  assembly. 
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Fig.  2 .  Crack depth  h i s t o r y  d e r i v e d  from s t r a i n  gage d a t a  f o r  
wide-plate  test WP-1.5. 
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A THEORY OF VISCOPLASTICITY ACCOUNTING FOR INTERNAL DAMAGE 
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A c o n s t i t u t i v e  t h e o r y  fo r  use i n  s t r u c t u r a l  and d u r a b i l i t y  ana lyses  o f  
h igh- tempera ture  i s o t r o p i c  a l l o y s  i s  p resented .  C o n s t i t u t i v e  equa t ions  based 
upon a p o t e n t i a l  f u n c t i o n  a r e  de termined from c o n d i t i o n s  o f  s t a b i l i t y  and phys- 
i c a l  c o n s i d e r a t i o n s .  The t h e o r y  i s  s e l f - c o n s i s t e n t ;  terms a r e  n o t  added i n  an 

$ Kachanov-Rabotnov concept o f  n e t  s t r e s s .  M a t e r i a l  deg rada t ion  and i n e l a s t i c  
de fo rma t ion  a r e  u n i f i e d ;  t hey  evo lve  s imu l taneous ly  and i n t e r a c t i v e l y .  Both 

i s  t h e  sum o f  i n e l a s t i c  work and i n t e r n a l  work. I n t e r n a l  work i s  a cont inuum 
measure o f  t h e  s t o r e d  f r e e  energy r e s u l t i n g  from i n e l a s t i c  de fo rma t ion .  

I ad hoc manner. I t  extends a proven v i s c o p l a s t i c  model by i n t r o d u c i n g  t h e  I+ 

I i s o t r o p i c  harden ing  and m a t e r i a l  deg rada t ion  evo lve  w i t h  d i s s i p a t e d  work which 

INTRODUCTION 

The n u c l e a t i o n ,  g rowth  and coalescence o f  vo ids  and m ic roc racks  a r e  phys i -  
c a l  phenomena t h a t  degrade a m a t e r i a l ' s  c o n t i n u i t y .  Th is  d e g r a d a t i o n  r e s u l t s  
i n  a l o s s  o f  s t r e n g t h ,  and i s  t h e  eventua l  cause o f  f a i l u r e .  Cont inuous damage 
mechanics a p p l i e s  whenever t h e  d i s t r i b u t i o n  of  d e f e c t s  does n o t  i n c l u d e  one or 
more dominat ing  macroscopic c racks ;  o t h e r w i s e ,  f r a c t u r e  mechanics a p p l i e s .  The 
s u b j e c t  o f  t h l s  paper f a l l s  under the  t o p i c  o f  cont inuous  damage mechanics; 
a p p l i c a t i o n s  to f r a c t u r e  mechanics a r e  n o t  discussed. 

A c o n s t i t u t i v e  t h e o r y  a p p l i c a b l e  t o  s t r u c t u r a l  and d u r a b i l i t y  ana lyses  o f  
h igh- tempera ture  i s o t r o p i c  a l l o y s  i s  developed. A s e t  o f  c o n s t i t u t i v e  equa- 
t i o n s  based on  a s i n g l e  p o t e n t i a l  f u n c t i o n  i s  determined from s t a b i l i t y  con- 
d i t i o n s  and p h y s i c a l  c o n s i d e r a t i o n s .  A s p e c i f i c  p o t e n t i a l  f u n c t i o n  from a 
proven v i s c o p l a s t i c  t h e o r y  i s  extended t o  account fo r  i n t e r n a l  damage by i n t r o -  
duc ing  t h e  Kachanov - Rabotnov ( r e f s .  1 and 2 )  concept o f  a n e t  s t r e s s .  I n t e r -  
n a l  damage and i n e l a s t i c  d e f o r m a t i o n  a r e  u n i f i e d  i n  t h i s  approach; t h e y  evo lve  
s imu l taneous ly  and i n t e r a c t i v e l y .  The t h e o r y  i s  s e l f - c o n s i s t e n t  i n  t h a t  i t  i s  
d e r i v e d  from a p o t e n t i a l  f u n c t i o n ;  terms a re  n o t  added i n  an ad hoc manner. 
Other  v i s c o p l a s t i c  t h e o r i e s  t h a t  i n c o r p o r a t e  cont inuous  damage mechanics have 
been proposed. The e v o l u t i o n a r y  equa t ions  f o r  m a t e r i a l  deg rada t ion  i n  t h e  
t h e o r i e s  o f  Chaboche ( r e f .  3 > ,  Bodner ( r e f .  4 ) .  and Walker and Wilson ( r e f .  5 )  
a r e  phenomono log ica l l y  determined, whereas, t h e  Perzyna t h e o r y  ( r e f .  6) i s  
m i c r o m e c h a n i s t i c a l l y  based. I n  t h i s  paper t h e  e v o l u t i o n a r y  equa t ion  f o r  mate- 
r i a l  deg rada t ion  i s  d e r i v e d  from a p o t e n t i a l  f u n c t i o n .  

*NASA Lewi s Res ident  Research Assoc ia te .  
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Cont inuous damage mechanics dea ls  w i t h ,  an i n f i n i t e s i m a l  volume element 
o f  m a t e r i a l  ( c a l l e d  a p a r t i c l e ) ,  whose dimensions a r e  l a r g e  enough t o  c o n t a i n  
many m a t e r i a l  d e f e c t s ,  y e t  smal l  enough t o  be t r e a t e d  as a mathematical  p o i n t  
i n  a cont inuum sense. Cons ider  a face  on  such an element whose u n i t  normal i s  
g iven  by n1 . I  L e t  A denote i t s  surface area  i n  a f l aw less  (or undamaged) 
s t a t e ,  and l e t  A '  denote i t s  n e t  surface area  i n  the  presence o f  m a t e r i a l  
d e f e c t s  (or i n  a damaged s t a t e ) ;  thus  A '  A .  The i n t e r n a l  damage a s s o c i a t e d  
w i t h  t h i s  p a r t i c l e ,  and i n  the  d i r e c t i o n  of t h i s  u n i t  normal, i s  d e f i n e d  by 

A - A '  
A or- ( 1 )  

which i s  bounded by t h e  i n t e r v a l  0 5 w < 1 where w = 0 i n  an undamaged 
s t a t e .  Whenever the  o r i e n t a t i o n s  of m a t e r i a l  d e f e c t s  have p r e f e r r e d  d i r e c -  
t i o n s ,  damage becomes a f u n c t i o n  o f  these d i r e c t i o n s  r e s u l t i n g  i n  an e n t i t y  o f  
t e n s o r i a l  n a t u r e  ( r e f s .  7 t o  9); o the rw ise ,  damage i s  i s o t r o p i c  and can be 
rep resen ted  by a s c a l a r .  I n  t h i s  paper, damage i s  taken t o  be i s o t r o p i c  as a 
s i m p l i f y i n g  assumption. Kachanov ( r e f .  1 )  c a l l s  t h e  q u a n t i t y  q = 1 - w t h e  
c o n t i n u i t y  o f  the  m a t e r i a l .  

Consider once aga in  a f a c e  on an i n f i n i t e s i m a l  m a t e r i a l  volume element.  
I n  an undamaged s t a t e ,  t r a c t i o n  i s  t he  r a t i o  of t h e  f o r c e  t r a n s m i t t e d  th rough  
the  s u r f a c e  F i  t o  the  su r face  area  A .  I t  i s  r e l a t e d  t o  t h e  u n i t  normal n i  

c a l l e d  t h e  a p p l i e d  (or Cauchy) s t r e s s ,  by a homogeneous l i n e a r  o p e r a t o r  
t h a t  i s 2  Dl j 

ji- = uijnj ( 2 )  

I n  a damaged s t a t e ,  t r a c t i o n  becomes t h e  r a t i o  o f  t h e  fo rce  t r a n s m i t t e d  th rough  
the  s u r f a c e  F i  t o  the  n e t  su r face  area  A ' .  I t  i s  r e l a t e d  t o  the  u n i t  normal 
n i  by a homogeneous l i n e a r  o p e r a t o r  u l i j  c a l l e d  t h e  n e t  (or Kachanov- 
Rabotnov) s t r e s s ;  thus  

Comb n i n g  equat 

- 
A 

ons ( 1 )  t o  ( 3 )  r e s u  

O i  j 

which r e l a t e s  the  n e t  s t r e s s  t o  t h e  

L i k e  t h e  c l a s s i c a l  t h e o r i e s  o f  
g i ven  by the  sum 

t s  i n  

a p p l i e d  s t r e s s .  

creep and p l a s t i c i t y ,  s t r a i n  E i s  
i j  

( 3 )  

( 4 )  

l A l l  s c a l a r ,  v e c t o r  and tenso r  f i e l d s  a re  d e f i n e d  a t  p a r t i c l e s  whose spa- 

2Repeated i n d i c e s  a r e  summed ove r  i n  the  usua l  manner. 

t i a l  coo rd ina tes  a r e  x i  a t  the  i n s t a n t  t i n  a C a r t e s i a n  r e f e r e n c e  frame. 
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e P 
E i j  = E i j  + E i j  (5) 

where CY, i s  t h e  e l a s t i c  s t r a i n  and €Yj i s  t h e  i n e l a s t i c  (or  p l a s t i c )  
s t r a i n .  From a thermodynamic v i e w p o i n t ,  t h e  e l a s t i c  change i n  s t r a i n  i s  t h e  
r e v e r s i b l e  p o r t i o n  o f  a change i n  s t r a i n ,  w h i l e  t h e  i n e l a s t i c  change i n  s t r a i n  
i s  t h e  i r r e v e r s i b l e  p o r t i o n  o f  t h a t  change i n  s t r a i n .  Small  d i sp lacemen ts  and 
r o t a t i o n s  a r e  assumed. 

The e l a s t i c  response o f  p o l y c r y s t a l l i n e  m e t a l s  i s  g i v e n  by t h e  r e l a t i o n -  
s h i p  

where v i s  t h e  Po isson r a t i o n ,  a i s  t h e  mean c o e f f i c i e n t  o f  thermal  expan- 
s i o n ,  dT i s  t h e  tempera tu re  change and 6 i j  i s  K r o n e c k e r ' s  d e l t a .  S ince  E 
i s  Young's  modulus i n  an undamaged s t a t e ,  and E '  = E ( l  - w )  can be cons ide red  
as Young's  modulus i n  a damaged s t a t e ,  we o b t a i n  t h e  f o l l o w i n g  e x p r e s s i o n :  

( E  - E ' >  
E w =  (7) 

T h i s  i s  a u s e f u l  measure o f  i n t e r n a l  damage, because i t  can be r e a d i l y  d e t e r -  
mined by exper iment  ( r e f .  10). 

CONSTITUTIVE THEORY 

Much o f  t h e  e s s e n t i a l  s t r u c t u r e  i n  t h e  c l a s s i c a l  t h e o r y  o f  p l a s t i c i t y  
d e r i v e s ,  n o t  so much from thermodynamic concepts ,  b u t  from concepts  o f  mate- 
r i a l  s t a b i l i t y  as d e s c r i b e d  by  Drucker  ( r e f .  1 1 ) .  A s i n g l e  p o s t u l a t e  o f  
s t a b i l i t y  i s  s u f f i c i e n t  t o  u n i f y  t h e  d e s c r i p t i o n  o f  i n e l a s t i c  b e h a v i o r  o f  t ime-  
independent  m a t e r i a l s  under  i s o t h e r m a l  c o n d i t i o n s .  A dua l  p o s t u l a t e  o f  s t a b i l -  
i t y  has been a p p l i e d  by Pon te r  ( r e f .  12) t o  t ime-dependent  m a t e r i a l s  whose 
h e r e d i t a r y  b e h a v i o r  can be r e p r e s e n t e d  i n  terms o f  i n t e r n a l  s t a t e  v a r i a b l e s  Sa 
(a = 1,2, . . . ,  n )  and t h e i r  c o n j u g a t e  thermodynamic f o r c e s  fa. I n  t h a t  work, 
smal l  i s o t h e r m a l  changes i n  s t r e s s  a t  c o n s t a n t  i n t e r n a l  s t a t e  a r e  assumed t o  
obey t h e  i n e q u a l i t y  

- do i j  dej i  ' P  > 0 (8) 

where fa and T a r e  c o n s t a n t ;  whereas smal l  i s o t h e r m a l  changes i n  i n t e r n a l  
s t a t e  a t  c o n s t a n t  s t r e s s  a r e  assumed to  s a t i s f y  t h e  i n e q u a l i t y  

d f  d[, 2 0 a 
(9) 

where oi j  and T a r e  c o n s t a n t .  I n  c o n t r a s t ,  a thermodynamic c o u n t e r p a r t  
t o  t h e  second-order i n e q u a l i t y  i n  e q u a t i o n  ( 9 )  i s  t h e  r e s t r i c t i o n  of  p o s i t i v e  
i n t e r n a l  d i s s i p a t i o n  
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f t  > o  a a -  

which  i s  d e r i v e d  from t h e  second law.  

(10) 

S ince  changes i n  i n e l a s t i c  s t r a i n  r a t e  and I n t e r n a l  
p a t h  independent  i n  t h e  comple te  s t a t e  space, t h e  inequa 

v a r i a b l e  r a t e s  a r e  
i t i e s  i n  equa t  ons  (8) 

acid (9) can be i n t e g r a t e d  a l o n g  a s t r a i g h t - l i n e  p a t h  between two a r b i t r a r y  

s t a t e s  (0’ , f l , T )  and (u2 ,f , T I  r e s u l t i n g  i n  t h e  f o l l o w i n g  i n e q u a l i t y :  2 
11 a f j  a 

Along  a c o n s t a n t  s t r e s s  p a t h  ( i . e .  under  c o n d i t i o n s  o f  creep)  o n l y  t h e  l a s t  
t e r m  i n  t h i s  i n e q u a l i t y  remains ,  and we can e a s i l y  show t h a t  a s u f f i c i e n t  con- 
d i  t i o n  for i t s  s a t i s f a c t i o n  i s 

where R(a i j , fa ,T)  i s  convex and p o s i t i v e  d e f i n i t e  i n  oij,fa. Here we assumed 
t h a t  e q u a t i o n  (12)  i s  n o t  c o n s t r a i n e d  j u s t  t o  c o n s t a n t  s t r e s s  c o n d i t i o n s ,  b u t  
i s  v a l i d  i n  g e n e r a l .  R i ce  ( r e f .  13) ,  M a r t i n  ( r e f .  14) ,  and o t h e r s  have shown, 
u s i n g  thermodynamic arguments,  t h a t  i f  t h e  k i n e t i c  (or e v o l u t i o n a r y )  l aw  can be 
expressed as e q u a t i o n  ( 1 2 ) ,  t hen  t h e  flow l a w  g i v e n  by  

* p  aa 
E i j  = aoij (13)  

i s  a d e r i v e d  r e s u l t  

The c r i t e r i a  f o r  s t a b i l i t y  and t h e  r e s u l t i n g  k i n e t i c  and f low laws l e a d  t o  
a v i t a l  theorem ( r e f .  12) :  

“The s t r e s s  and s t a t e  h i s t o r i e s  a r e  u n i q u e l y  d e f i n e d  fo r  t i m e  t > to by  
t h e  i n i t i a l  c o n d i t i o n s  a t  t = to and t h e  l o a d i n g  h i s t o r y . ”  

The e x i s t e n c e  o f  t h i s  theorem i s  e s s e n t i a l  if t h i s  i s  t o  be a mean ing fu l  con- 
s t i t u t i v e  t h e o r y  f o r  use i n  s t r u c t u r a l  ana lyses .  

F o l l o w i n g  t h e  l e a d  of Pon te r  and L e c k i e  ( r e f .  1 5 )  and Pon te r  ( r e f .  121, we 
adopted an a d d i t i o n a l  c o n s t i t u t i v e  assumpt ion,  t h a t  i s  

an I a - -  h ( f  ) - -Ea I - - 
a a f  a 

(14)  

i n  which h i s  a ha rden ing  f u n c t i o n  of t h e  i n t e r n a l  f o r c e  fa. The p h y s i c a l  
o r i g i n  o f  e q u a t i o n  (14)  i n  d e s c r i b i n g  t h e  l o c a l  response of a c r y s t a l l o g r a p h i c  
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s l i p  system, and t h e  l i m i t a t i o n s  t h a t  r e s u l t  i n  t r a n s f e r r i n g  from a l o c a l  
f o rma t  t o  a g l o b a l  one, a r e  d iscussed by Ponter  and Leck ie .  An a d d i t i o n a l  
mot ive  for  a d o p t i n g  e q u a t i o n  (14) comes from c o n s l d e r l n g  c o n d l t l o n s  i n  the  
neighborhood o f  a s t r e s s  f r e e  s t a t e ,  as d e p l c t e d  i n  f l g u r e  1 .  I n  p a r t l c u l a r ,  
fo r  a "J2-type" m a t e r l a l  ( cons lde red  l n  t h e  f o l  l o w l n g  s e c t l o n ) ,  t he  s u r f a c e  
(Q(O,fa,T) - c o n s t a n t )  1 s  a sphere of r a d l u s  l n  thermodynamlc force 
space. The g r a d l e n t  v e c t o r  aQ/afa a t  each p o l n t  on t h e  s u r f a c e  where Q - 
cons tan t  1 s  d l r e c t e d  a long  the  outward normal.  By c o n s l d e r l n g  t h e  c o n s t l t u -  
t l v e  assumptlon f a / h  - the  thermodynamlc r e s t r i c t i o n  i n  equa t ion  (10) 
can be expressed as f a f a / h  I 0, whlch for p o s i t l v e  h c o n s t r a l n s  the  vector 
f /h t o  be conta lned w f t h l n  a ha l f - sphere  t n  thermodynamic force space. 
f y g .  1 . )  The Ponter -Leck ie  c o n s t l  t u t i v e  assumption e q u a t i o n  (14) s e l e c t s  t h e  
d i r e c t i o n  o f  f a / h  so t h a t  i t s  p r o j e c t i o n  on fa i s  a maximum; t h a t  i s ,  t h e  
Ponter-Leckle c o n s t i t u t i v e  assumption ensures t h a t  s t a t e  r e c o v e r y  occu rs  under 
maximum I n t e r n a l  d i s s i p a t i o n  i n  t h e  neighborhood o f  a s t r e s s  f r e e  s t a t e .  

l fa l  

(See 

The extended n o r m a l i t y  s t r u c t u r e  expressed i n  equa t ions  (13)  and (14) 
p rov ides  the  b a s i s  for t h e  p resen t  development. Moreover, t h i s  s t r u c t u r e  i s  
assumed t o  h o l d  under non iso thermal  c o n d i t i o n s .  

A SPECIAL POTENTIAL FUNCTION 

The gove rn ing  d i f f e r e n t i a l  equat ions  o f  a t h e o r y  o f  v i s c o p l a s t i c i t y  t h a t  
accounts fo r  i n t e r n a l  damage a re  taken t o  be a s s o c i a t e d  w i t h  t h e  n o r m a l i t y  
s t r u c t u r e  o f  a p o t e n t i a l  f u n c t i o n  Q as d iscussed i n  the  p rev ious  s e c t i o n .  
The independent arguments o f  t h i s  p o t e n t i a l  f u n c t i o n  a r e  t h e  a p p l i e d  s t r e s s  
u i j ,  an i n t e r n a l  s t r e s s  013, a t h r e s h o l d  s t r e n g t h  2 ,  t he  damage 0, and t h e  
tempera ture  T; t hus ,  Q < q  j ,pi j , Z , W ) ,  where t h e  tempera ture  dependence i s  
i m p l i c i t .  From a thermodynamic v i e w p o i n t ,  t h e  i n t e r n a l  s t r e s s  and t h e  th resh -  
o l d  s t r e n g t h  a r e  averaged thermodynamic f o r c e s ,  and damage i s  an averaged 
i n t e r n a l  v a r i a b l e  (or thermodynamic d isp lacement ) .  The i n t e r n a l  s t r e s s  and 
t h r e s h o l d  s t r e n g t h  a r e  assoc ia ted  w i t h  k i n e m a t i c  and i s o t r o p i c  harden ing  
behav io rs ,  whereas damage i s  assoc ia ted  w i t h  m a t e r i a l  deg rada t ion .  

Moderate s t a t e s  o f  h y d r o s t a t i c  p ressu re  have v i r t u a l l y  no i n f l u e n c e  on 
the  i n e l a s t i c  response o f   metal^.^ The s t r e s s  dependence o f  B can t h e r e f o r e  
be expressed i n  terms of t h e  d e v i a t o r i c  a p p l i e d  s t r e s s  

1 
'ij = O i j  - 5 u k k 6 i j  

and the  d e v i a t o r i c  i n t e r n a l  s t r e s s  

1 
Bij = 'ij - 3 'kk' i j  

(15) 

(16)  

3Moderate s t a t e s  o f  h y d r o s t a t i c  p ressure  have a s t r o n g  i n f l u e n c e  on the  
f o r m a t i o n  and growth  o f  m a t e r i a l  d e f e c t s  and, t h e r e f o r e ,  on the  damage. Th is  
e f f e c t ,  however, i s  accounted f o r  i n  the  degrada t ion  f u n c t i o n ,  n o t  i n  the  
p o t e n t i  a1 f u n c t i o n .  

123 



where t h e i r  d i f f e r e n c e  

(17)  i s  
C i j  = S i j  - B 

i s  t h e  e f f e c t i v e  s t r e s s  a s s o c i a t e d  w i t h  i n e l a s t i c  de format ion .  Under cond i -  
t i o n s  o f  f u l l  i s o t r o p y ,  t h e  i n v a r i a n t s  

1 I2 = - B. .B 2 i j  j i  

(18) 

B. .B.  B I 3  = 3 i j  j k  k i  

and 

C. .E J2 = ;i i j  j i  

J3 = Z . . Z .  Z 3 1 J  Jk k i  

p r o v i d e  a complete d e s c r i p t i o n  o f  t h e  s t r e s s  dependence o f  R. 

For t h e  chosen p o t e n t i a l  f u n c t i o n ,  t h e  f low law i s  

and the  e v o l u t i o n a r y  laws a r e  taken  t o  be 

an 6 ij = - -  
2hb asi j 

an 2 
hZ az = - -  - 

and 

( 2 1  1 

(22)  

(23)  

i n  accordance w i t h  the  r e s u l t s  o f  the  p r e v i o u s  s e c t i o n .  Here hb and hz 
a r e  the  ha rden ing  f u n c t i o n s  for t h e  i n t e r n a l  s t r e s s  and t h e  t h r e s h o l d  s t r e n g t h ,  
and D i s  a deg rada t ion  f u n c t i o n .  Equat ion  (20)  i s  t he  f low law o f  R ice  
( r e f .  13).  Equat ions (21) and (22) a r e  t h e  e v o l u t i o n a r y  laws of  Pon te r  and 
Leck ie  ( r e f .  15) and equa t ion  (23) i s  t he  proposed e v o l u t i o n a r y  law fo r  damage. 
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Since damage i s  an i n t e r n a l  v a r i a b l e ,  whereas i n t e r n a l  s t r e s s  and th resh -  
o l d  s t r e n g t h  a r e  thermodynamic f o r c e s ,  t h e  s i g n  f o r  e q u a t i o n  (23) i s  d i f f e r e n t  
from t h a t  f o r  equat ions  (21) and ( 2 2 ) .  The reason f o r  t h i s  d i f f e r e n c e  i s  a 
Legendre t r a n s f o r m a t  ion, 1 i ke those used i n equ i  11 b r i  um thermodynami cs . These 
equat ions  form the  f o u n d a t i o n  for a t h e o r y  o f  v i s c o p l a s t i c i t y  t h a t  i n c o r p o r a t e s  
i n t e r n a l  damage. A s p e c i f i c  model i s  o b t a i n e d  by choos ing  a p a r t i c u l a r  form 
for t h e  p o t e n t i a l  f u n c t i o n .  

The p o t e n t i a l  f u n c t i o n  cons idered for t h i s  model i s  

Q = [K2 f ( F )  dF + [K2 g(G) dG + Sz(Z) dZ (24) 

where t h e  s t r e s s  dependence e n t e r s  th rough t h e  f u n c t i o n s  F ( C i j )  and G ( B i j ) .  
Th i s  extends t h e  f u n c t i o n  used by Robinson ( r e f .  16) t o  i n c l u d e  i s o t r o p i c  
e f fec ts .  The f a c t  t h a t  equa t ion  (24) i s  a sum o f  i n t e g r a l s  i s  c o n s i s t e n t  w i t h  
R i c e ' s  f o r m u l a t i o n  ( r e f .  13).  I n  h i s  d e f i n i t i o n  o f  t h e  p o t e n t i a l  f u n c t i o n ,  
each i n t e g r a n d  denotes the  r a t e  o f  change o f  a thermodynamic d isp lacement  (or 
i n t e r n a l  v a r i a b l e ) ,  which i s  i n t e g r a t e d  w i t h  r e s p e c t  t o  i t s  con juga te  thermo- 
dynamic f o r c e .  

I n  the  s p i r i t  o f  von Mises ( r e f .  17),  t he  s t r e s s  dependence o f  F and G 
r e l i e s  o n l y  on t h e  second i n v a r i a n t s ;  i n  p a r t i c u l a r , 4  

( 2 5 )  J2 
K2 

F = - - l  

and 

I 2  
K2 

G = -  (26 )  

Equat ion  ( 2 5 )  i s  a Bingham-Prager ( r e f s .  18 and 19) y i e l d  c o n d i t i o n  w i t h  K 
d e n o t i n g  t h e  y i e l d  s t r e n g t h  i n  shear. 
F > 0; an e l a s t i c  domain i s  d e f i n e d  by t h e  i n e q u a l i t y  F 0. The boundary 
between these two r e g i o n s ,  F = 0, i s  a sphere i n  d e v i a t o r i c  s t r e s s  space; i t  
i s  t he  t h r e s h o l d  or q u a s i - s t a t i c  y i e l d  su r face .  The o r i g i n  o f  t h i s  sphere i s  
a t  B i j ,  and i t s  r a d i u s  i s  K .  The i n e l a s t i c  domain, a t  a f i x e d  i n e l a s t i c  
s t a t e ,  c o n s i s t s  o f  a nes ted  f a m i l y  o f  s p h e r i c a l  su r faces  i n  d e v i a t o r i c  s t r e s s  
space; each i s  a su r face  o f  c o n s t a n t  F, and thus  o f  c o n s t a n t  Q. Viscop las-  
t i c i t y  d i f f e r s  from c l a s s i c a l  p l a s t i c i t y  i n  t h a t  s t r e s s  s t a t e s  t h a t  l i e  o u t -  
s i d e  t h e  q u a s i - s t a t i c  y i e l d  s u r f a c e  a r e  admiss ib le ;  t h e y  a r e  n o t  a d m i s s i b l e  i n  
c l a s s i c a l  p l a s t i c i t y .  

I n e l a s t i c  s t r a i n  o n l y  o c c u r s  when 

4#any t h e o r i e s  o f  v i s c o p l a s t i c i t y  t a k e  F = J2/K2 i n s t e a d  o f  equa- 
t i o n  ( 2 5 ) ;  t hus ,  t h e r e  i s  no e l a s t i c  domain. The o n l y  i n f l u e n c e  t h a t  t h i s  
cho ice  for F would have on t h e  r e s u l t i n g  t h e o r y  i s  t h a t  t h e  i n e q u a l i t y  would 
be removed from the  f low f u n c t i o n .  
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I f  the  s t r e s s  dependence o f  F and G i s  t o  be a n e t  s t r e s s  dependence 
i n  the  sense o f  Kachanov ( r e f .  1) and Rabotnov ( r e f .  2 ) ,  then K must be a 
l i n e a r  homogeneous f u n c t i o n  o f  damage, 

where IC i s  t he  q u a s i - s t a t i c  y i e l d  s t r e n g t h  i n  shear. Al though damage, 
by d e f i n i t i o n ,  i n f l uences  the  s t a t e  o f  s t r e s s ,  t h i s  i n f l u e n c e  i s  manifested 
by a r e d u c t i o n  i n  s t r e n g t h  as exemp l i f i ed  i n  equat ions (7) and (27). I n  
equat ion ( 2 7 )  the r e d u c t i o n  i n  s t r e n g t h  due to  m a t e r i a l  degradat ion competes 
w i t h  the  process o f  hardening which enhances s t r e n g t h .  

Given the p o t e n t i a l  f u n c t i o n  (eq. (24)) .  t he  flow law o f  equa t ion  ( 2 0 )  
becomes P r a g e r ' s  f low equat ion ( r e f .  2 0 ) ,  

where p i s  the v i s c o s i t y  and f i s  t he  flow func t i on .  ( T h i s  i s  d e r i v e d  i n  
the appendix.)  The Bingham-Prager y i e l d  c o n d i t i o n  (eq. (2511, c o n s t r a i n s  the  
flow f u n c t i o n  so t h a t  i t  i s  ze ro  i n  the  e l a s t i c  domain. C o a x i a l i t y  between 
the  e f f e c t i v e  s t r e s s  and the i n e l a s t i c  s t r a i n  r a t e  i s  i m p l i e d  I n  equa t ion  ( 2 8 ) .  
S t a b i l i t y  ( i n  the sense o f  eq. (8)) cons t ra ins  the  f low f u n c t i o n  f ( F >  t o  be 
nondecreasing w i t h  i n c r e a s i n g  values of F. Most t h e o r i e s  o f  v i s c o p l a s t i c i t y  
use the  general  form o f  t h i s  f low equat ion.  

Given the  p o t e n t i a l  f u n c t i o n  (eq. (24))  t h e  e v o l u t i o n a r y  law fo r  i n t e r n a l  
s t r e s s  (eq.  ( 2 1 ) ) ,  becomes a Bailey-Orowan type r e l a t i o n s h i p  ( r e f s .  21 and 221,  
t h a t  i s  

where hb and r b  a re  the  k inemat i c  func t i ons  for hardening and thermal 
recovery.  (Equat ion ( 2 9 )  i s  d e r i v e d  i n  the appendix.) The f i r s t  term i n  t h i s  
equat ion,  for cons tan t  hb, i s  P rager ' s  r u l e  for k inemat i c  hardening ( r e f .  20). 
To model dynamic recovery of the i n t e r n a l  s t ress ,  Robinson ( r e f s .  23 and 24)  
presents  a k inemat i c  hardening f u n c t i o n  t h a t  e x h i b i t s  an a n a l y t i c a l  d i scon t inu -  
i t y  whenever t h e r e  i s  a r e v e r s a l  i n  s t r e s s .  

The second t e r m  i n  equa t ion  (29) accounts for t h e  thermal recove ry  o f  the  
i n t e r n a l  s t r e s s  s t a t e .  This  i s  an a n e l a s t i c  response s ince  i t  cont inues u n t i l  
t he  i n t e r n a l  s t r e s s  has r e l a x e d  t o  zero, rega rd less  of whether t h e  c u r r e n t  
deformat ion s t a t e  i s  e l a s t i c  or i n e l a s t i c .  

The exper imental  r e s u l t s  o f  M i t r a  and McLean ( r e f .  25)  v e r i f y  t h e  
Bai ley-Orowan hypothes is  t h a t  i n e l a s t i c  deformat ion occurs as a r e s u l t  o f  two 
competing mechanisms: a hardening process t h a t  progresses w i t h  i n e l a s t f c  
deformat ion,  and a thermal recove ry  process t h a t  progresses w i t h  t ime.  When- 
ever these two mechanisms balance such t h a t  B i j  = 0, the  i n t e r n a l  s t r e s s  i s  
i n  a steady s t a t e .  S t a b i l i t y  ( i n  the  sense of eq. (9)) c o n s t r a i n s  t h e  func- 
t i o n  g(G) = rb(G)/2hb(G) t o  be nondecreasing w i t h  i n c r e a s i n g  va lues o f  G. 
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The genera l  form o f  t h i s  e v o l u t i o n a r y  e q u a t i o n  fo r  t h e  i n t e r n a l  s t r e s s  i s  used 
i n  many v i s c o p l a s t i c  models .  

Da ta  from m e t a l s  t h a t  s t r a i n - a g e  i n d i c a t e  t h a t  t h e  e v o l u t i o n  of t h e  quas i -  
s t a t i c  y i e l d  s t r e n g t h  ( d e f i n e d  i n  eq. ( 2 7 ) )  depends on t h e  h i s t o r y  o f  thermo- 
mechan ica l  l o a d i n g  ( r e f .  26 ) .  These d a t a  suggest  an e v o l u t i o n  such t h a t  

where t h e  parameter  r r e f l e c t s  t h e  tempera tu re  dependence o f  t h e  q u a s i - s t a t i c  
y i e l d  s t r e n g t h  i n  an annea led  s t a t e ,  and t h e  f u n c t i o n  6 r e p r e s e n t s  t h e  change 
i n  q u a s i - s t a t i c  y i e l d  s t r e n  
e v o l u t i o n  o f  t h e  q u a s i - s t a t  
independent  whenever t h e  f o  

t h  r e s u l t i n g  from a change i n  tempera tu re .  The 
c y i e l d  s t r e n g t h  g i v e n  by  e q u a t i o n  (30)  i s  p a t h  
l o w i n g  e q u a t i o n  i s  s a t i s f i e d :  

- I f - c o n s i s t e n t ,  t hen  K must be p a t h  independent  I f  e q u a t i o n  (30) i s  t o  be s 
i n  t h e  annealed s t a t e ;  t h e r e f o r e  

(32)  

where 
i n i t i a l  c o n d i t i o n  fo r  t h e  f u n c t i o n a l  dependence o f  0.  

0 < Za 5 2. T h i s  c o n s t r a i n t  must  a lways be s a t i s f i e d :  i t  i s  l i k e  an 

Given t h e  p o t e n t i a l  f u n c t i o n  (eq .  ( 2 4 ) )  and t h e  e q u a t i o n  o f  e v o l u t i o n  f o r  
t h e  q u a s i - s t a t i c  y i e l d  s t r e n g t h  (eq .  ( 3 0 ) ) ,  t h e  e v o l u t i o n a r y  l aw  f o r  t h e  t h r e s -  
h o l d  s t r e n g t h  (eq.  ( 2 2 ) )  becomes a Bailey-Orowan t y p e  r e l a t i o n s h i p  ( r e f s .  21 
and 2 2 ) ,  

where 

P 
2hb w = o i j c j i  - 

I J  .I ( 3 4 )  

and h, and rz  a r e  t h e  i s o t r o p i c  f u n c t i o n s  f o r  ha rden ing  and the rma l  
r e c o v e r y .  (These equa t ions  a r e  d e r i v e d  i n  t h e  append ix . )  Equa t ion  ( 3 3 )  
i m p l i e s  t h a t  t h e  p a t h  o f  thermomechanica l  l o a d i n g  i n f l u e n c e s  t h e  r a t e  o f  iso- 
t r o p i c  ha rden ing ;  under i s o t h e r m a l  c o n d i t i o n s  i t  reduces t o  
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The first t e r m  i n  equat ions  (33) and (35) i m p l i e s  t h a t  i s o t r o p i c  ha rden ing  
progresses  w i t h  d i s s i p a t e d  work. Th is  d i s s i p a t e d  work, as d e f i n e d  i n  equa- 
t i o n  ( 3 4 > ,  i s  t he  sum o f  t h e  i n e l a s t i c  work and i n t e r n a l  work.5 
work can be thought  o f  as a cont inuum measure of t h e  f ree  energy s t o r e d  i n  t h e  
m a t e r i a l  t h a t  a r i s e s  from i n e l a s t i c  de fo rma t ion .  Wi th  the  excep t ion  of  t h e  
v i s c o p l a s t i c  model o f  Bodner and Partom ( r e f .  27) (where k i n e m a t i c  ha rden ing  i s  
n o t  p resen t ,  and i s o t r o p i c  ha rden ing  evo lves  w i t h  i n e l a s t i c  work), a l l  v i sco -  
p l a s t i c  models t h a t  i n c o r p o r a t e  i s o t r o p i c  harden ing ,  t o  the  b e s t  o f  o u r  knowl- 
edge, assume t h a t  t h i s  process progresses  w i t h  i n e l a s t i c  pa th  l e n g t h  

[ ( ~ ~ j ~ ~ i ) x  d t .  Th is  i s  an assumption t h a t  our t h e o r e t i c a l  d e r i v a t i o n  does n o t  

s u p p o r t .  
The second te rm i n  equa t ions  (33) and (35) accounts f o r  the  a n e l a s t i c  

thermal  recove ry  (or annea l i ng )  o f  the  t h r e s h o l d  s t r e n g t h .  Th is  f u n c t i o n  must 
be c o n s t r a i n e d  so t h a t  recove ry  t e r m i n a t e s  when the  annealed va lue  o f  th resh -  
o l d  s t r e n g t h  i s  ob ta ined .  S t a b i l i t y  ( i n  t h e  sense of eq. (9)) c o n s t r a i n s  the  
f u n c t i o n  z(Z) = rz(Z)/hz(Z> t o  be nondecreasing w i t h  i n c r e a s i n g  va lues  o f  Z .  

Given the  p o t e n t i a l  f u n c t i o n  (eq. ( 2 4 ) ) ,  t h e  e v o l u t i o n a r y  law fo r  damage 
(eq. (23 ) )  becomes 

The i n t e r n a l  

where D i s  t he  degrada t ion  f u n c t i o n .  (Equa t ion  (36) i s  d e r i v e d  i n  t h e  
appendix.)  

S ince  m a t e r i a l s  do n o t  degrade i n  s t a t e s  of s u f f i c i e n t  h y d r o s t a t i c  com- 
p r e s s i o n ,  i n  genera l  t he  d e g r a d a t i o n  f u n c t i o n  ought  t o  s w i t c h  o f f  t he  evo lu -  
t i o n  of i n t e r n a l  damage when a c r i t i c a l  s t a t e  of h y d r o s t a t i c  compression i s  
reached. Equat ion  (36) i m p l i e s  t h a t  damage evo lves  w i t h  d i s s i p a t e d  work, as 
d e f i n e d  i n  equa t ion  (34) .  H e r e d i t a r y  e f f e c t s  a r e  i n c l u d e d  th rough t h e  depend- 
ence o f  d i s s i p a t e d  work on i n e l a s t i c  s t r a i n  and i n t e r n a l  s t r e s s ;  thus ,  equa- 
t i o n  (36)  has the  p o t e n t i a l  t o  account for t ime-dependent e f f e c t s  i n  a n a t u r a l  
way. S t a b i l i t y  ( i n  t h e  sense of eq. (9)) i s  s a t i s f i e d  if O h )  does n o t  
i n c r e a s e  w i t h  i n c r e a s i n g  va lues  o f  W ;  b u t  t h i s  i s  n o t  observed. I n i t i a l l y  
t h e  d i s s i p a t i o n  f u n c t i o n  i s  v i r t u a l l y  a cons tan t ,  and t h e  m a t e r i a l  response i s  
s t a b l e  fo r  a l l  p r a c t i c a l  purposes. However, near the  end o f  l i f e ,  t h e  va lue  
o f  t h e  d i s s i p a t i o n  f u n c t i o n  explodes, t he reby  l e a d i n g  to  m a t e r i a l  i n s t a b i l i t y  
or  f a i l u r e .  Th is  i s  n o t  t o  say t h a t  t h i s  t h e o r y  i s  undes i rab le ,  fo r  i t  i s  
p r e c i s e l y  t h i s  i n s t a b i l i t y  t h a t  cont inuum damage mechanics a t tempts  t o  
c h a r a c t e r i z e .  

Many researchers  have used i n e l a s t i c  work as a parameter to  c h a r a c t e r i z e  
f a t i g u e  damage (e .g .  r e f s .  28 t o  31) .  The equa t ion  o f  damage e v o l u t i o n  g i v e n  
i n  equa t ion  (36) d i f f e r s  from these e a r l i e r ,  l a r g e l y  e m p i r i c a l ,  energy c r i t e -  
r i a  by i n c l u d i n g  the  i n f l u e n c e  o f  i n t e r n a l  work. A l b e i t  t h i s  i s  a l e s s e r  

-Bi j/2h! 
5 I n  accordance w i t h  equa t ions  (14) and (21 ) ,  t he  q u a n t i t i e s  

denote the  r a t e s  o f  change i n  t h e  thermodynamic d isp lacements  (or i n t e r n a  var -  
i a b l e s )  con jugate  t o  t h e  thermodynamic fo rces  P i j .  The re fo re ,  t he  q u a n t i t y  
- P i  j B j i / 2 h b  can be i n t e r p r e t e d  as t h e  r a t e  o f  change i n  t h e  i n t e r n a l  work. 
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e f f e c t  than t h a t  o f  i n e l a s t i c  work, never the less,  i t  i s  b e l i e v e d  n o t  t o  be a 
n e g l i g i b l e  one, e s p e c i a l l y  when time-dependent e f f e c t s  a re  p r e s e n t .  
t i o n a l  i n s i g h t  i s  gained from an e q u i v a l e n t  express ion f o r  t h e  d i s s i p a t e d  work 
r a t e  (eq. ( 3 4 ) ) ,  t h a t  i s  

Addi- 

T 

(37) 

which i s  ob ta ined  from equat ions (29)  and ( 3 4 ) .  
t i o n s h i p  evolves w i t h  i n e l a s t i c  deformat ion and i s  a measure o f  f a t i g u e  damage. 
(See f i g .  2 . )  The second t e r m  evolves w i t h  t i m e  a t  i n t e r n a l  s t r e s s  (12  i s  the 
second i n v a r i a n t  o f  i n t e r n a l  s t r e s s )  and i s  a measure o f  the  i n t e r a c t i v e  creep 
damage. Thus, t he  i n t e r a c t i o n  between f a t i g u e  and creep damage i s  s p e c i f i e d .  
The temperature dependence for t h i s  measure o f  creep damage i s  accounted fo r ,  
t o  a l a r g e  e x t e n t ,  i n  t h e  thermal recovery f u n c t i o n  r b .  

The f i r s t  t e r m  i n  t h i s  r e l a -  

CONCLUDING REMARKS 

A t heo ry  of  v l s c o p l a s t i c i t y  has been de r i ved  from c o n d i t i o n s  of s t a b i l i t y  
and phys i ca l  arguments, f o r  an i n i t i a l l y  i s o t r o p i c  con t inua  t h a t  e x h i b i t s  
i n t e r n a l  damage. This  m a t e r i a l  degradat ion was inco rpo ra ted  through the 
Kachanov-Rabotnov concept o f  a n e t  s t r e s s .  Damage was assumed t o  be an i n t e r -  
na l  v a r i a b l e  t h a t  evolves i s o t r o p i c a l l y  accord ing t o  a Ponter-Leckie type con- 
s t i  t u t i v e  assumption. A p o t e n t i a l  f u n c t i o n  was considered t h a t  extends t h e  
Robinson v i s c o p l a s t i c  model by i n c l u d i n g  the e f f e c t s  o f  i s o t r o p i c  hardening 
and m a t e r i a l  degradat ion.  The y i e l d  s t r e n g t h  was n o t  cons idered t o  be an inde- 
pendent v a r i a b l e ;  r a t h e r ,  i t  was assumed t o  evolve w i t h  changes i n  t h r e s h o l d  
s t r e n g t h  and temperature.  

We determined t h a t  i n e l a s t i c  s t r a i n  evolves accord ing t o  a Prager type 
flow equat ion,  and t h a t  Bailey-Orowan type k i n e t i c  equat ions govern the evolu- 
t i o n  of bo th  i n t e r n a l  s t r e s s  and th resho ld  s t r e n g t h .  The i n t e r n a l  s t r e s s  har-  
dens l i k e  a Prager hardening r u l e ,  whereas the  t h r e s h o l d  s t r e n g t h  hardens w i t h  
d i s s i p a t e d  work - n o t  i n e l a s t i c  pa th  l e n g t h  - a t  a r a t e  t h a t  depends on t h e r -  
mal h i s t o r y .  I n t e r n a l  damage was shown t o  evolve w i t h  d i s s i p a t e d  work l ead ing  
t o  a loss o f  m a t e r i a l  s t a b i l i t y .  D i s s i p a t e d  work i s  the sum o f  i n e l a s t i c  work 
and i n t e r n a l  work. I n t e r n a l  work i s  a continuum measure o f  the  f r e e  energy 
s t o r e d  i n  a m a t e r i a l  due t o  i n e l a s t i c  deformat ion.  
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APPENDIX  

Th is  appendix p rov ldes  t h e  d e r l v a t l o n s  fo r  t h e  f low and e v o l u t l o n a r y  equa- 
t i o n s  g i v e n  i n  equa t lons ,  (281, (291, (331,  and (361. 

By u s i n g  equat ions ,  (151, (171, (191, (241, and (251, the  f low law 
(eq .  (2011 can be w r l t t e n  as 

by  t h e  c h a i n  r u l e ,  where 

I 

l and 

1 - -  as,, - 6 6 - -6 6 n i  m j  3 nm i j  j 

Combining these equa t ions  r e s u l t s  i n  

which i s  t he  f low equa t ion  ( 2 8 ) .  

By u t i l i z i n g  equa t ions  (16)  t o  (19)  and ( 2 4 )  to  ( 2 6 > ,  t he  e v o l u t i o n a r y  
law for i n t e r n a l  s t r e s s  (eq .  ( 2 1 ) )  can be w r i t t e n  as 

by the  c h a i n  r u l e ,  where 

- -  - - 6  6 azvu 
aBmn vm un (A9) 

( A 1  0) 
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aG 1 
a12 K2 

= -  - 

a1 

and 

1 = 6 . 6  --6 6 & 
ah j n i  m j  3 nm i j  

Combining equa t ions  (A21 to  (A4) w i t h  equat ions  (A8) t o  (A13), we o b t a i n  

E, 1 
B i j  = hb(G) f (F)  a - 2hb(G)g(G)Bij 

P 

which when j o i n e d  w i t h  the  f low equa t ion  (eq. (A7))  r e s u l t s  i n  

( A 1  3 )  

(A141 

where rb(G) i s  d e f i n e d  t o  be 2hb(G)g(G). T h i s  i s  t h e  e v o l u t i o n a r y  e q u a t i o n  
for i n t e r n a l  s t r e s s  g i v e n  i n  equa t ion  (29 ) .  

We d e f i n e  the  f o l l o w i n g  express ion :  

From equa t ions  (18> ,  (19) ,  (2S), and ( 2 6 > ,  we o b t a i n  

- aF 'ij'ji 

K3 a K  = - 

B B  

K3 
aG i j  j i  
aK - - - -  

which when s u b s t i t u t e d  i n t o  equa t ion  (A161, a long  w i t h  equa t ions  (A2) and 
( A l O ) ,  g i v e s  

( A 1  6) 

( A 1  7) 

(A18) 

By s u b s t i t u t i n g  equat ions  ( A 7 )  and (A151 i n t o  t h i s  r e l a t l o n s h i p ,  I t  becomes 

B B  

2hb 
( G I  w = S l j l P l  - (A20) 
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which can be expressed as 

(3. .B 

2hb 
(G) ' p  - i j  j i  w = U i jE j i  (A21 1 

because o f  equat ions  (15) and (16 ) ,  and the  f a c t  t h a t  ip 
d e v i a t o r i c .  

(eq. ( 2 2 ) )  can be w r i t t e n  as 

and Bi a r e  i j  
Th is  i s  t he  r a t e  o f  d i s s i p a t e d  work g i v e n  i n  equa t ion  (34 ) .  

From equa t ions  (24) t o  (271, t he  e v o l u t i o n a r y  law for t h r e s h o l d  s t r e n g t h  

by the  c h a i n  r u l e ,  where 

and where (from e q .  (30>), 

J o i n i n g  equa t ions  (A16) and (A22) t o  (A24) r e s u l t s  i n  

where r Z ( Z >  i s  d e f i n e d  t o  be h,(Z>z(Z). T h i s  i s  t h e  e v o l u t i o n a r y  e q u a t i o n  
fo r  t h r e s h o l d  s t r e n g t h  g i v e n  i n  equa t ion  (33). 

By u s i n g  equa t ions  (24) t o  (27 ) ,  t h e  e v o l u t i o n a r y  law for damage 
(eq. (23 ) )  can be w r i t t e n  as 

by the  c h a i n  r u l e ,  where 

Combining equa t ions  (A16), (A261, and (A271 r e s u l t s  i n  

w w = D ( w )  - 1 - W  
(A28) 

which i s  t he  e v o l u t i o n a r y  equa t ion  f o r  damage g i v e n  i n  equa t ion  (36 ) .  
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Figure 1 .  - In the stress free state fa/h(fa) 
sipation during state recovery. 

provides maximum n terna 
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Figure 2. - Dissipated work in cyclic shear in the absence o f  thermal recovery. 
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CREEP RUPTURE ANALYSIS OF A BEAM RESTING ON HIGH TEMPERATURE FOUNDATION 
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B u f f a l o ,  New York 14260 

I n  t h i s  research, a s i m p l i f i e d  u n i a x i a l  s t r a i n - c o n t r o l l e d  creep damage law i s  
deduced w i t h  t h e  use o f  exper imenta l  obse rva t i on  f rom a more complex 
strain-dependent law. Th is  creep damage law c o r r e l a t e s  t h e  creep damage, 
which i s  i n t e r p r e t e d  as t h e  d e n s i t y  v a r i a t i o n  i n  t h e  m a t e r i a l ,  d i r e c t l y  w i t h  
t h e  accumulated creep s t r a i n .  Based on t h e  deduced u n i a x i a l  s t r a i n - c o n t r o l  l e d  
creep damage law, a cont inuum mechanical creep r u p t u r e  a n a l y s i s  i s  c a r r i e d  o u t  
f o r  a beam r e s t i n g  on a h i g h  temperature e l a s t i c  (W ink le r )  foundat ion.  The 
a n a l y s i s  i n c l u d e s  t h e  de te rm ina t ion  o f  t h e  nondimensional t i m e  f o r  i n i t i a l  
rup tu re ,  t h e  p ropaga t ion  o f  t h e  r u p t u r e  f r o n t  w i t h  t h e  assoc ia ted  t h i n n i n g  o f  
t h e  beam, and t h e  i n f l u e n c e  o f  creep damage on t h e  d e f l e c t i o n  o f  t h e  beam. 
Creep damage s t a r t s  accumulat ing i n  t h e  beam as soon as t h e  l oad  i s  app l i ed ,  
and a creep r u p t u r e  f r o n t  develops a t  and propagates f rom t h e  p o i n t  a t  which 
t h e  creep damage f i r s t  reaches i t s  c r i t i c a l  va lue.  By i n t r o d u c i n g  a s e r i e s  o f  
fundamental assumptions w i t h i n  t h e  framework o f  t e c h n i c a l  E u l e r - B e r n o u l l i  t y p e  
beam theory,  a govern ing s e t  o f  i n t e g r o - d i f f e r e n t i a l  equat ions i s  d e r i v e d  i n  
terms o f  t h e  nondimensional bending moment and t h e  d e f l e c t i o n .  These 
govern ing equat ions a r e  subjected t o  a s e t  o f  i n t e r f a c e  c o n d i t i o n s  a t  t h e  
propagat ing r u p t u r e  f r o n t .  A numerical  technique i s  developed t o  s o l v e  t h e  
govern ing equat ions t o g e t h e r  w i t h  t h e  i n t e r f a c e  equat ions,  and t h e  computed 
r e s u l t s  a r e  presented and discussed i n  d e t a i l .  
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1. INTRODUCTION 

T e r t i a r y  creep i n v o l v e s  t h e  process of f r a c t u r e  l ead ing  u l t i m a t e l y  t o  

complete f a i l u r e ,  and i s  assoc ia ted  w i t h  l o c a l  r e d u c t i o n  i n  c r o s s - s e c t i o n a l  

area and more i m p o r t a n t l y  w i t h  t h e  n u c l e a t i o n  and growth o f  vo ids and 

microracks a long  g r a i n  boundar ies.  This  f a i l u r e  mode leads t o  eventual  

c o l l a p s e  o f  a s t r u c t u r a l  component and i s  known i n  t h e  l i t e r a t u r e  as creep 

r u p t u r e  o r  s t r e s s  r u p t u r e .  I n  o r d e r  t o  meet t h e  demands o f  des igners and 

engineers concerned w i t h  t h e  s a f e t y  of equipment ope ra t i ng  a t  e leva ted  

temperatures,  researchers i n  recen t  decades have conducted ex tens i ve  creep 

r u p t u r e  exper iments from which they  hope t o  e x t r a c t  some u s e f u l  

" e x t r a p o l a t i o n "  parameters. Such parameters a r e  i n e v i t a b l y  1 i m i  t e d  by t h e  

l abo ra to ry -a l l owed  t i m e  s c a l e  and by t h e  usual  s c a t t e r  o f  t h e  e m p i r i c a l  data,  

but t hey  a r e  employed t o  es t ima te  t h e  a p p r o p r i a t e  s t r e s s  and temperature 

requirements f o r  t h e  p r a c t i c a l  s e r v i c e  l i v e s  o f  equipment i n  ope ra t i on .  

Amongst such e x t r a p o l a t i o n  parameters methods a r e  t h e  ones o f  L a r s o n - M i l l e r  

(1 952) [ 1 1, Manson -Haferd ( 1953) [ 21, Orr-Sherby-Dorn ( 1954) [ 31, and many 

o the rs .  Hanson and t n s i g n  [ 4 ]  have presented an i n t e r e s t i n g  rev iew  on t h e  

progress i n  e x t r a p o l a t i o n  procedures f o r  creep rup tu re ;  an e x c e l l e n t  

d i s c u s s i o n  o f  these i s  a l s o  g i v e n  i n  t h e  t e x t  by Conway [5]. 

I n  p a r a l l e l  w i t h  t h e  development c i t e d  above, o t h e r  researchers i n c l u d i n g  

some m e t a l l u r g i s t s  have at tempted t o  d e f i n e  and q u a n t i f y  a s u i t a b l e  v a r i a b l e  

which desc r ibes  t h e  damage s t a t e  and measures t h e  e x t e n t  o f  damage i n  

m a t e r i a l s  undergoing creep. The major  h u r d l e  i n  t h i s  l i n e  o f  research i s  t h e  

manner by which ones b r idges  t h e  gap between t h e  s c a l a r  damage v a r i a b l e  

obta ined by macroscopic creep t e s t i n g  and t h e  microscopic  processes i n v o l v e d  

i n  t h e  n u c l e a t i o n  and growth o f  vo ids and microcracks a t  g r a i n  boundar ies.  

Such v a r i a b l e s  a r e  expected t o  be a b l e  t o  c h a r a c t e r i z e  t h e  damage s t a t e  f rom 
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t h e  p h y s i c a l  and q u a n t i t a t i v e  p o i n t s  o f  view, and fu r the rmore  t o  p r o v i d e  a 

u s e f u l  t o o l  f o r  a n a l y t i c a l  m o d e l l i n g  v i a  continuum mechanics. Amongst such 

approaches a r e  Robinson's l i n e a r  cumulat ive creep damage law (1952) 161, 

H o f f ' s  d u c t i l e  creep r u p t u r e  t h e o r y  (1953) [ 7 ] ,  Kachanov's b r i t t l e  r u p t u r e  

t h e o r y  (1961) [8] ,  Robotnov's coupled damage creep t h e o r y  (1969) 191, and many 

o t h e r  m o d i f i e d  t h e o r i e s  such as t h e  one due t o  Leck ie and Hayhurst (1974) 

[ l o ] .  Comparative s t u d i e s  o f  t h e  va r ious  t h e o r i e s  may be found i n  111-131. 

Recent ly,  s c i e n t i s t s  have observed a c l o s e  r e l a t i o n  between d e n s i t y  change and 

t h e  n u c l e a t i o n  and growth o f  vo ids  and microcracks assoc ia ted  w i t h  creep 

damage i n  p o l y c r y s t a l l i n e  m a t e r i a l s .  Extens ive e f f o r t s  have thus  been made t o  

i d e n t i f y  and q u a n t i f y  creep damage i n  terms o f  t h e  d e n s i t y  v a r i a t i o n  which i s  

a t t r i b u t e d  t o  c a v i t a t i o n  i n  a c reep ing  m a t e r i a l .  Fo l l ow ing  t h i s  concept, 

P i a t t i  e t  a1 1141 developed a r e f i n e d  exper imenta l  technique t o  measure t h e  

d e n s i t y  v a r i a t i o n  f o r  use as a d e f i n i t i o n  o f  creep damage. Using da ta  

obta ined i n  t h i s  manner f o r  s t e e l ,  B e l l o n i  e t  a1 [15,16] proposed a 

s t a t i s t i c a l l y - b a s e d  damage law i n  a compl icated power law form s i m i l a r  t o  t h e  

one presented i n  Woodford's parametr ic  s tudy o f  creep damage [17]. 

Because o f  i t s  i n h e r e n t  mathematical complex i ty ,  t h e  creep damage law 

proposed i n  [15,16] i s  somewhat inconvenient  f o r  a n a l y t i c a l  t rea tmen t  w i t h i n  

t h e  framework o f  continurn creep damage mechanics. I n  a d d i t i o n ,  some 

a r b i t r a r i n e s s  remains i n  t h e  de te rm ina t ion  of t h e  m a t e r i a l  constants  appear ing 

i n  t h i s  damage law  (see [18] ) .  Accord ing ly ,  t h e  f i r s t  t ask  i n  t h i s  work i s  t o  

o b t a i n  a s i m p l i f i e d  y e t  s t i l l  u s e f u l  damage law. Th is  task  i s  addressed i n  

Sec t i on  2 where we argue f i r s t  f rom t h e  microscopic  p o i n t  o f  v iew t h a t  d e n s i t y  

v a r i a t i o n  c e r t a i n l y  i s  a proper  Index o f  damage i n  a m a t e r i a l  undergoing creep 

deformat ion.  We then  propose a s i m p l l f l e d  u n i a x i a l  s t r a i n - c o n t r o l l e d  damage 

law by I n t r o d u c i n g  some assumptions based on exper imenta l  obse rva t i on  
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associated w i t h  t h e  o r i g i n a l  damage law, and t h i s  s t r a i n - c o n t r o l  l e d  damagelaw 

i s  demonstrated t o  be c l o s e l y  r e l a t e d  n o t  o n l y  t o  t h e  o r i g i n a l  damage law b u t  

a l s o  t o  Kachanov's damage law (see [SI). We conclude Sec t ion  2 w i t h  t h e  

obse rva t i on  t h a t ,  whereas a t y p i c a l  boundary va lue problem s u f f i c e s  t o  

represent  t h e  problem i n  " t h e  f i r s t  stage o f  creep damage", we encounter i n  

" t h e  second stage of propaga t ion  of t h e  r u p t u r e  f r o n t "  a moving boundary 

problem s i m i l a r  t o  t h e  S te fan  problem i n  heat  conduct ion [19]. 

U t i l i z i n g  t h e  above s t r a i n - c o n t r o l l e d  creep damage theory,  we p resen t  i n  

Sec t i on  3 a continuum mechanics model f o r  t h e  creep r u p t u r e  a n a l y s i s  o f  a beam 

r e s t i n g  on a h i g h  temperature e l a s t i c  W ink le r  f ounda t ion  which generates a 

p r e s c r i b e d  thermal  g r a d i e n t  i n  t h e  th i ckness  d i r e c t i o n .  Based on t e c h n i c a l  

E u l e r - B e r n o u l l i - t y p e  beam theory,  we d e r i v e  i n  Sec t i on  3 a s e t  o f  govern ing 

d i f f e r e n t i a l  equat ions f o r  a r e g i o n  w i t h  a moving boundary ( r u p t u r e  f r o n t )  

which i s  p r e s c r i b e d  by a s e t  o f  i n t e r f a c e  equat ions.  Owing t o  t h e  i n h e r e n t  

n o n l i n e a r i t y  o f  t h e  problem, c losed  fo rm s o l u t i o n s  g e n e r a l l y  do n o t  e x i s t .  

Accord ing ly ,  a success fu l  t rea tmen t  o f  t h e  problem r e q u i r e s  t h e  a p p l i c a t i o n  o f  

a s u i t a b l e  numerical  technique which i s  t hen  presented i n  Sec t i on  4. I n  t h e  

l a t t e r  p a r t  o f  Sec t i on  4, we cons ide r  a s imple case f o r  which a c losed  form 

s o l u t i o n  does e x i s t .  We t h e n  present  d e t a i l e d  numerical  r e s u l t s  f o r  t h e  

problems i n  which temperature g r a d i e n t  i s  taken i n t o  account and t h e  

founda t ion  i s  e i t h e r  p resen t  o r  absent. The r e s u l t s  c o n s i s t  o f  t h e  

nondimensional forms f o r  bending moment, d e f l e c t i o n ,  and t h e  geometr ic shapes 

o f  t h e  r u p t u r e  f r o n t .  

2. STRAIN-CONTROLLED CREEP DAMAGE 

2.1 Creep Damage Law Under U n i a x i a l  St ress 

V i r t u a l l y  a l l  load-bear ing s t r u c t u r a l  components o p e r a t i n g  a t  e leva ted  
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temperatures 

phenomenolog 

undergo the  t y p i c a l  3-stage creep phenomenon. Various 

c a l  i n t e r p r e t a t  ons o f  the  creep process have been devised, 

usua l ly  employing the  concept t h a t  creep i s  e s s e n t i a l l y  a compet i t ion between 

strain-hardening and recovery €201. It i s  w e l l  understood t h a t  a t  e levated 

temperatures a c r y s t a l l i n e  s o l i d  may deform i n  accordance w i t h  several 

mechanisms such as d i s l o c a t i o n  creep and d i f f u s i o n  creep. Each such mechanism 

i s  most a c t i v e  i s  some range o f  s t ress  and temperature [21], such t h a t  w i t h i n  

c e r t a i n  regions o f  t he  stress-temperature space one mechanism i s  sa id  t o  

dominate the  others.  The p i c t o r i a l  maps constructed by t h i s  concept a re  known 

as Ashby's deformation-mechanism maps C21.223. Raj and Ashby [23] have 

pointed ou t  t h a t  the creep mechanisms mentioned above a re  i n  f a c t  an 

"accommodation processt1 f o r  g ra in  boundary s l i d i n g .  When a shear s t ress  

causes s l i d i n g  t o  occur a t  a genera l ly  nonplanar g ra in  boundary, some 

accommodation process (such as d i f f u s i o n a l  f l ow  o r  p l a s t i c  f low)  i s  necessary 

t o  heal the c r y s t a l l i n e  s t ruc tu re  a t  the dev ia t i on  o f  the  boundary from a 

per fec t  plane. I n  the  event t h a t  t h i s  accommodation process does n o t  develop 

f u l l y  a t  a boundary dev ia t i on  dur ing s l i d i n g ,  an 41 incompa t ib i l i t y "  r e s u l t s  i n  

the  form o f  voids and wedge cracks along the  g r a i n  boundaries which a re  

or ien ted  roughly perpendicu lar  t o  the  t e n s i l e  ax is .  As t he  ma te r ia l  i s  

s t ra ined f u r t h e r  the  coalescence o f  voids and cracks eventua l l y  leads t o  

i n te rg ranu la r  creep f rac tu re .  Clear ly ,  as the c a v i t y  volume increases dur ing  

the  process o f  t e r t i a r y  creep and eventual f rac tu re ,  t he  ma te r la l  d i l a t e s .  I n  

t h i s  sect ion,  we s h a l l  focus on a s t ra in -con t ro l l ed  c o n s t i t u t i v e  contlnum 

damage law based on t h i s  c lose r e l a t i o n  between creep damage and c a v i t a t i o n  

induced d i l a t i o n  i n  mater ia ls .  

The type o f  damage descr ibed above i s  associated w i t h  power-law o r  

d i s l o c a t i o n  creep [23,24]. Steady d i s l o c a t i o n  creep under constant u n i a x i a l  

t e n s i l e  s t ress  U, i s  found exper imenta l ly  t o  obey the  c o n s t i t u t i v e  
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re la t ion [25 ]  

n 
c = A(T) do 

S 

i n  which n i s  the constant s t ress  power. The rec ip roca l  v i s c o s i t y  c o e f f i c i e n t  

A(T) i s  expressed as the  Arrhenius equation 

* 
A(T) = A exp(-AH/RT) ( 2 )  

* 
where A i s  t he  r e l a t i v e l y  temperature i n s e n s i t i v e  pre-exponential c o f f i c i e n t ,  

AH the  a c t i v a t i o n  energy f o r  creep, R the  gas constant and T the  absolute 

temperature. Equation ( l ) ,  which i s  a l so  known as Norton's steady creep law, 

w i l l  be employed t o  descr ibe the  creep deformation process i n  the  problem 

considered l a t e r  i n  t h i s  work. 

From the  phenomenological p o i n t  o f  view, creep rupture can be separated 

i n t o  two categor ies.  F a i l u r e  a t  h igh  s t ress and low temperature i s  

character ized by pronounced l a t e r a l  cont ract ions and the  f i r s t  continuum model 

f o r  t h i s  process i s  known as H o f f ' s  d u c t i l e  creep rup ture  theory 171. On t h e  

o ther  hand, low s t ress  l e v e l s  together  w i t h  h igh  temperatures r e s u l t  i n  

b r i t t l e  type  o f  rup ture  w i t h  l i t t l e  l a t e r a l  cont ract ion,  and the  f i r s t  

phenomenological theory f o r  t h i s  process was formulated by Kachanov [a].  We 

s h a l l  no t  consider H o f f ' s  theory f u r t h e r  here (ample discussion i s  g iven i n  

[13,26]), bu t  we s h a l l  now review Kachanov's theory b r i e f l y .  Kachanov def ined 

the  damage va r iab le  w f o r  a one-dimensional t e s t  specimen i n  accordance w i t h  

A -A A 

A 

o e  e 
1 - -  W = - r  

0 0 
A 
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where A, and A, are, respec t ive ly ,  t he  o r i g i n a l  and the  e f f e c t i v e  cross 

sec t iona l  areas ca r ry ing  the  load. Clear ly ,  c a v i t a t i o n  creates new i n t e r n a l  

surface area which i n  t u r n  reduces the  e f f e c t i v e  cross-sect ional  area ca r ry ing  

the  load. Thus, the mate r ia l  i n  i t s  v i r g i n  s t a t e  has the  damage o equal t o  

zero, wh i l e  the  damage i n  a completely de te r io ra ted  mater ia l  approaches 

u n i t y .  A power law f o r  t he  damage-rate was postu la ted by Kachanov f o r  

va r iab le  one-dimensional s t ress  as 

V 
= c[&] ( 3 )  

where C , V  are  ma te r ia l  constants, and where C may be temperature dependent. 

Assuming t h a t  t he  ma te r ia l  i s  i n i t i a l l y  undamaged, i n t e g r a t i o n  o f  the  above 

equat ion gives 

1 - ( 1 - 0 ) ~ + ~ =  C(l+v)l: a v ( t ' ) d t '  ( 4 )  

As pointed ou t  e a r l i e r  i n  t h i s  sect ion,  a c lose connection e x i s t s  between 

creep damage and the  c a v i t a t i o n  induced d i l a t i o n  o f  a mater ia l .  Be l l on i  e t  a1 

[15,16] have employed ma te r ia l  dens i ty  v a r i a t i o n  as the  measure o f  damage i n  a 

creep ma te r ia l  us ing r e f i n e d  techniques. They proposed a damage law a t  

constant s t ress  CY, i n  the  power form f o r  the  u n i a x i a l  tens ion t e s t  

D = c ea a' td 
c o  
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where D= -Ap/p , ,  po i s  t h e  d e n s i t y  o f  t h e  m a t e r i a l  i n  t h e  v i r g i n  s t a t e ,  and 

~p i s  t h e  change i n  d e n s i t y  due t o  t h e  volume d i l a t i o n  o f  t h e  m a t e r i a l .  I n  

eqn.(5) c C  denotes t h e  creep s t r a i n ,  and c, a,y,d appear t o  be r e l a t i v e l y  

i n s e n s i t i v e  t o  temperature, b u t  c i s  h i g h l y  temperature s e n s i t i v e .  I n  analogy 

w i t h  Kachanov's damage v a r i a b l e  o , t h e  damage D has va lue equal t o  zero i n  

t h e  v i r g i n  s t a t e  and i s  equal  t o  a c r i t i c a l  va lue  a t  r u p t u r e  Or, which i s  a 

m a t e r i a l  constant .  Employing s t a t i s t i c a l  reg ress ion  techniques, Bel  l o n i  e t  a1 

were a b l e  t o  c o r r e l a t e  t h e i r  experimenta? da ta  w i th  damage law ( 5 ) .  A c l o s e  

i n s p e c t i o n  i n .  eqn.(5), however, revea ls  t h a t  some a r b i t r a r i n e s s  e x i s t s  i n  t h e  

de te rm ina t ion  of t h e  m a t e r i a l  constants  ( f o r  ' d e t a i l s  see [ l a ] ) .  Th i s  

a r b i t r a r i n e s s  i s  a consequence o f  t r e a t i n g  c C  and u, as independent s t a t e  

v a r i a b l e s  i n  eqn.(5), w i t h o u t  cons ide r ing  t h e  c o n s t i t u t i v e  creep law. One 

p o s s i b l e  way of e l i m i n a t i n g  t h i s  a r b i t r a r i n e s s  i s  o u t l i n e d  by t h e  sequence of 

s i m p l i f i c a t i o n s  g i ven  below. 

F i r s t ,  based on t h e  f i n d i n g s  i n  1163 and r e l a t e d  work [26,27] we s h a l l  

make t h e  s i m p l i f y i g  assumption 

y = 6n ( 6 )  

It w i l l  be shown l a t e r  t h a t  eqn.(6) t o g e t h e r  w i t h  v=n i n  eqn.(4) e s t a b l i s h e s  

an equiva lence between Kachanov's f o r m u l a t i o n  and t h e  c u r r e n t  one. We f u r t h e r  

assume t h a t  steady creep as descr ibed by e q n . ( l )  complete ly  dominates t h e  

deformat ion behavior ,  i .e. ,  t h e  m a t e r i a l  i s  non-Newtonean viscous. A 

combinat ion o f  eqns. ( l )  and ( 5 ) ,  t o g e t h e r  w i t h  assumption (6), t hen  g i ves  
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o r  

i n  which c S  i s  the  creep s t r a i n  under the steady creep cond i t ion .  It has 

been found [28] t ha t ,  f o r  the  rupture mechanism considered here, the product 

o f  steady-creep-rate, is, and the  time-to-rupture, tR, i s  a constant, i . e .  

; t  = c  
s R MG 

where CMG i s  known as Monkman-Grant constant which has the  dimension o f  

s t r a i n .  This r e l a t i o n s h i p  holds t r u e  f o r  a wide range o f  temperature and 

s t ress .  Therefore, a t  rup ture  eqn. ( 7 )  g ives 

where Dr i s  the  c r i t i c a l  value o f  damage a t  rupture.  B e l l o n i  e t  a l ' s  data 

[ 1 5 ]  showed t h a t  the  c r i t i c a l  value o f  damage i n  the  h igh  temperature range i s  

r e l a t i v e l y  i n s e n s i t i v e  t o  temperature. The temperature independent character  

o f  both CMG and Dr immplies t h a t  the  B/A(T)' i n  eqn. (9)  must a l so  be 

temperature independent. Thus 

where c, i s  a temperature independent ma te r ia l  constant.  Subs t i t u t i ng  t h i s  

i f i e d  fo rm back i n t o  damage 

D 

aw (8)  we then get  the  simp 

a+6 
= c  c 

O S  
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Although a s i g n i f i c a n t  s i m p l i f i c a t i o n  has been obtained, damage law (10) 

i s  s t i l l  p h y s i c a l l y  p l a u s i b l e .  Note t h a t ,  a l t hough  damage i s  an e x p l i c i t  

f u n c t i o n  o f  s t r a i n  along, it i s  an i m p l i c i t  f u n c t i o n  o f  temperature and s t r e s s  

v i a  creep c o n s t i t u t i v e  law ( 1 ) .  I n  accordance w i t h  eqn.(lO), a m a t e r i a l  

exposed t o  s t r e s s  exper iences damage d i r e c t l y  r e l a t e d  t o  t h e  creep s t r a i n ,  and 

r u p t u r e  occurs as t h e  a v a i l a b l e  creep d u c t i l i t y  i s  exhausted. 

Greenwood [ 2 9 ]  showed, f o r  copper w i t h  pre-nuc leated c a v i t i e s  subjected t o  low 

s t r e s s  and w i t h  t h e  creep r a t e  l i n e a r l y  r e l a t e d  t o  t h e  s t ress ,  t h a t  

Hanna and 

AP 
a c  - 

P C 

Al though a s u r p r i s i n g  analogy appears t o  e x i s t  between eqns. (10) and (11 ) ,  

conc lus ions may n o t  be e a s i l y  drawn on t h e  m a t e r i a l  constants  i n  eqn.( lO).  

However, i t  does appear ve ry  reasonable t o  p o s t u l a t e  t h a t  creep damage, as 

measured by d e n s i t y  v a r i a t i o n ,  be expressed e x p l i c i t y  as a f u n c t i o n  o f  creep 

s t r a i n .  

I n  many eng ineer ing  p r a c t i c e s ,  however, t h e  s t r e s s  m y  be v a r y i n g  w i t h  

t i m e  due t o  e f f e c t  such as l oad  v a r i a t i o n  and s t r e s s  r e l a x a t i o n .  The 

ex tens ion  o f  t h e  o r i g i n a l  creep damage law, eqn.(5) , t o  t h e  case o f  t i m e  

dependent u n i a x i a l  s t r e s s  has been presented i n  [30]. I n  t h e  case o f  

s i m p l i f i e d  eqn.( lO) i t  s u f f i c e s  t o  employ t h e  i n t e g r a l  form o f  creep s t r a i n  

f o r  v a r i a b l e  s t r e s s ,  and thus  i n t e g r a t i n g  is = A ( T ) a ( t ) n  we o b t a i n  

Here, t h e  rec p r o c a l  v i s c o s i t y  f u n c t l o n ,  A(T) ,  i s  r e t a i n e d  i n s i d e  t h e  i n t e g r a  

s ign,  i n  o r d e r  t o  a l l o w  f o r  t h e  s i t u a t i o n  i n  wh ich  the temperature v a r l e s  w i t h  

t ime. I f  u=n i n  Kachanov's t h e o r y  [see eqn.(4)] ,  eqns. ( 4 )  and (12)  assume a 
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very s i m i l a r  form; a more d e t a i l e d  comparison o f  strain-dependent theory w i t h  

Kachanov's approach i s  g iven i n  [ a l l .  

2.2 Propagation o f  a Creep Rupture Front -- The Moving Boundary Problem 

A nonuniform s t a t e  o f  s t ress  may be introduced by the  I r r e g u l a r  geometry 

o f  a s t ruc tu re ,  nonhomogeneous mater ia l  p roper t ies ,  and nonuniform e x t e r n a l  

loads. Under such circumstances the  creep damage w i t h i n  the  s t ruc tu re  would 

be a func t i on  o f  t he  space coordinates I n  a d d i t i o n  t o  time. Creep damage 

s t a r t s  accumulating i n  the  s t ruc tu re  as soon as the  loads are  appl ied.  As 

t i m e  elapses, t he  creep damage a t  some p o i n t  w i t h i n  or on the surface o f  t he  

s t ruc tu re  would f i r s t  reach the  c r i t i c a l  value, 0,. a t  which rup ture  takes 

place. This i n i t i a l  rup ture  time, tI, i s  determined i n  accordance w i t h  

A rup ture  f r o n t  then develops genera l l y  as a smooth surface, and s t a r t s  

propagating through the  s t r u c t u r e  u n t i l  the  e n t i r e  s t ruc tu re  col lapses a t  some 

t i m e  tTT. It i s  r e a d i l y  seen t h a t  the  l i f e t i m e  o f  a s t ruc tu re  may be d i v ided  
L A  

i n t o  two t ime i n t e r v a l s  o r  stages, i.e., 

the  f i r s t  stage 0 L t < tI, which has 

f a i l u r e  by Kachanov [E ]  o r  the  incubat ion 

0 t < tI and tIL t < tII. I n  

been termed the  stage o f  l a t e n t  

per iod  by Johnson [32], t he  creep 

damage i s  assumed t o  be l ess  than the  c r i t i c a l  value (D,) everywhere i n  the  

s t ruc tu re .  I n  the  second stage tI t < t I I ,  which has been termed the  

stage o f  propagat ion o f  rupture,  a rup ture  f r o n t  1 along which 

D = or, 

t r a v e l s  through the  s t r u c t u r e  and complete co l lapse occur; a t  t I I .  
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A cond i t i on  on the  d i r e c t i o n  of t r a v e l  f o r  t he  rupture f r o n t  1 may be 

obtained by tak ing  the  t o t a l  t i m e  d e r i v a t i v e  o f  eqn.(l4). Accordingly, we 

methods c u r r e n t l y  used f o r  moving boundary problems i s  g iven i n  [33]. De ta i l s  

o f  t he  numerical technique which we s h a l l  choose w i l l  be d isc losed i n  

subsequent sect ions as the  need ar ises .  

ob ta in  

i n  which N designates the  coord inate normal t o  the  rupture f r o n t .  S i m i l a r l y ,  

t he  geometry o f  the  rup ture  f r o n t  1 i s  constrained by 

i n  which the  x a re  the  space coordinates. 
j 

This type  o f  problem, more genera l l y  c a l l e d  moving ( f r e e )  boundary 

problem, i s  well-known i n  heat conduction [19] w i t h  phase change and i s  known 

as the  Stefan problem. Although the  Stefan problem and the creep rup ture  

problem share analogous mathematical cha rac te r i s t i cs ,  there  are some 

s i g n i f i c a n t  phys ica l  d i f fe rences .  Instead o f  the temperature p r o f i l e  o f  the  

Stefan problem, we are  now more concerned about the  mechanical behavior o f  t he  

s t ruc tu re ,  such as the coupl ing between the s t ress  r e d i s t r i b u t i o n  and the  

speed o f  t he  moving boundary ( rup ture  f r o n t ) .  Owing t o  the  inherent  

n o n l i n e a r i t y  o f  t he  problem, c losed form so lu t ions  genera l l y  do no t  e x i s t  f o r  

moving boundary problems w i t h  a f i n i t e  damain. Accordingly, a successful  

t reatment o f  such problems w i l l  requ i re  the app l i ca t i on  o f  a s u i t a b l e  

numerical technique. A thorough d iscuss ion and comparison o f  numerical 
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3. CREEP RUPTURE I N  A BEAM ON A WINKLER FOUNDATION 

3.1 Statement o f  t he  Problem 

The beam problem t o  be s tud ied i s  depicted i n  F ig .  l a .  We consider  a 

beam cont inuously  

r e s t o r i n g  fo rce  as 

load. Since the  

thermal g rad ien t  

iupported by an e l a s t i c  Winkler foundat ion,  which exer ts  a 

the  beam d e f l e c t s  under the  a c t i o n  o f  a d i s t r i b u t e d  l a t e r a l  

foundat ion i s  a t  an elevated temperature, a prescr ibed 

s assumed t o  e x i s t  i n  the  z -d i rec t i on  ( th ickness)  o f  t he  

beam. It i s  assumed t h a t  t h i s  prescr ibed temperature d i s t r i b u t i o n  through t h e  

th ickness o f  t he  beam i s  independent o f  t ime du r ing  t h e  deformat ion and 

rup ture  processes. The phys ica l  model used t o  analyze the  problem i s  shown in 

Fig.  l b .  Here, t he  e l a s t i c  foundat ion i s  modelled as an i n f i n i t e  ser ies  o f  

i n f j n i t e s i m a l  spr ings w i t h  an e l a s t i c  constant K 1341, 1.e. as an e l a s t i c  

Winkler foundat ion.  Creep deformat ion s t a r t s  t o  accumulate i n  the  beam as 

soon as the  l a t e r a l  load i s  appl ied.  I n  geophysical research t h i s  type o f  

f l e x u r e  model has r e c e n t l y  y ie lded some i n t e r e s t i n g  r e s u l t s  on l i t h o s p h e r i c  

f lexures (eg. see McMullen e t  a1 [35]), where the  temperature v a r i a t i o n  w i t h  z 

i s  due t o  t h e  geothermal g rad ien t  and the  Winkler foundat ion i s  due t o  t h e  

under ly ing mantle. I n  a d d i t i o n  t o  the  creep deformation, we s h a l l  a l s o  

consider t h e  e f f e c t s  o f  creep damage us ing the  concepts p rev ious l y  developed. 

I n  b r i e f ,  i t  i s  our major goal here t o  explore t h e  propagat ion o f  a creep 

rup ture  f r o n t  i n  a non-isothermal beam under d i s t r i b u t e d  l a t e r a l  load. Dur ing 

the  second stage o f  damage t h e  beam' is t h i n n i n g  i n  a non-uniform manner, and 

accord ing ly  the  cross-sect ion o f  t h e  beam i s  no t  constant (see F ig.  IC). It 

w i l l  be seen l a t e r  t h a t  a moving boundary problem i s  encountered as a 

consequence of t h i s  t h i n n i n g  behavior. 

The problem presented here i s  extremely complex i n  nature.  I n  o rder  t o  

reduce t h e  mathematical d i f f i c u l t i e s  somewhat, we present below a se r ies  of 
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s i m p l i f y i n g  assumptions. F i r s t l y ,  we assume t h a t  the ma te r ia l  i n  the  beam 

obeys the  Norton law of steady creep, w i t h  v i s c o s i t y  dependent on the  

prescr ibed temperature gradient .  Although the  beam i s  o f  non-uniform 

cross-sect ion dur ing the  second stage of damage, we assume t h a t  techn ica l  

Euler -Bernoul l i - type beam theory i s  v a l i d  throughout the e n t i r e  process of 

creep damage. We a l so  r e s t r i c t  our considerat ion t o  the  case o f  small 

deformations and small ro ta t i ons .  Furthermore, we assume t h a t  no major cracks 

form i n  the unruptured segment o f  the  beam dur ing  the  process o f  rupture,  and 

thus the  e f f e c t s  o f  s t ress  concentrat ion a t  crack t i p s  are excluded from the  

cu r ren t  study. F i n a l l y ,  we assume t h a t  the shear stresses are  n e g l i g i b l y  

small when compared w i t h  the  a x i a l  stresses due t o  f lexure .  

3.2 Mathematical Formulation o f  the  Problem 

The c o n s t i t u t i v e  law governing the creep deformation i n  the  beam i s  

assumed t o  be o f  the  Norton type [eqn. ( l ) ] :  

n = A ( z ) u  
C 

Here the  s t ress  s t a t e  u may vary w i t h  t ime as w e l l  as w i t h  the  x- and 

Note a l so  t h a t  the rec ip roca l  v i s c o s i t y  c o e f f i c i e n t  f unc t i on  

i c i t  f unc t i on  o f  z v i a  the temperature d i s t r i b u t i o n  (see Fig.  

z-coord i nates . 
A(z) i s  an imp 

I C ) .  

The geome' r y  o f  t he  beam i s  shown i s  Fig.  IC; it  has a rec tangu lar  

cross-sect ion o f  w id th  b and thickness h and the  length of t he  beam i s  2L. 

For s i m p l i c i t y  we w i l l  consider symmetric loading and thus on ly  symmetric 

deformation i n  t h i s  work, and there fore  on ly  ha l f  o f  t he  span o f  t h e  beam need 

be considered. Employing Euler-Bernoul l i - type beam theory w i t h  h constant, we 
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may der ive  the  expression f o r  s t ress  i n  terms o f  the  bending moment M as 

where e, i s  the  d is tance t o  the  neut ra l  a x i s  (marked as N.A. i n  F ig . l c ) .  

Also, t he  governing equat ion i n  the  bending moment M i s  obtained as 

a M 2P 
40 ax= a t  - + K(-In 

a x r a t  

where P i s  the app l ied  l a t e r a l  load, and we have introduced the  no ta t i on  f o r  

f l e x u r a l  r i g i d 1  t y  

0 

The R.H.S. o f  eqn.( l8)  vanishes i f  we assume t h a t  the  appl ied l a t e r a l  load 

P(x,t) i s  expressed mathematical ly i n  the  form 

where Po i s  t he  maximum load a t  x-0, f ( x )  i s  the  symmetric shape func t i on  and 

H ( t )  represents the  Heaviside u n i t  step funct ion.  F o r  a viscous mater ia l  

governed by eqn. (16) we have the  i n i t i a l  cond i t i on  i n  M as 
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For  f u r t h e r  s i m p l i c i t y ,  we a l s o  assume t h a t  t h e  beam i s  s imply  supported a t  

bo th  ends and t h a t  t h e  l a t e r a l  load vanishes a t  bo th  ends. Due t o  t h e  

symmetric n a t u r e  of t h e  problem as p r e v i o u s l y  mentioned, t h e  boundary 

c o n d i t i o n s  f o l l o w  as 

a t  x=o 

a =M - -  - M = O  a t  x=L ax2 

It i s  impor tan t  to p o i n t  o u t  t h a t  t h e  n e u t r a l  a x i s  does n o t  c o i n c i d e  w i t h  

t h e  c e n t r o i d a l  a x i s  i n  t h i s  beam problem s i n c e  t h e  v i s c o s i t y  i s  inhomogeneous 

due t o  i t s  dependence on a non-uni form temperature d i s t r i b u t i o n  [36]. S ince 

t h e  a x i a l  f o r c e  i s  zero i n  t h i s  problem, t h e  d i s t a n c e  t o  t h e  n e u t r a l  a x i s  eo 

may be determined i n  t h e  f i r s t  stage o f  damage f rom 

.It i s  our task  now t o  extend t h e  above mathematical  f o rmu la t i on ,  which i s  

v a l i d  o n l y  f o r  t h e  f i r s t  s tage o f  creep damage, i n t o  t h e  second stage o f  creep 

damage. The shear s t resses  i n  t e c h n i c a l  beam t h e o r y  a r e  u s u a l l y  n e g l i g i b l y  

smal l  when compared w i t h  t h e  a x i a l  s t ress .  It i s  thus reasonable t o  u t i l i z e  

t h e  u n i a x i a l  s t r a i n - c o n t r o l l e d  damage law. The creep damage then  f o l l o w s  f rom 

eqn. ( 1 2 ) ,  which w i t h  t h e  use o f  eqn. (17) y i e l d s  

t 
D ( x . z , t )  = co {I ["p (z-eo)dt '  

0 $0 
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Experimental  evidence [37] has shown t h a t  t h e r e  i s  v i r t u a l l y  no creep damage 

i n  a c r y s t a l l i n e  m a t e r i a l  under compression. Therefore,  t h e  above equat ion i s  

v a l i d  o n l y  i n  t h e  r e g i o n  eo<zLho (see F ig .  l c ) ,  w h i l e  t h e  creep damage i s  

assumed t o  be i d e n t i c a l l y  zero i n  t h e  remainder o f  t h e  reg ion.  The i n i t i a l  

r u p t u r e  t i m e  tI may now be ob ta ined  from t h e  i m p l i c i t  r e l a t i o n  

r+ t I  
Dcr = co {, [:In (z-e,)dt '  

0 

where t h e  i n i t i a l  r u p t u r e  c l e a r l y  occurs a t  t h e  m i d p o i n t  o f  t h e  bottom f i b e r  

( i . e .  x=O and z=ho), s ince  i t  i s  t h e r e  t h a t  t h e  t e n s i l e  s t r a i n  i s  maximum i n  

magnitude. 

Rupture thus  s t a r t s  a t  t h e  p o i n t  x,z=O,ho, and then develops i n t o  a 

moving f r o n t  which i n  t u r n  causes t h e  beam t o  t h i n  (see F i g  l c ) .  We s h a l l  

c a l l  t h e  r e g i o n  OLx<a(t) t h e  t h i n n i n g  zone, and t h e  remaining i n t e r v a l  

6(t)<x<L t h e  u n i f o r m  zone s i n c e  t h i s  i n t e r v a l  i s  o f  u n i f o r m  th i ckness .  The 

q u a n t i t i e s  h and e, which des ignate t h e  th i ckness  and t h e  d i s t a n c e  t o  t h e  

n e u t r a l  a x i s  w i t h i n  t h e  t h i n n i n g  zone o f  t h e  beam, a r e  c l e a r l y  f u n c t i o n  o f  x 

and t. Furthermore, t h e  f l e x u r a l  r i g i d i t y  & i n  t h e  t h i n n i n g  zone i s  a l s o  a 

f u n c t i o n  o f  x and t s ince  i t  i n v o l v e s  h and e. Governing equa t ion  (18) w i t h  P 

g i ven  by eqn. (20)  may now be r e s t a t e d  i n  t h e  t h i n n i n g  zone as 

and i n  t h e  u n i f o r m  zone as 
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where 

0 

It i s  r e a d i l y  seen t h a t  govern ing equat ions ( 2 6 )  a re  subjected t o  a 

moving j u n c t l o n ,  which separates t h e  t h i n n i n g  zone from t h e  u n i f o r m  zone. 

Note t h a t  t h e  upper l i m i t  h ( x , t )  and t h e  q u a n t i t y  e ( x , t )  i n  i n t e g r a l  ( 2 7 )  a r e  

changing and unknown func t i ons ,  and thus we must o b t a i n  c o n d i t i o n s  which 

govern t h e  v a r i a b l e s  h,&, and e. It may be shown t h a t  if t h e  r u p t u r e  f r o n t  1 
i s  p r e s c r i b e d  as 

C : z = h ( x . t )  t I't 

eqn. ( 1 5 )  can be r e w r i t t e n  as 

a D  ah aD 
0 - + - - =  

a t  a t  a 2  

S u b s t i t u t i o n  o f  t h e  express ion f o r  damage [eqn. ( 2 4 ) ]  i n t o  t h e  above equa t ion  

y i e l d s  a f t e r  some man ipu la t i on  

The creep damage a t  t h e  j u n c t i o n  p o i n t  Q i n  F ig .  IC w i t h  coo rd ina tes  

x = & ( t )  and z=ho should be equal t o  t h e  c r i t i c a l  value, i . e .  
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Fo l low ing  t h e  same procedure employed f o r  eqn. ( 2 9 ) ,  t h e  t o t a l  t i m e  d e r i v a t i v e  

o f  t h i s  equa t ion  now g i v e s  

Note t h a t  t h e  q u a n t l t y & ( x , t )  does n o t  appear i n  t h e  above equat ion as i t  i s  a 

cons tan t  a t  t h e  j u n c t i o n  p o i n t  Q (see F ig.  IC). 

F i n a l l y ,  eqn. (23) f o r  t h e  d i s t a n c e  t o  t h e  n e u t r a l  a x i s  o f  t h e  beam now 

becomes f o r  t h e  second stage o f  creep damage 

D i f f e r e n t i a t i n g  t h e  above equa t ion  with respect  t o  t i m e  we o b t a i n  t h e  equa t ion  

where A(h) i s  t h e  r e c i p r o c a l  v i s c o s i t y  f u n c t i o n  A(z) evaluated a t  z=h. 

We have thus obtained governing equations (26) subjected t o  i n t e r f a c e  

equat ions ( 2 9 ) ,  (30) and (31), and we must so l ve  these equat ions f o r  t h e  

unknowns M,h,b, and e w i t h  boundary c o n d i t i o n s  ( 2 2 ) .  Although boundary 

f a m i l i a r  t e rm ino logy  and c a l l  t h i s  problem a S te  

r e a d i l y  seen t h a t  t h e  p resen t  n o n l i n e a r  problem 

n u m e r i c a l l y  cha l l eng ing ;  we s h a l l  present  i t s  numer 

s e c t i o n .  

c o n d i t i o n s  ( 2 2 )  a r e  n o t  a p p l i e d  a t  a moving boundary, we do have t h e  i n t e r f a c e  

equat ions which a r e  a p p l i e d  a t  t h e  moving j u n c t i o n .  We s h a l l  t hus  use 

a n - l i k e  problem. It i s  

i s  very  compl icated and 

c a l  s o l u t i o n  i n  t h e  n e x t  
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4. NUMERICAL TECHNIQUE AND RESULTS 

4.1 So lu t i on  Technique 

For convenience we in t roduce the fo l l ow ing  nondimensional var iab les:  

A (  z)  
A( z=O) 

A =  

- 4  
9=$* 

I n  t h e  above, J* represents the  f l e x u r a l  r i g i d i t y  o f  a beam a t  a un i form 

temperature TU, where Tu i s  the temperature a t  the  upper surface o f  the  

present non-uniform beam. Thus 
1 - +2 n 

nbh Ji* = 
- 1 
n 

2(2n+l) [2A( z=O) 1 

and 

We now follow the  p r a c t i c e  t h a t  unless otherwise noted a l l  var iab les w i thout  

bars appearing i n  t h i s  sec t ion  from t h i s  p o i n t  on w i l l  be dimensionless 

var iab les.  I n  accordance w i t h  the  above d e f i n i t i o n s ,  governing equation (18) 
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may be reformulated i n  terms o f  dimensionless var iab les  as 

i n  which we have in t roduced t h e  dimensionless q u a n t i t y  

Kt pn-lL2n+2 
I o  

(35) 

The var iab les  appearing on the  R.H.S. o f  eqn. (35) a re  a l l  i n  dimensional 

form, a n d 9 0  is evaluated by s e t t i n g  h=ho i n  eqn. (33a). Note t h a t  the  

quan t i t y  B w i l l  be the  key parameter i n  t h e  present  nondimensional study. 

* 

Employing t h e  same techniques presented i n  [35], we may e l im ina te  the  

s p a t i a l  p a r t i a l  d e r i v a t i v e  appearing i n  eqn. (34) f o r  t he  f i r s t  stage. We 

thus ob ta in  the  i n t e g r o - d i f f e r e n t i a l  equations 

where 

The numerical s o l u t i o n  t o  the  above equat ion w i t h  geophysical data f o r  a beam 

o f  constant  th ickness was presented i n  [35]. Here, we w i l l  employ a numerical 
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technique other? than the  one presented i n  [35]. A d i s c r e t i z a t i o n  scheme us ing 

t h e  method o f  l i n e s  i n  space i s  obtained from the  above eqn. (36a). It 

fo l l ows  t h a t  

8% 
a t  
- = o  i=N2+1 

where 

1 
x i  = (i-l)Ax = - ( i -1)  

N2 

Note t h a t  the  f i r s t  i n t e g r a l  i n  eqn. (37a) vanishes a t  i = l ,  eqn. (37b) 

corresponds t o  boundary cond i t i on  (22b). and N2 designates t h e  number o f  

s p a t i a l  increments. Eva lua t ing  the  i n t e g r a l s  by the  Newton-Cotes formulas, we 

thus ob ta in  a system o f  ODE 'S  which may be solved by Gear's s t i f f  ODE 

a lgo r i t hm [38]. The r e s u l t  abtained above furn ishes t h e  s o l u t i o n  i n  the  f i r s t  

stage o f  damage, and prov ides the  i n i t i a l  data f o r  t h e  second stage o f  damage. 

Returning now t o  eqns. (26). we may again i n teg ra te  ou t  t he  s p a t i a l  

de r i va t i ves  t o  ob ta in  f o r  t he  th inn ing  zone i n  t h e  second stage 
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and f o r  t h e  u n i f o r m  zone 

w h e r e 4  was d e f i n e d  i n  (33b), and F (x ,x ' ) ,  G(x,xI) were d e f i n e d  i n  eqns. (36 

b,c). Note t h a t  we have used c o n t i n u i t y  o f  M and i t s  d e r i v a t i v e s  a t  t h e  

j u n c t i o n  p o i n t ,  e.g. M(x=d(t) ,t) = M(x=d( t ) - , t ) .  I n  o t h e r  words, t h e  bending 

moment, shear fo rce ,  d e f l e c t i o n ,  and s lope o f  t h e  beam a r e  a l l  cont inuous a t  

t h e  j u n c t i o n  p o i n t .  

+ 

I n  o r d e r  t o  ma themat i ca l l y  f i x  t h e  moving j u n c t i o n  and t h e  l i m i t s  o f  

i n t e g r a t i o n  appear ing i n  eqns. (38 ) ,  we employ t h e  concept o f  Landau's 

t r a n s f o r m a t i o n  [39] and i n t r o d u c e  t h e  v a r i a b l e  changes 

X 
for thinning zone =So 

Under such a t r a n s f o r m a t i o n  t h e  p a r t i a l  t i m e  d e r i v a t i v e  a( ) / a t  i s  rep laced 

by t h e  s u b s t a n t i a l  t i m e  d e r i v a t i v e  D( ) / D t  i n  accordance w i t h  
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With the use of t h e  chain  r u l e ,  t h e  transformed governing equations a r e  

obtained f o r  t h e  th inn ing  zone as 

r 1 

and f o r  t h e  uniform zone as 

S i m i l a r l y ,  an a p p l i c a t i o n  of Landau's t ransformat ion t o  i n t e r f a c e  

equat ions ( 2 9 ) , ( 3 1 )  y i e l d s  

and 
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The t ransformed i n t e r f a c e  equa t ion  (30) has t h e  s l i g h t l y  d i f f e r e n t  form 

s i n c e  6 ( t )  i n v o l v e s  o n l y  t h e  s i n g l e  v a r i a b l e  t. By v i r t u e  o f  v a r i a b l e  

changes (39), t h e  s u b s t a n t i a l  ( m a t e r i a l )  t ime  d e r i v a t i v e  O (  ) / D t  appear ing i n  

t h e  above t ransformed equat ions possesses a numerical  va lue i d e n t i c a l  w i t h  

[ a (  ) / a t ] c  o r  [ a (  ) / a t ]  . It should be noted t h a t  f i x i n g  t h e  moving j u n c t i o n  

u n f o r t u n a t e l y  leads t o  govern ing equat ions o f  even more compl icated form, and 

t h e  above s e t  o f  equat ions s u r e l y  w i l l  n o t  have a c losed  form s o l u t i o n .  A 

rl 

numerical  scheme w i l l  now be presented. 

F i r s t ,  t h e  method o f  l i n e s  i n  space [40] i s  u t i l i z e d  t o  e l i m i n a t e  t h e  

s p a t i a l  d e r i v a t i v e s  f rom t h e  above i n t e g r o - d i f f e r e n t i a l  equat ions i n  

accordance w i t h  t h e  d i s c r e t i z a t i o n  scheme shown i n  F ig .  2. Accord ing ly ,  we 

employ t h e  c e n t r a l  f i n i t e  d i f f e r e n c e  approximat ions f o r  t h e  i n t e r i o r  p o i n t s  

and one-sided t h r e e  p o i n t  formulas f o r  t h e  end p o i n t s  A,B and t h e  j u n c t i o n  

p o i n t  Q (see F i g .  2) .  Accord ing ly ,  eqns. (40-43) y i e l d  t h e  f o l l o w i n a :  
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0 0  i= N1 +N2 + 1 
DMi - =  
D t  (45e) 

(46b)  N1 i=2,3 , .  . . , 
Dhi - -  - 0  0 D t  i=N1+] 
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1 - -1 n 
D e i  
- =  dz ' }  , i = 1  
D t  - 1 

[ A (  z ' )  I n  0 

D e i  
- = o ,  i = N 1 + l  D t  

I n  t h e  above 

1 
N1 

5 i  = ( i - l ) A S  = - ( i -1)  , i=1,2 .. . . , 
N1 

1 
i = N l + l ,  N1+2 . . . , N1+N2+1 q i  = ( i - N l - l ) A q  = - ( i - N l - 1 )  , 

N2 

and N, , W 2  designates,  r e s p e c t i v e l y ,  t h e  number o f  s p a t i a l  increment i n  

t h i n n i n g  zone and u n i f o r m  zone, and'Jf i  i s  ob ta ined  by s e t t i n g  h=hi i s  eqn. 

(33b).  

Note t h a t  eqn. (45e) corresponds t o  boundary c o n d i t i o n  (22b) .  Moreover, 

Dh/Dt and De/Dt as g i ven  by eqns. (46c) and (47c)  vanish a t  t h e  j u n c t i o n  

p o i n t ,  s i n c e  a t  any i n s t a n t  we always have h=l  and e=eoat t h i s  p o i n t .  The 
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i n t e g r a l s  appear ing i n  t h e  above s e t  o f  equat ions were evaluated by use o f  t h e  

Newton-Cotes formulas. We thereby obta ined a l a r g e  system o f  3N1+N2+4 

o r d i n a r y  d i f f e r e n t i a l  equat ions.  A computer program was developed f i r s t  t o  

s o l v e  eqn. (23) f o r  eo and then  t o  so l ve  eqns. (37) f o r  t h e  Mils u s i n g  t h e  

i n i t i a l  bending moment f u n c t i o n  (see Sec. 4.2) as t h e  i n i t i a l  c o n d i t i o n .  We 

then  used these r e s u l t s  a long  w i t h  hi=l, e.=e 

t o  s o l v e  t h e  system o f  O D E ' S ,  eqns. (44-47). 

6=0 as t h e  i n i t i a l  c o n d i t i o n s  
1 0' 

It i s  a l s o  u s e f u l  t o  compute t h e  d e f l e c t i o n  o f  t h e  beam. Th is  can be 

accomplished by s u b s t i t u t i n g  t h e  above bending moments Mi i n t o  t h e  

nondimensinal  form o f  t h e  equa t ion  o f  e q u i l i b r i u m  

2 

7 
= -P + KW 

a M  

a x  

However, t h i s  approach leads t o  cons ide rab le  numerical  e r r o r  due t o  t h e  

presence o f  t h e  d e r i v a t i v e  te rm i n  t h e  above equat ion.  An a l t e r n a t e  and more 

accu ra te  approach i s  t o  develop d i f f e r e n t i a l  equat ions i n  t h e  d e f l e c t i o n .  The 

same s o l u t i o n  technique used f o r  t h e  bending moment i s  a l s o  a p p l i c a b l e  t o  

these d i f f e r e n t i a l  equat ions i n  t h e  d e f l e c t i o n .  For  t h e  sake of b r e v i t y ,  t h e  

r e s u l t i n g  equat ions w i l l  n o t  be presented here (see [ l S ] ) .  An even l a r g e r  

system o f  4N1+2N2+S ODE'S i s  obta ined i n  t h i s  case. A h i g h  accuracy y e t  

c o s t l y  numerical  a l g o r i t h m ,  i .e.  Gear's s t i f f  ODE a l g o r i t h m ,  was used t o  s o l v e  

t h i s  system. 
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4.2 Solutions and Discussion 

Our attention i s  first dfrected to a special case in which closed form 

solutions exist. Thus, let us delete the elastic Winkler foundation and also 

consider a beam with a uniform temperature distribution equal t o  Tu (a 

dimensional quantity). Under such circumstances, the bending moment M remains 

constant in time, and the neutral axis coincides with the centroidal axis 

owing to the homogeneous nature of the material properties. Moreover, we have 

the following values for the dimensionless quantities [see eqns. (32) and (33)l 

e = Z h  1 

A(z )  = 1 

1 +2 n 
&%= h 

The dimensionless governing equations for h,e [see eqns. (29) and (Sl)] in the 

thinning zone (0 <x<&(t)) follow for this special case as 

ae ah - = 2 -  
a t  a t  

and that for a(t) becomes 

d t  
aM 

n t  - 
ax 
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Note t h a t  these equations may be solved consecut ively and t h a t  eqns. (48 

a,b) inc lude ne i the r  the  x va r iab le  nor  the  i n p u t  load func t i on  P(x, t )  

e x p l i c i t l y .  Phys ica l ly ,  eqn. (48b) ind ica tes  t h a t  although 2e0=ho=1 

i n i t i a l l y ,  both quan t i t i es  w i l l  be equal t o  zero a t  the i n s t a n t  the  beam 

col lapses. A f t e r  e l im ina t i ng  the  i n t e g r a l  v i a  d i f f e r e n t i a t i o n ,  eqn. (48a) may 

be r e w r i t t e n  as 

This d i f f e r e n t i a l  equation may be solved a n a l y t i c a l l y  w i t h  the  i n i t i a l  

cond i t ions  

h = 1  a t  t = tI 

and 

ah 1 
a t  t = tI - s i -  

a t  2tI 

where tI=tI(x) designates t h e  t ime requi red l a r  a ma te r ia l  p o i n t  w i t h  

coordinates ( x , l )  t o  reach the  c r i t i c a l  s ta te .  The second i n i t i a l  cond i t i on  

i n  the  above was obtained by s e t t i n g  t=t I  and h=l i n  eqn. (48a). The s o l u t i o n  

t o  eqn. (49) i s  then obtained as 

which i s  i d e n t i c a l  t o  the  r e s u l t  der ived i n  [e] .  
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-.. 
The s o l u t i o n  t o  eqn. (48b) f o r  e then fo l lows d i r e c t l y  from the  s o l u t i o n  

o f  eqn. (50) f o r  h. Here tI(x) may be expressed i n  terms o f  the  bending 

moment M(x). Since the  p o i n t  ( 0 , l )  reaches the  c r i t i c a l  s t a t e  a t  t i m e  t = l  

wh i l e  the  p o i n t  ( x , l )  ruptures a t  t ime t=t,(x), i t  fo l lows from eqn. ( 2 5 )  t h a t  

Here, Mo and M represent the  bending moments a t  po in ts  w i t h  x-coordinates 

equal t o  0 and x, respec t ive ly .  Equation (50) thus becomes 

Although d i f f e r e n t i a l  equat ion (48a) i n  h does no t  e x p l i c i t l y  invo lve  the  

va r iab le  x and the  bending moment M, i t s  s o l u t i o n  (52)  i s  seen t o  be d i r e c t l y  

r e l a t e d  t o  M. 

The func t i on  t,(x) i n  eqn. (51)  may be inver ted  i n  the  simple case t h a t  

the  bending moment M(x) i s  monotonic i n  nature. I n  fac t ,  f o r  such a simple 

case t h e  cons t ra in t  on the  moving j u n t i o n  

i s  i n v e r t i b l e  and i s  p h y s i c a l l y  equiva lent  a f t e r  i nve rs t i on  t o  

Consequently, w i t h t  he use of eqn. ( 5 1 ) ,  eqn. (48c) a t t a i n s  the a l t e r n a t e  form 
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Consider f o r  t he  moment a very simple case i n  which a po int - load i s  app l ied  on 

t h e  beam a t  x=O. The bending moment f o r  t h i s  load i s  s imply g iven as 

and d i f f e r e n t i a l  equat ion (53) becomes 

With the  i n i t i a l  cond i t i on  d a t  t = l  equal t o  0, t h e  above equat ion y i e l d s  t h e  

s o l u t i o n  

Note t h a t  s o l u t i o n  ( 5 5 )  i s  a l so  obta inable from the  s o l u t i o n  (52)  by s e t t i n g  

h=l  and us ing  expression (54) .  The so lu t ions  o f  t h i s  spec ia l  closed-form case 

are  now complete. 

We thus t u r n  our  a t t e n t i o n  t o  the  o r i g i n a l  problem, conta in ing  i n  general  

both the  Wink ler  term and a temperature gradient .  A s i n g u l a r i t y  appears i n  

eqn. (39a) a t  t ime t=l when d=O, and t h i s  leads t o  numerical d i f f i c u l t i e s .  

This obs tac le  may be circumvented by i n t roduc ing  an llimperfectionll [33] i n  

eqn. (39a). Here, we f o l l o w  the  l a t t e r  approach and in t roduce an imper fec t ion  

i n  d as 

a ( t )  = 1;0x10-' a t  t=l  

Moreover, t h e  temperature i n  t h e  beam 4s assumed t o  be l i n e a r l y  d i s t r i b u t e d  i n  

the  z -d i rec t i on  i n  accordance w i t h  (see F ig.  l c )  

T = Tu + (Tb - Tu) 2 , O i ~ l l  
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where the dimensional surface and bottom temperatures are chosen respectively 

as 

Tu = 3OO0k , Tb = 360°k 

Also, we use for the creep activation energy the dimensional value 

AH = 0 .112x106 J'mole-' 

Note that because of the nondimensional form of our governing equations it was 

not necessary to stipulate a specific material. Finally the number of 

increments chosen in the present beam problem were 

N, = 5 

N2 = 10 

for the thinning zone 

for the uniform zone 

which yield a total of 29 ODE'S, or 45 if the equations for deflection are 

also included. In order to limit the complexity of this nonlinear problem, 

only  the uniformly applied load is considered here. In this case, the shape 

function [see eqn. (20)] of the applied load is simply 

The initial bending moment function M(x.0') is obtainable from eqns. (21) and 

(22), and is given as 

which will be used as the initial condition for eqns. (37). 

The results we shall present may be separated into two groups, i.e. those 

with the foundation present and those with the foundation absent. In the 
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l a t t e r  case o f  t h e  founda t ion  absent, we have f rom eqn. (35)  6=0 s i n c e  i n  t h i s  

case t h e  s p r i n g  constant  f o r  t h e  founda t ion  i s  i d e n t i c a l l y  zero. We cons ide r  

t h e  B=O case f i r s t ,  and n o t e  t h a t  here t h e  bending moment i s  independent o f  

t ime, and i s  thus g i v e n  s imply  by eqn. (56 )  a f t e r  t h e  l a t e r a l  load i s  

app l i ed .  ( f o r  t h e  B=O case, we d i d  n o t  c a l c u l a t e  t h e  d e f l e c t i o n  o f  t h e  

beam.) f i g u r e s  3 and 4 d i s p l a y  t h e  propagat ing r u p t u r e  f r o n t  f o r  6=0 i n  t h e  

second stage o f  damage f o r  n=3 and 5, r e s p e c t i v e l y .  I n  these f i g u r e s  t h e  

depth and a x i a l  coo rd ina tes  z,x o f  t h e  beam a r e  g i ven  i n  nondimensional form. 

The sequence o f  curves i n s i d e  t h e  beam t r a c e  t h e  propagat ion o f  t h e  r u p t u r e  

f r o n t  as t i m e  e l l apses .  The &(t) f u n c t i o n  a t  t i m e  t i s  g iven by t h e  d i s t a n c e  

a long  t h e  bot tom su r face  (z=1) f rom t h e  p o i n t  x=O t o  t h e  i n t e r s e c t i o n  o f  t h e  

curve f o r  t i m e  t w i t h  t h e  bottom sur face.  Note t h a t  t h e  beam o f  n=3 m a t e r i a l  

e x h i b i t s  a w ide r  t h i n n i n g  zone than does t h e  beam o f  n=5 m a t e r i a l .  It would 

appear t h a t  t h e  r u p t u r e  f r o n t  o f  t h e  n=5 beam propagates f a s t e r  t han  t h a t  o f  

t h e  n=3 beam. But  you a r e  reminded t h a t  t h i s  obse rva t i on  i s  made f o r  a 

nondimensional t i m e  s c a l e  and w i  11 n o t  n e c e s s a r i l y  f o l l o w  f o r  dimensional  

t ime.  Each s e t  o f  these curves f o r  a parameter n r e q u i r e d  about 1 minute o f  

computer t i m e  (CPU).  

We now t u r n  t o  t h e  genera l  case w i t h  t h e  Wink le r  foundat ion present .  l h e  

dimensionless parameter B [see eqn. ( 3 5 ) ]  con ta ins  a group o f  constants  

i n c l u d i n g  t h e  s p r i n g  cons tan t  o f  t h e  foundat ion,  a p p l i e d  load, geometry and 

m a t e r i a l  p r o p e r t i e s  o f  t h e  beam, and i s  considered a r b i t r a r y  i n  t h e  p resen t  

nondimensional s tudy.  Here we chose f o r  i l l u s t r a t i o n  t h e  va lue B= l  which 

r e q u i r e s  t h a t  t h e  numerator and denominator i n  eqn. (35)  be o f  t h e  same 

order .  I n  a d d i t i o n  t o  t h e  bending moment M, we a l s o  computer t h e  d e f l e c t i o n  w 
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f o r  t h i s  case. Due t o  t h e  compl icated na tu re  o f  t h e  govern ing l a r g e  system o f  

ODE's, a cons ide rab le  amount o f  computer t i m e  was r e q u i r e d  t o  complete one r u n  

f o r  a s p e c i f i c  va lue  o f  n. Thus we l i m i t e d  t h e  computer t i m e  t o  1000 seconds 

(about 16.7 minutes) p e r  run, and a c c o r d i n g l y  obta ined a reasonable number o f  

s o l u t i o n  curves f o r  t i m e  steps i n  t h e  e a r l y  p a r t  o f  t h e  second stage of 

damage. The computat ions cou ld  have e a s i l y  been extended up t o  t h e  p o i n t  o f  

f i n a l  c o l l a p s e  o f  t h e  beam, b u t  f o r  reasons o f  economy t h i s  was n o t  done. 

F igu res  5a,b g i v e  r e s p e c t i v e l y  t h e  nondimensional d e f l e c t i o n  o f  t h e  beam 

f o r  va lues 3 and 5 f o r  t h e  s t r e s s  power n. Since t h e  chosen load i s  u n i f o r m l y  

d i s t r i b u t e d ,  these curves do n o t  e x h i b i t  t h e  c h a r a c t e r i s t i c  " u p l i f t "  which 

o f t e n  occurs under c e n t r a l l y  concentrated loads o r  p o i n t  loads on a beam w i t h  

a Wink le r  f ounda t ion  [34, 351. According t o  t h e  f l e x u r a l  model presented i n  

1351, t h e  d e f l e c t i o n s  o f  a beam which exper iences no damage approaches an 

asymptot ic  l i m i t  as t h e  t i m e  tends t o  i n f i n i t y .  Howc der, no asymptot ic  

d e f l e c t i o n  s o l u t i o n  e x i s t s  i n  t h e  present  problem, s ince  damage causes t h e  

beam t o  t h i n  and a c c o r d i n g l y  t h e  d e f l e c t i o n  i s  unbounded. This  may r e a d i l y  be 

seen i n  F i g .  5b, i n  which t h e  increment o f  beam d e f l e c t i o n  i s  c l e a r l y  

i n c r e a s i n g  i n  t h e  f i n a l  few t i m e  steps shown. Al though we have used N o r t o n ' s  

steady creep law, eqn. (16),  t o  desc r ibe  t h e  creep behav io r  o f  t h e  m a t e r i a l ,  

t h e  n a t u r e  o f  t h e  d e f l e c t i o n  shown i n  F i g .  5b i s  s i m i l a r  i n  form t o  t h e  

t y p i c a l  creep curve w i t h  i t s  t h r e e  stages of creep. Such behavior  c o i n c i d e s  

w i t h  t h e  r e c e n t  exper imenta l  i n v e s t i g a t i o n s  [41, 421 i n  which a beam w i t h  a 

deep no tch  was subjected t o  a u n i f o r m  temperature and p o i n t  load.  This  can be 

explatned by t h e  f a c t  t h a t  as t h e  beam s t a r t s  t h i n n i n g  t h e  remaining m a t e r i a l  

c a r r i e s  t h e  same load b u t  w i t h  g r e a t e r  s t r e s s .  
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I n  1351 where no damage was inc luded,  McMullen e t  a1 noted t h a t  t h e  

bending moment re laxes  a f t e r  t h e  l oad  i s  a p p l i e d  and approaches zero as t i m e  

tends t o  i n f i n i t y .  F igures 6a,b e x h i b i t  t h i s  same r e l a x a t i o n  o f  t h e  bending 

moment i n  t h e  more genera l  case where damage causes t h e  beam t o  t h i n .  

Furthermore, F i g .  6b shows t h a t  t h e  r e l a x a t i o n  o f  t h e  bending moment 

acce le ra tes  i n  t h e  f i n a l  few t i m e  steps shown; i t  i s  be l i eved  t h a t  F i g .  6a 

would a l s o  do t h e  same i f  t h e  computer t i m e  had been extended. Since t h e  

l i f e t i m e  o f  t h e  beam i s  f i n i t e ,  t h e  beam should c o l l a p s e  b e f o r e  t h e  bending 

moment vanishes. F igures 7a,b d i s p l a y  t h e  propagat ing r u p t u r e  f r o n t  f o r  B=l 

w i t h  n=3 and 5, r e s p e c t i v e l y .  As i n  t h e  B=O case, t h e  r u p t u r e  f r o n t s  i n  t h e  

p resen t  case have sharper  p r o f i l e s  i n  t h e  n=5 beam than  i n  t h e  n=3 beam. And 

t h e  r u p t u r e  f r o n t  f o r  t h e  n=5 beam propagates f a s t e r  t han  t h a t  f o r  t h e  n=3 

beam r e l a t i v e  t o  t h e  nondimensional t i m e  scale.  We a l s o  p o i n t  o u t  t h a t  t h e  

numerical  scheme f o r  t h e  system o f  ODE'S presented i n  t h e  prev ious s e c t i o n  i s  

s t i f f e r  f o r  n=5 than t h a t  f o r  n=3, s ince  w i t h i n  t h e  chosen l i m i t  o f  compute 

t i m e  (100 seconds) t h e  f i n a l  t i m e  s tep  reached was t=1.90 f o r  t h e  case o f  n=3 

and o n l y  t=1.60 f o r  t h e  case o f  n=5. 

It should be noted t h a t  t h e  r e s u l t s  d i sp layed  may c o n t a i n  some numerical  

e r r o r  i n  t h e  l a t e r  t i m e  i n t e r v a l s ,  s ince  we a r e  r e s t r i c t e d  by t h e  l i m i t a t i o n s  

o f  i n f i n i t e s i m a l  s t r a i n  and smal l  r o t a t i o n s .  Al though we have fo rmu la ted  t h e  

problem i n  an i d e a l i z e d  manner, a s i g n i f i c a n t  amount o f  mathematical  

d i f f i c u l t y  was s t i l l  encountered. I f  one attemps t o  r e l a x  some o f  t h e  

assumptions imposed, t h e  comp lex i t y  o f  t h e  problem cou ld  increase g r e a t l y  and 

p o s s i b l y  p rec lude  a successfu l  numerical  a n a l y s i s .  
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Fig. l a  Beam on high temperature foundation, subjected to lateral 
load P(x,t). 

Symmetric 
LI load P(x,t) 

Spring const. = K 1 

Fig. lb Beam with simple end supports, elastic Winkler foundation, 
and symmetric load. 
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Fig. 3 Propagation of rupture front in a beam with no Winkler 

foundation - (a) B=O and n=3, (b) B=O and n=5. 
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Fig 3. (continued) 
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Fig. 4 Nondimensional deflection of a beam resting on Winkler 
foundation - (a) B=1, n=3, Tb=36O0k and Tu =300°k, (b) B=1, 
n=5, Tb =360°k and Tu =300°k. 
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Fig. 5 Nondimensional bending moment along a beam on Winkler 
foundation - (a) B=1.0, n=3, Tb =360°k and Tu =300°k, (b) 
B=1.0, n=5, Tb =360°k and Tu =300°k. 
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I .  I n t r o d u c t i o n  

The g o a l  of t h e  

t h a t  is a p p l i c a b l e  

A C o n s t i t u t i v e  Model With Damage f o r  
High Temperature S u p e r a l l o y s *  

J.A. Sherwood and D . C .  S t o u f f e r  
Department of Aerospace Eng inee r ing  

and Engineer ing Mechanics 
U n i v e r s i t y  of C i n c i n n a t i  
C i n c i n n a t i ,  Ohio 45221 

research is t o  d e v e l o p  a u n i f i e d  c o n s t i t u t i v e  mode l  

f o r  h i g h  t e m p e r a t u r e  s u p e r a l l o y s  u s e d  i n  modern gas 

t u r b i n e s .  T h e  f o r m u l a t i o n  w i l l  b e  c o n s i d e r e d  successfu l  i f :  ( 1 )  t h e  

r e s u l t i n g  f o r m u l a t i o n  i s  e f f i c i e n t  f o r  n u m e r i c a l l y  i n t e n s i v e  computat ion 

such  as found i n  n o n l i n e a r  f i n i t e  e l e m e n t  m o d e l s ,  ( 2 )  t h e r e  i s  a d i r e c t  

c o r r e s p o n d e n c e  b e t w e e n  t h e  m a t e r i a l  pa rame te r s  and expe r imen ta l  data, and 

(3) t he  r e s u l t i n g  f o r m u l a t i o n s  a r e  r e a s o n a b l y  a c c u r a t e  f o r  a v a r i e t y  of 

l o a d i n g  condi  t i o n s .  

Two u n i f i e d  i n e l a s t i c  s t a t e  v a r i a b l e  c o n s t i t u t i v e  m o d e l s  h a v e  b e e n  

e v a l u a t e d  f o r  u s e  w i t h  t h e  damage parameter proposed by Kachanov [ l ] .  The  

f i r s t  is t h e  model of Bodner and Partom [2,3] i n  which ha rden ing  i s  m o d e l e d  

t h r o u g h  t h e  u s e  of a s i n g l e  s t a t e  var iab le  t h a t  is similar t o  drag stress. 

The o t h e r  c o n s t i t u t i v e  model  i s  a n  e x t e n s i o n  o f  t h e  Bodner -Pa r tom f low 

p r o p o s e d  by Ramaswamy [ 4 ]  t h a t  employs both  a drag stress and back stress. 

T h i s  e x t e n s i o n  has  b e e n  s u c c e s s f u l  f o r  p r e d i c t i n g  t h e  t e n s i l e ,  c r e e p ,  

f a t i g u e ,  t o r s i o n a l  a n d  n o n p r o p o r t i o n a l  r e s p o n s e  o f  Rene '  80 a t  s e v e r a l  

* T h i s  r e sea rch  was s u p p o r t e d ,  i n  p a r t ,  b y  t h e  N a t i o n a l  Aeronau t i c s  and 

Space A d m i n i s t r a t i o n  Lewis Research C e n t e r  a n d  t h e  Air F o r c e  W r i g h t  

A e r o n a u t i c a l  Labora to ry  a t  Wright P a t t e r s o n  Air Force  Base by g r a n t  

NAG-3-511 t o  t h e  U n i v e r s i t y  o f  C i n c i n n a t i .  



t e m p e r a t u r e s .  I n  both f o r m u l a t i o n s  a cumulat ive damage parameter i s  

introduced t o  model the changes i n  material properties due t o  the formation 

of microcracks and microvoids tha t  ultimately produce a macroscopic crack. 

Calculations have shown that  the drag stresddamage model is reasonable  f o r  

p r e d i c t i n g  t h e  t e n s i l e  and creep responses of IN100 a t  1350°F and Rene' 95 

a t  1200°F, b u t  the model is not e n t i r e l y  s a t i s f a c t o r y  f o r  p r e d i c t i n g  t h e  

c y c l i c  r e s p o n s e  of t h e s e  m a t e r i a l s .  I n  t h i s  s t u d y  a back s t r e s s / d r a g  

stress/damage model has been evaluated f o r  Rene' 95 a t  1 2 0 0 O F  and i s  shown 

t o  predict  the t e n s i l e ,  creep, and cyclic loading responses reasonably well. 

11. Drag Stress/Damage Model 

The i n i t i a l  phase of t h i s  r e s e a r c h  is  based on a cons t i tu t ive  model 

using only one hardening var iab le ,  Z, t o  s i m u l a t e  t h e  drag s t r e s s  of t h e  

m a t e r i a l  and a damage v a r i a b l e ,  w ,  t o  model t h e  changes i n  the material  

properties due the formation of microcracks and microvoids. The i n e l a s t i c  

flow equation of Bodner was used i n  the following form 

where S 1s t h e  devfatoric s t r e s s  tensor and J, = S Sij. The value of n 
i j  i j  

controls  s t r a i n  r a t e  s e n s i t i v i t y  and Do is t h e  l i m i t i n g  s t r a i n  r a t e .  The 

e v o l u t i o n  e q u a t i o n s  f o r  t h e  s t a t e  v a r i a b l e s  Z and w were developed u s i n g  

the Hemholtz f r e e  energy a s  potent ia l  function s imilar  t o  t h e  work i n  [ 7 ] .  

T h e  r e s u l t s  show t h a t  t h e  f l o w  law and e v o l u t i o n  e q u a t i o n s  a r e  

thermodynamically associated and a r e  not f r e e  t o  be derived independently. 

The damage parameter, a s  proposed by Kachanov, was defined t o  ex is t  on 

the interval  [0 ,1 ] .  A value of zero represents no damage and a value of one 

f o r  w d e n o t e s  complete f a i l u r e .  C a l c u l a t i o n s  f o r  Rene' 95 and IN100 
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i nd ica t ed  t h a t  a . v a l u e  f o r  t h e  damage s t a t e  v a r i a b l e  of  much less t h a n  one  

corresponds t o  f a i l u r e .  

The va lues  of the material c o n s t a n t s  and i n i t i a l  v a l u e  o f  t h e  s t a t e  

v a r i a b l e s  were d e t e r m i n e d  from e x p e r i m e n t a l  d a t a  t h a t  was obtained i n  a 

previous s tudy .  The experimental  work was conducted by the  A i r  Force Wright 

A e r o n a u t i c a l  L a b o r a t o r y ,  WPAFB, Ohio and Mars-Test Inc . ,  C inc inna t i ,  Ohio 

[5,6]. The c o r r e l a t i o n  of t h e  c o n s t i t u t i v e  mode l  t o  e x p e r i m e n t a l  

o b s e r v a t i o n s  of monotonic  t e n s i l e  and c r e e p  tes ts  on IN100 a t  1350°F and 

Rene' 95 a t  1200°F was very good. 

shown i n  F igures  1 and 2.  

The c a l c u l a t e d  r e s p o n s e  f o r  IN100 is 

E x t e n d i n g  t h e  d r a g  s t r e s s i d a m a g e  m o d e l  t o  p r e d i c t  f a t i g u e  l o o p  

responses  was not  completely success fu l .  The model appeared t o  have t r o u b l e  

cap tu r ing  the shape of  t h e  f a t i g u e  loop. Th i s  shortcoming i s  p o s s i b l y  due  

t o  how t h e  s t a t e  v a r i a b l e  Z q u a n t i f i e s  d i s l o c a t i o n  movements f o r  a 

p a r t i c u l a r  type  of loading.  Drag stress is me ta l lu rg ica l ly  a s s o c i a t e d  w i t h  

t h e  r e t a r d a t i o n  of d i s l o c a t i o n  movement due  t o  t h e  i n t e r a c t i o n  w i t h  

precipi ta tes  which r e s u l t s  i n  d i s l o c a t i o n  jogs o r  looping for example. Back 

stress is associated with t h e  pile-up of d i s l o c a t i o n s  a t  a barrier, such as 

a g r a i n  boundary, which cannot be overcome. During c y c l i c  l oad ing  t h e  back 

s t ress  o s c i l l a t e s  w i t h  t h e  a p p l i e d  l o a d  w h i l e  t h e  d r a g  stress e i t h e r  

i n c r e a s e s  m o n o t o n i c a l l y  o r  r e m a i n s  e s s e n t i a l l y  c o n s t a n t .  S i n c e  t h e  

d i s l o c a t i o n  movement was o n l y  in one  d i r e c t i o n  f o r  t h e  t e n s i l e  and creep  

t e s t s ,  the c o n t r i b u t i o n s  of t he  d r a g  stress and b a c k  stress t o  t h e  t o t a l  

r e s i s t a n c e  o f  d i s l o c a t i o n  motion could be s imulated by one s ta te  v a r i a b l e  

monotonically inc reas ing  t o  a s teady s t a t e  value.  Although t h i s  lumping  of 

r e s i s t a n c e s  t o  d i s l o c a t i o n  mot ion  worked well f o r  monotonic loadings ,  it 

appears  inadequate  f o r  c y c l i c  loadings.  
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111. Drag Stress/Back Stress/Damage Model 

Based on the metallurgical considerations given above and t h e  s u c c e s s  

of t h e  drag s t r e s s l b a c k  s t r e s s  model proposed by Ramaswamy f o r  predicting 

the fa t igue  response of Rene' 80, a drag stress/back stress/damage model is 

proposed. The drag s t r e s s  s c a l a r  Z s imulates  long term cycl ic  hardening 

while t h e  back s t r e s s  t e n s o r  Q i j  models t h e  s h o r t  term s t r a i n  o r  work 

hardening. The governing equations are:  

I n e l a s t i c  Flow Equation, 

Back S t r e s s  Evolution Equation, 

Drag S t r e s s  Evolution Equation, 

i = m(z,-z)$ 
Damage Evolution Equation, 

. * I T  
= gzcmax 

and 

Back S t r e s s  Relaxation Equation 

(Sij-nij)(S -Q. 1. where K, - I n  the back stress evolution equation f ,  and 
i j  lj 

f ,  a r e  material constants. I n  the drag s t r e s s  evolution equation t h e  va lue  

of m c o n t r o l s  the hardening r a t e ,  Z ,  is the saturated value of Z ,  and is 

the i n e l a s t i c  work r a t e .  The parameter g, i n  the damage evolution e q u a t i o n  

is a m a t e r i a l  f u n c t i o n  and damage growth is assumed t o  be proportional t o  
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t h e  maximum p r i n c i p a l  t e n s i l e  i n e l a s t i c  s t r a i n  ra te  *IT .. 

max E I n i t i a l l y  damage  

is a s s u m e d  t o  be a b s e n t  i n  t h e  material before l o a d i n g .  I n  t h e  back stress 

r e l a x a t i o n  e q u a t i o n  OS is t h e  s t e a d y  s t a t e  v a l u e  of t h e  back stress, Osat is 

t h e  maximum s a t u r a t e d  v a l u e  of t h e  back stress o b s e r v e d  i n  u n i a x i a l  t e n s i l e  

tes ts ,  t h e  c o n s t a n t  uo is i n t r o d u c e d  t o  n o n d i m e n s i o n a l i z e  stress, a n d  B a n d  

r are material c o n s t a n t s  t o  c o n t r o l  the  time dependence .  The p roposed  model 

r e d u c e s  t o  t h a t  of Ramaswamy for  = w = 0. 

I n  u n i a x i a l  l o a d i n g  R e n e t  95 r e s p o n s e  d i s p l a y s  t e n s i o n - c o m p r e s s i o n  

asymmetry as shown i n  F i g u r e  5. A t  c o n s t a n t  s t r a i n  r a t e  t h e  c o m p r e s s i v e  

t es t s  s a t u r a t e  a t  a h i g h e r  magn i tude  of stress t h a n  do t h e  t e n s i l e  tests. 

T h e  e x p e r i m e n t a l  f a t i g u e  r e s p o n s e  a s  g i v e n  i n  F i g u r e  9 f o r  e x a m p l e  shows 

t h a t  f o r  t h e  same l e v e l  of s tress t h e  t e n s i l e  s t r a i n  is l e s s  t h a n  t h e  

c o m p r e s s i v e  s t r a i n .  I t  is also shown i n  [ S I  t h a t  t h e  minimum c r e e p  r a t e s  

o b s e r v e d  i n  compress ion  are  much less t h a n  those i n  t e n s i o n  a t  c o r r e s p o n d i n g  

v a l u e s  of stress. These  p i e c e s  of i n f o r m a t i o n  are  used  t o  s u b s t a n t i a t e  t h a t  

a h i g h e r  i n i t i a l  v a l u e  of h a r d n e s s  for  t h e  material i n  compress ion  t h a n  in 

t e n s i o n .  For t h e  u n i a x i a l  e x e r c i s e  t h i s  asymmetry was i n c l u d e d  i n  the model 

b y  h a v i n g  two d r a g  stress s t a t e  v a r i a b l e s ,  Z+ and Z-similar t o  k i n e m a t i c  

h a r d e n i n g  components .  The c o r r e s p o n d i n g  e v o l u t i o n  e q u a t i o n s  are: 

T e n s i l e  Drag Stress E v o l u t i o n  Equa t ion ,  

i+ = m (z,-z > W  

and 

Compress ive  Drag Stress E v o l u t i o n  E q u a t i o n ,  

i- = m (z,-z > W  . 

+ + +.I 

- - I  - -  

(7 )  

(8) 
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+ When the s t r e s s  is greater  than zero Z = Z  and when the s t r e s s  i s  l e s s  than  

.+ 
ze ro  Z-Z- .  

than zero and the i- equation was only ac t ive  f o r  s t resses  l e s s  than zero. 

I V .  Evaluation of Material Parameters 

The Z evolution equation was only act ive for  s t r e s ses  greater  

+ The va lues  of D o ,  n ,  n m a x ,  Z ,  and Zi were f o u n d  u s i n g  a non l inea r  

regression analysis of the ine l a s t i c  s t r a i n  r a t e s  corresponding t o  saturated 

s t r e s s  levels  observed i n  t h e  t e n s i l e  t e s t s .  The values  of t h e  m a t e r i a l  

+ 
c o n s t a n t s  f l ,  f , ,  m and m- were determined using an i t e r a t i v e  computer 

program w i t h  t h e  t e n s i l e ,  c reep ,  and c y c l i c  t e s t  da ta  a s  i n p u t s .  The 

program i t e r a t e d  u n t i l  i t  converged on s t a b l e  values  fo r  these material 

+ constants. For Rene'95 a t  1200OF the values of Z, and Z; a r e  equal. 

T h e  damage f u n c t i o n ,  g , ,  was determined a s  the f i n a l  s tep a f t e r  a l l  

other constants had been found. The damage growth was eva lua ted  from t h e  

t e r t i a ry  creep response fo r  small values of accumulated ine las t ic  s t r a i n  and 

the long term fat igue response corresponding t o  large values of accumulated 

i n e l a s t i c  s t r a i n .  Using both the creep and cycl ic  t e s t s  t h e  values of g,, 

re la t ing  damage t o  the accumulated ine l a s t i c  s t r a i n ,  were found a s  shown i n  

F igure  3 .  T h i s  damage curve demonstrates tha t  the greatest  damage growth 

occurs  e a r l y  i n  t h e  loading  of t h e  spec imen  and t h e  r a t e  of damage 

accumulation approaches a steady-state value rather  rapidly. 

The maximum value of t h e  back s t r e s s  is  observed i n  t h e  s h o r t  time 

t e n s i l e  t e s t s  when t h e  stress saturates .  During long time loading such as  

creep, the maximum value of the back s t r e s s  has a lower value than t h a t  i n  

t h e  s h o r t  time t e s t s .  T h i s  lower value was seen by Ramaswamy [ 4 ]  f o r  Rene' 

80 a t  1400OF and 1600OF. T h i s  reduced back s t r e s s  value i s  a l s o  p re sen t  i n  
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Rene' 95 a t  1200OF. Figure 4 shows how the maximum back s t r e s s  Cis decreases 

from the maximum value Q as  a function of t h e  a p p l i e d  s t r e s s .  Without 

t e s t  data t o  f o r  substant ia t ion a lower bound has been a r t i f i c i a l l y  imposed. 

The value of u o  was a r b i t r a r i l y  chosen a s  200 K s i  t o  nondimensionalize 

s t r e s s .  S i n c e  t h e  t ime r e q u i r e d  f o r  a given creep t e s t  t o  reach a s t a b l e  

back s t r e s s  can be observed, the  v a l u e s  of B and r were determined b y  a 

l i n e a r  regression of the back s t r e s s  relaxation equation and the t e s t  da ta .  

V .  Comparisons of Experimental and Calculated Results 

s a t  

The s t r a i n  r a t e  control t e s t  data f o r  Specimens 1-1 and 6-1 i n  Figure 6 

show that  the s a t u r a t i o n  s t r e s s  f o r  Rene' 95 is e s s e n t i a l l y  s t r a i n  r a t e  

independent.  The model p r e d i c t i o n s  show a small  amount of s t r a i n  r a t e  

dependence; however the predictions a r e  reasonable f o r  both the s t r e s s  r a t e  

controlled and s t r a i n  r a t e  controlled t e s t s .  

The comparison of the observed and predicted creep response is shown i n  

F i g u r e  7 .  The c r e e p  s t r e s s e s  r a n g e  from 1 4 6  Ksi t o  175 K s i .  The 

experimental  d a t a  i s  ordered except  f o r  t h e  1 4 6  Ksi t e s t .  The model 

p r e d i c t s  r e a s o n a b l y  w e l l  t h e  p r i m a r y ,  secondary,  and t e r t i a r y  c reep  

responses f o r  a l l  of the t e s t s  except the 1 4 6  Ksi t e s t .  The s l i g h t  d i p  i n  

t h e  p r e d i c t e d  c r e e p  response connect ing the secondary and t e r t i a r y  creep 

r e g i o n s  is  a consequence of matching t h e  c o n s t a n t s  i n  t h e  back s t r e s s  

relaxation equation w i t h  the damage growth equation. However, once the back 

s t r e s s  is s tab i l ized  the model predictions a r e  p a r a l l e l  t o  the experimental  

creep responses. 

A typical  s t r e s s  control cycl ic  t e s t  is shown i n  Figures 8 and 9 .  The 

p r e d i c t e d  and experimental peak s t r a i n s  a s  a function of time a r e  shown i n  

F i g u r e  9 .  The experimental  t e n s i l e  peak s t r a i n  is  observed  t o  r e m a i n  

r e l a t i v e l y  c o n s t a n t  while the  compressive peak s t r a i n  decreases w i t h  each 
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add i t iona l  loop u n t i l  a s t e a d y  s t a t e  r e s p o n s e  is r eached .  The o b s e r v e d  

e r r o r  i n  t h e  model p red ic t ion  is  due t o  a combination of f a c t o r s .  However 

s i n c e  t e s t  5-3,  Ref. c 5 ] ,  is f o r  a s t r e s s  range of f 168 Ksi t he  deformation 

is w e l l  i n t o  t h e  p l a s t i c  r a n g e .  I t  can be seen from the  t e n s i l e  t e s t s  i n  

F i g u r e  6 t h a t  a s m a l l  d e v i a t i o n  in t h e  peak s t r e s s  p r o d u c e s  a l a r g e  

v a r i a t i o n  in t h e  p r e d i c t e d  t e n s i l e  p e a k  s t r a i n .  S i n c e  t h e  t r e n d s  a r e  

c l e a r l y  c o r r e c t  t h e  p r e d i c t e d  t e n s i l e  s t r a i n  is c o n s i d e r e d  a c c e p t a b l e .  

F i g u r e  8 shows how t h e  s h a p e  of t h e  f a t i g u e  loop changes w i t h  i nc reas ing  

cyc les .  A displacement l i m i t  of 0.02 i n / i n  was defined a s  f a i l u r e  s i n c e  t h e  

model  d o e s  n o t  i n c l u d e  a c r i t e r i a  f o r  t h e  t r a n s i t i o n  f r o m  damage 

a c c u m u l a t i o n  t o  c r a c k  g rowth .  T h e  m o d e l  has b e e n  u s e d  t o  p r e d i c t  t h e  

f a t i g u e  l i f e  up  t o  cracking f o r  two s t r e s s  con t ro l  tests 5-3 and 3-6 of Ref. 

[5] a t  k168 Ksi and +158 K s i ,  r e s p e c t i v e l y .  I n  these  c a l c u l a t i o n s  t h e  

damage  g r o w t h  a p p e a r s  t o  b e  r e a s o n a b l y  a c c u r a t e .  A d d i t i o n a l  f a t i g u e  

c a l c u l a t i o n s  w i l l  b e  made i n  t h e  f u t u r e  t o  f u r t h e r  e v a l u a t e  t h e  model.  

F i n a l l y ,  f u t u r e  work t o  use t h e  model t o  p red ic t  t h e  ma te r i a l  deformation t o  

combined creep and c y c l i c  loadings is planned. 
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EVALUATION OF STRUCTURAL ANALYSIS METHODS FOR LIFE PREDICTION 

A .  Kaufman,* J.F. Saltsman, G.R.  H a l f o r d ,  and M. Tong* 
N a t i o n a l  A e r o n a u t i c s  and Space A d m i n i s t r a t i o n  

Lewis Research Center  
C leve land ,  O h i o  44135 

INTRODUCTION 

Hot s e c t i o n  components o f  gas t u r b i n e  eng ines  a r e  s u b j e c t  t o  severe  
thermomechanical l oads  d u r i n g  each m i s s i o n  c y c l e .  I n e l a s t i c  d e f o r m a t i o n  can 
be induced i n  l o c a l i z e d  r e g i o n s  l e a d i n g  t o  even tua l  f a t i g u e  c r a c k i n g .  Assess- 
ment o f  d u r a b i l i t y  r e q u i r e s  reasonab ly  a c c u r a t e  c a l c u l a t i o n  o f  t h e  s t r u c t u r a l  
response a t  t h e  c r i t i c a l  l o c a t i o n  f o r  c r a c k  i n i t i a t i o n .  

N o n l i n e a r  f i n i t e - e l e m e n t  computer codes, such as MARC ( r e f .  l ) ,  have 
become a v a i l a b l e  f o r  c a l c u l a t i n g  i n e l a s t i c  s t r u c t u r a l  response under  c y c l i c  
l o a d i n g .  
c a l  i nc remen ta l  t h e o r y  u s i n g  a ha rden ing  model to d e f i n e  t h e  c y c l i c  y i e l d  
s u r f a c e ,  a y i e l d  c r i t e r i o n ,  and a f low r u l e .  G e n e r a l l y  t h e  von Mises  y i e l d  
c r i t e r i o n  and t h e  n o r m a l i t y  f low r u l e  a r e  used. Creep ana lyses  a r e  based on a 
separa te  c reep  c o n s t i t u t i v e  model t h a t  i s  n o t  d i r e c t l y  coup led  to  t h e  p l a s t i c -  
i t y  model. However, a n a l y t i c a l  s t u d i e s  o f  h o t  s e c t i o n  components such as t u r -  
b i n e  b lades  ( r e f .  2 )  and combustor l i n e r s  ( r e f .  3) have demonst ra ted  t h a t  
e x i s t i n g  n o n l i n e a r  f i n i t e - e l e m e n t  computer codes based on  c l a s s i c a l  methods do 
n o t  a lways p r e d i c t  t h e  c y c l i c  response o f  t h e  s t r u c t u r e  a c c u r a t e l y  because of 
t h e  l a c k  o f  i n t e r a c t i o n  between t h e  p l a s t i c i t y  and c reep  d e f o r m a t i o n  response.  

The p l a s t i c i t y  computa t ions  i n  these codes have been based on  c l a s s i -  

Under t h e  HOST Program, t h e  NASA Lewis Research Cen te r  has been sponsor ing  
t h e  development of  u n i f i e d  c o n s t i t u t i v e  m a t e r i a l  models and t h e i r  implementa- 
t i o n  i n  n o n l i n e a r  f i n i t e - e l e m e n t  computer codes for  t h e  s t r u c t u r a l  a n a l y s i s  of 
h o t  s e c t i o n  components ( r e f s .  4 t o  7). The u n i f i e d  c o n s t i t u t i v e  t h e o r i e s  a r e  
des igned t o  encompass a l l  t ime-dependent  and t ime- independent  a s p e c t s  of 
i n e l a s t i c i t y  i n c l u d i n g  p l a s t i c i t y ,  c reep,  s t r e s s  r e l a x a t i o n ,  and c reep  
r e c o v e r y .  These t h e o r i e s  a v o i d  t h e  n o n i n t e r a c t i v e  summation o f  i n e l a s t i c  
s t r a i n  i n t o  p l a s t i c  and c reep  components and most of them a v o i d  s p e c i f y i n g  
y i e l d  su r faces  t o  p a r t i t i o n  s t r e s s  space i n t o  e l a s t i c  and e l a s t i c - p l a s t i c  
r e g i o n s .  I n  d i s c a r d i n g  these  o v e r l y  s i m p l i f i e d  assumpt ions o f  c l a s s i c a l  
t h e o r y ,  u n i f i e d  models can more r e a l i s t i c a l l y  r e p r e s e n t  t h e  b e h a v i o r  o f  
m a t e r i a l s  under  c y c l i c  l o a d i n g  c o n d i t i o n s  and h i g h  tempera tu re  env i ronmen ts .  

A ma jor  p rob lem w i t h  n o n l i n e a r ,  f i n i t e - e l e m e n t  computer codes i s  t h a t  t h e y  
a r e  g e n e r a l l y  too c o s t l y  t o  use i n  t h e  e a r l y  d e s i g n  s tages  f o r  hot s e c t i o n  com- 
ponents o f  a i r c r a f t  gas t u r b i n e  eng ines .  
Lewis to  deve lop  a s i m p l i f i e d  and more economical  p rocedure  fo r  p e r f o r m i n g  non- 
l i n e a r  s t r u c t u r a l  a n a l y s i s  u s i n g  o n l y  an e l a s t i c  f i n i t e - e l e m e n t  s o l u t i o n  or 
l o c a l  s t r a i n  measurements as i n p u t  ( r e f s .  8 and 9). Development o f  t h e  s i m p l i -  
f i e d  method was based on  t h e  assumpt ion  t h a t  t h e  i n e l a s t i c  r e g i o n s  i n  t h e  
s t r u c t u r e  a r e  l o c a l  and t h a t  t h e  t o t a l  s t r a i n  h i s t o r y  can be d e f i n e d  b y  e l a s t i c  
ana lyses .  

A program has been underway a t  NASA 

C o r r e c t i o n s  have been i n c o r p o r a t e d  i n  t h e  method t o  accoun t  for 

*Sverdrup  Technology,  I n c . ,  Lewis Research Cen te r  Group. 
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strain redistribution under applied mechanical loading. This procedure was 
implemented in a computer program and has been exercised on a wide variety of 
problems including multiaxial loading, nonisothermal conditions, various mate- 
rials and constitutive models, and dwell times at various points in the cycles. 
Comparisons of the results of the simplified analyses with nonlinear finite- 
element solutions for these problems have shown reasonably good agreement. 

More than 30 methods for predicting low-cycle fatigue life have been iden- 
tified in a recent review article by Halford (ref. 10). These methods differ 
somewhat in the structural analysis parameters used for life prediction. Basic 
structural response information required by various life prediction methods 
includes the total and inelastic strain ranges, inelastic strain rate, propor- 
tion of time-dependent and time-independent inelastic deformation, peak tensile 
and mean stresses, stress range, and cycle frequency. 

The purpose of this study was to evaluate several nonlinear structural 
analysis methods (of different levels of sophistication) with regard to their 
effect on the life prediction of a hot section component. The methods selected 
for evaluation were nonlinear finite-element analyses based on both classical 
and unified theories, as well as the simplified nonlinear procedure. 

The component under consideration was the airfoil o f  an air-cooled turbine 
blade being studied for use i n  the first-stage, high pressure turbine o f  a com- 
mercial aircraft engine. A mission cycle typical of a transatlantic flight was 
assumed for the analyses. Initially, this airfoil and mission were used for a 
demonstration problem involving a Walker unified model by Pratt & Whitney (P&W> 
(ref. 7)  under contract to NASA as part of the HOST Program. 

MARC nonlinear finite-element analyses dere conducted for this airfoil 
problem at NASA Lewis to calculate the stress-strain hysteresis loop at the 
critical location for life prediction purposes. The classical type of analysis 
used conventional creep-plasticity models, whereas the unified analyses were 
based on two quite different constitutive theories, those of Bodner and Walker 
(ref. 6). 
elastic finite-element solutions for three peak temperature points of the 
cycle. Comparisons were made of calculated fatigue lives based on these struc- 
tural analysis results by using the total strain version of the strain range 
partitioning (IS-SRP) life prediction method (ref. 11). 

The simplified procedure was also applied to this problem using 

PROBLEM DESCRIPTION 

The turbine blade under study is a Pratt & Whitney (P&W) generic design 
for use in the high-pressure-stage turbine of a commercial aircraft engine. 
The airfoil span measures about 6 cm; the chord width, 2 . 5  cm; and the tip-to- 
hub radius ratio is 1:15. Material properties and model constants for a cast 
nickel-base superalloy, B1900+Hf (ref. 61, were used for the analyses. 

The three-dimensional fini te-element model created by P&W for the MARC 
analyses of the turbine blade airfoil is shown in figure 1 .  A total of 173 
solid elements with 418 nodes and 1086 unsuppressed degrees of freedom was used 
to model the airfoil shell. This model included twenty-four 20-node elements 
around the expected high strain region of the leading edge and 149 &node ele- 
ments for the remainder of the airfoil. Displacements were tied at the 
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i n t e r f a c e s  o f  t h e  two t y p e s  o f  e lements t o  p r e v e n t  s e p a r a t i o n  around m i d s i d e  
nodes. Boundary c o n d i t i o n s  were a p p l i e d  t o  c o n s t r a i n  a l l  nodes a t  t h e  base of 
t h e  model t o  l i e  on t h e  base p l a n e  o f  t h e  a i r f o i l .  A d d i t i o n a l  boundary cond i -  
t i o n s  were a p p l i e d  t o  p r e v e n t  r i g i d  body mo t ion .  

F i g u r e  2 i l l u s t r a t e s  t h e  f l i g h t  m i s s i o n  o r i g i n a l l y  s e l e c t e d  by  P&W and 
subsequen t l y  used for these  ana lyses .  T h i s  t y p e  o f  c y c l e  i s  r e p r e s e n t a t i v e  o f  
a t r a n s a t l a n t i c  f l i g h t  for an advanced commercial a i r c r a f t  eng ine .  H igh ,  t r a n -  
s i e n t ,  thermal  s t r e s s e s  and i n e l a s t i c  s t r a i n s  a r e  induced d u r i n g  t h e  eng ine  
t a k e o f f ,  c l i m b ,  and descent  p a r t s  o f  t h e  c y c l e .  Creep occu rs  d u r i n g  t h e  maxi -  
mum takeo f f ,  c l i m b ,  and c r u i s e  s teady -s ta te  h o l d  t i m e s .  On shutdown a t  t h e  end 
of each c y c l e ,  a u n i f o r m  a i r f o i l  tempera ture  o f  429 "C  and a r o t a t i o n a l  speed 
o f  200 rpm were assumed. 

ANALYTICAL PROCEDURE 

F i n i  te-Element  Analyses 

Meta l  tempera tures  were c a l c u l a t e d  from MARC t r a n s i e n t  and s t e a d y - s t a t e  
th ree -d imens iona l  h e a t  t r a n s f e r  ana lyses .  The i n p u t  f o r  these  h e a t  t r a n s f e r  
ana lyses  a r e  p r o p r i e t a r y  P&W i n f o r m a t i o n .  The c a l c u l a t e d  me ta l - tempera tu re ,  
c y c l e - t i m e  p r o f i l e s  f o r  t h e  midspan l e a d i n g  edge, t r a i l i n g  edge, and c o l d  s p o t  
l o c a t i o n s  a r e  shown i n  f i g u r e  3.  F i g u r e  4 shows t h e  tempera tu re  d i s t r i b u t i o n  
a t  t h e  maximum t a k e o f f  c o n d i t i o n  when t h e  h i g h e s t  tempera tures  o c c u r r e d .  

The MARC code was a l s o  used t o  p e r f o r m  e l a s t i c  and n o n l i n e a r  s t r u c t u r a l  
ana lyses  f o r  t h e  a i r f o i l .  The m i s s i o n  c y c l e  was s u b d i v i d e d  i n t o  81 l oad - t ime  
inc remen ts .  S t r u c t u r a l  ana lyses  w e r e  c a r r i e d  o u t  f o r  two co r rJ le te  f l i g h t  
c y c l e s .  
c y c l e  and c reep  c a l c u l a t i o n s  d u r i n g  t h e  s t e a d y - s t a t e  maximum t a k e o f f ,  maximum 
c l i m b ,  and c r u i s e  h o l d  t imes .  The c l a s s i c a l  c r e e p - p l a s t i c i t y  ana lyses  used 
temperature-dependent  c y c l i c  s t r e s s - s t r a i n  and c reep p r o p e r t i e s  for B1900+Hf 
a l l o y .  P l a s t i c i t y  c a l c u l a t i o n s  were based on a k i n e m a t i c  h a r d e n i n g  r u l e  and 
t h e  von M i s e s  y i e l d  c r i t e r i o n ;  c reep  was de termined from a power l aw  model i n  
c o n j u n c t i o n  w i t h  a t i m e  ha rden ing  r u l e .  

P l a s t i c i t y  c a l c u l a t i o n s  were per fo rmed for t h e  t r a n s i e n t  p a r t s  o f  t h e  

MARC f i n i t e - e l e m e n t  ana lyses  were a l s o  per fo rmed w i t h  t h e  u n i f i e d  models 
o f  Bodner and Walker .  The Walker model i s  o f  t h e  common b a c k - s t r e s s ,  d rag-  
s t r e s s  form; where t h e  back s t r e s s  i s  a t e n s o r  i n t e r n a l  v a r i a b l e  d e f i n i n g  t h e  
d i r e c t i o n a l  ha rden ing  (Bausch inger  e f f e c t ) ,  and t h e  d r a g  s t r e s s  i s  a s c a l a r  
i n t e r n a l  v a r i a b l e  d e f i n i n g  t h e  i s o t r o p i c  ha rden ing .  O f  t h e  many u n i f i e d  models 
which have been proposed i n  t h e  l i t e r a t u r e ,  t h e  Walker model has undergone t h e  
most development fo r  f i n i t e - e l e m e n t  a n a l y s i s .  A l l  14 m a t e r i a l  c o n s t a n t s  of 
t h i s  model a r e  temperature-dependent..  

The ma jo r  e x c e p t i o n  t o  t h e  back -s t ress ,  d r a g - s t r e s s  form i s  t h e  Bodner 
model. T h i s  model has one i n t e r n a l  v a r i a b l e  which i s  p a r t i t i o n e d  i n t o  d i r e c -  
t i o n a l  and i s o t r o p i c  ha rden ing  components. S ince  i t  l a c k s  a back s t r e s s ,  i t  
assumes t h a t  t h e  i n e l a s t i c  s t r a i n  r a t e  v e c t o r  i s  c o i n c i d e n t  w i t h  t h e  d i r e c t i o n  
o f  t h e  d e v i a t o r i c  s t r e s s .  Another  d i f f e r e n c e  between t h e  Bodner model and the  
more common back -s t ress ,  d r a g - s t r e s s  model i s  t h a t  t h e  fo rmer  uses t h e  p l a s t i c  
work r a t e  as t h e  measure o f  ha rden lng  whereas t h e  l a t t e r  uses t h e  magn i tude of 
t h e  i n e l a s t i c  s t r a i n  r a t e .  There a r e  e s s e n t i a l l y  n i n e  m a t e r i a l  c o n s t a n t s  t o  
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be determined for this model, only three of which have been found to be 
temperature-dependent for most materials studied. 

Under a NASA sponsored effort with Southwest Research Institute and 
Pratt & Whitney Aircraft, the unified constitutive theories of Bodner and 
Walker were evaluated and further developed to model the high-temperature 
cyclic behavior of B1900+Hf alloy. 
stitutive models, as well as the material constants for both models, are pre- 
sented in the contractor annual status reports (refs. 6 and 7 ) .  The models 
were implemented into the MARC code through a user subroutine, HYPELA. The 
model constitutive equations were integrated using an explicit Euler technique 
and a self-adaptive solution scheme. 

A detailed discussion of these unified con- 

Simplified Analysis 

The basic assumption of the simplified procedure is that the inelastic 
region is localized and, therefore, the material cyclic response can be approx- 
imated using as input the total strain history obtained from elastic analyses. 
One version o f  the procedure uses Neuber corrections to account for strain 
redistribution due to mechanical loading; however, this version was not util- 
ized for this study because of the dominance of the thermal loading during the 
peak strain parts o f  the cycle. Classical incremental plasticity methods are 
used; the material is characterized by a von Mises yield criterion, to describe 
yielding under multiaxial stress states, and a bilinear kinematic hardening 
model, to describe the motion of the yield surface under cycling. 

Only elastic solutions for peak strain points in the cycle are normally 
required to create the strain history input; these are linearly subdivided 
into a sufficient number of increments to define the stress-strain cycle. 
strain states calculated from the elastic finite-element analyses are corre- 
lated in the form o f  von Mises effective strains. To compute cyclic hysteresis 
loops for life prediction purposes, the input effective strains must be given 
signs, usually on the basis of the signs of the dominant principal stresses and 
strains. In this case, elastic finite-element analyses were performed for the 
startup, maximum takeoff, and shutdown conditions in order to create the input 
strain history at the critical location. 

The 

The increments are analyzed sequentially to obtain the cumulative plastic 
strains and to track the yield surface. Creep computations are performed for 
increments involving dwell times by using the creep characteristics incorpo- 
rated in the code. Depending on the nature of the problem, the creep effects 
are determined on the basis of one of three options: (1) stress relaxation at 
constant strain, ( 2 )  cumulative creep at constant stress, or ( 3 )  a combination 
of stress relaxation and creep. 

A FORTRAN IV computer program (ANSYMP) was created to automatically imple- 
ment the simplified analytical procedure. Previous papers (refs. 8 and 9) on 
the development of this procedure present a detailed description of the calcu- 
lational scheme. 
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DISCUSSION OF RESULTS 

The e n t i r e  d i scuss ion  o f  t h e  s t r u c t u r a l  and l i f e  analyses r e s u l t s  fo r  the  
a i r f o i l  presented h e r e i n  a re  based on the c r i t i c a l  l o c a t i o n  a t  t h e  l e a d i n g  edge 
a t  midspan, which was the  h o t  spo t  as i n d i c a t e d  i n  f i g u r e  4 .  Th is  l o c a t i o n  
conta ined the element and Gaussian i n t e g r a t i o n  p o i n t  which e x h i b i t e d  t h e  l a r g -  
e s t  t o t a l  s t r a i n  change d u r i n g  a m iss ion  c y c l e .  

The c a l c u l a t e d  s t r e s s - s t r a i n  h y s t e r e s i s  loops a t  t h e  c r i t i c a l  l o c a t i o n  
for the first two miss ion  cyc les  a re  shown i n  f i g u r e s  5 t o  7 f o r  MARC f i n i t e -  
element analyses ( u s i n g  the  c l a s s i c a l  c r e e p - p l a s t i c i t y ,  Bodner, and Walker 
models, r e s p e c t i v e l y ) ,  and i n  f i g u r e  8 f o r  t he  s i m p l i f i e d  a n a l y s i s .  F igures 5 
to  7 a re  p l o t t e d  i n  terms o f  von Misses e f f e c t i v e  s t r e s s  and s t r a i n  w i t h  a 
s i g n  c r i t e r i o n  based on the  s i g n  of t h e  dominant normal s t r e s s .  Comparison o f  
f i g u r e s  5 to  7 shows t h a t  t h e  maximum compressive s t r a i n ,  b n i c h  occurs a t  t h e  
h o t  end of  the  cyc le ,  was about the  same for the  c l a s s i c a l  and u n i f i e d  model 
f i n i t e - e l e m e n t  analyses on the  f i r s t  c y c l e .  Th is  r e s u l t  i s  t o  be expected 
s ince the  problem was l a r g e l y  t h e r m a l l y  d r i ven ,  and i t  i n d i c a t e s  t h a t  t he  t h e r -  
mal s t r a i n  c a l c u l a t f o n s  were c o n s i s t e n t  among these t h r e e  analyses from s t a r t u p  
a t  room temperature to maximum t a k e o f f .  However, t he  s t r e s s - s t r a i n  loops on 
subsequent c y c l i n g  were s u b s t a n t i a l l y  d i f f e r e n t  among the  models, e s p e c i a l l y  i n  
rega rd  t o  the  peak s t r a i n s  d u r i n g  t h e  c o l d  p a r t  o f  t he  c y c l e  i n  descending to  
shutdown. These d i f f e rences  r e s u l t  i n  a smal ler  c y c l i c  s t r a i n  range fo r  t h e  
u n i f i e d  analyses than fo r  the  c l a s s i c a l  c r e e p - p l a s t i c i t y  a n a l y s i s .  The ca lcu-  
l a t e d  s t r e s s - s t r a i n  loops shown i n  f i g u r e  6 fo r  the  Bodner mode1 a r e  quest ion-  
a b l e  because o f  computat ional  i n s t a b i  1 i t i e s  t h a t  were encountered i n  the  analy-  
s i s  on the  cooldown p a r t  of t he  c y c l e .  These i n s t a b i l i t i e s  a re  a p p a r e n t l y  due 
t o  a d i s c o n t i n u i t y  i n  the  i s o t r o p i c  hardening t e r m  o f  the model 's i n t e r n a l  var-  
i a b l e  when the  s t r e s s  s i g n  changes d u r i n g  a s teady-state h o l d  t ime ;  i t  i s  
b e l i e v e d  t h a t  t h i s  problem can be circumvented by ref inements t o  t h e  numerical  
procedure fo r  i n t e g r a t i n g  the  c o n s t i t u t i v e  equat ions.  The maximum compressive 
s t r a i n  fo r  the  s i m p l i f i e d  a n a l y s i s  (shown i n  f i g .  8)  was somewhat sma l le r  than 
fo r  the  f i n i t e - e l e m e n t  analyses because the maximum compressive s t r a i n  d i d  n o t  
q u i t e  occur a t  maximum takeoff .  Therefore, t he  s e l e c t i o n  o f  t h e  maximum take- 
o f f  c o n d i t i o n  as one of the  m iss ion  p o i n t s  f o r  a f i n i t e - e l e m e n t  a n a l y s i s  
r e s u l t e d  i n  a s l i g h t  t r u n c a t i o n  i n  t h e  c a l c u l a t e d  peak s t r a i n  and s t r a i n  
range. I n  a l l  t he  a n a l y t l c a l  cases, except w i t h  t h e  Bodner model, t h e  s t ress -  
s t r a i n  response had e s s e n t i a l l y  s t a b i l i z e d  by the  end of the second c y c l e .  

The r e s u l t s  from these s t r u c t u r a l  analyses ( e l a s t i c - p l a s t i c - c r e e p ,  Bodner 
u n i f i e d ,  Walker u n i f i e d ,  and s i m p l i f i e d )  a re  summarized i n  t a b l e  I i n  terms o f  
the  t o t a l  s t r a i n  range and mean s t r e s s  for the  second c y c l e .  CPU ( c e n t r a l  pro- 
cessor u n i t )  t imes fo r  two complete a n a l y t i c a l  cyc les  a re  i n d i c a t e d  i n  the  
f i r s t  column. The CPU t ime for  the  s l m p l i f i e d  a n a l y s i s ,  i n c l u d i n g  81 sec t o  
per form the  e l a s t i c  f i n i t e - e l e m e n t  analyses f o r  the  s t a r t u p ,  maximum t a k e o f f ,  
and shutdown c o n d i t i o n s ,  and 1 sec f o r  the  ac tua l  s i m p l i f i e d  procedure,  was 50 
t imes f a s t e r  than for the  MARC c l a s s i c a l  f i n i t e - e l e m e n t  a n a l y s i s .  
a n a l y s i s  u s i n g  the Walker model was somewhat more economical i n  CPU t i m e  than 
w i t h  the  c r e e p - p l a s t i c i t y  models. Because o f  the  computat ional  problems t h a t  
were  encountered w i t h  the  Bodner model, i t  used somewhat more CPU t ime than t h e  
c 1 ass i c a l  mode 1 s . 

The MARC 

Also presented i n  t a b l e  1 a re  p r e d i c t e d  c y c l i c  l i v e s  t o  c rack  initiation 
u s i n g  the  TS-SRP method. These p r e d i c t i o n s  were  based on unpubl ished NASA d a t a  
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fo r  out-of-phase b i the rma l  behav io r  o f  B1900+Hf a l l o y  a t  maximum and minimum 
temperatures o f  871 and 483 "C, r e s p e c t i v e l y .  Comparisons o f  t h e  c a l c u l a t e d  
s t r a i n  ranges and l i v e s  (shown i n  t a b l e  1) fo r  t h e  d i f f e r e n t  s t r u c t u r a l  ana ly -  
s i s  methods demonstrate t h e  s e n s i t i v i t y  o f  l i f e  p r e d i c t i o n  t o  t h e  c o n s t i t u t i v e  
models and a n a l y t i c a l  methodologies employed. I n  t h e  p resen t  case, t h e  l owes t  
c y c l i c  l i f e  p r e d i c t i o n  was o b t a i n e d  u s i n g  the  c l a s s i c a l  n o n l i n e a r  f i n i t e -  
e lement a n a l y s i s ,  and t h e  l a r g e s t  u s i n g  t h e  Walker u n i f i e d  model. The s i m p l i -  
f i e d  procedure p robab ly  would have g i v e n  t h e  most c o n s e r v a t i v e  l i f e  p r e d i c t i o n  
i f  the  maximum compressive s t r a i n  used fo r  the  i n p u t  t o t a l  s t r a i n  h i s t o r y  had 
been more a c c u r a t e l y  d e f i n e d .  

SUMMARY OF RESULTS 

Th is  paper eva lua tes  the  u t i l i t y  of advanced c o n s t i t u t i v e  models and 
s t r u c t u r a l  a n a l y s i s  methods i n  p r e d i c t i n g  t h e  c y c l i c  l i f e  of  an a i r - c o o l e d  t u r -  
b i n e  b lade  fo r  a gas t u r b i n e  a i r c r a f t  eng ine .  S t r u c t u r a l  a n a l y s i s  methods o f  
v a r i o u s  l e v e l s  o f  s o p h i s t i c a t i o n  were e x e r c i s e d  t o  o b t a i n  the  c y c l i c  s t r e s s -  
s t r a i n  response a t  t he  c r i t i c a l  a i r f o i l  l o c a t i o n .  C a l c u l a t e d  s t r a i n  ranges and 
mean s t r e s s e s  from the  s t r e s s - s t r a i n  c y c l e s  were used t o  p r e d i c t  c r a c k  i n i t i a -  
t i o n  l i v e s  by u s i n g  the  TS-SRP l i f e  p r e d i c t i o n  method. The major  r e s u l t s  o f  
t h i s  s tudy  were as follows: 

1 .  The p r e d i c t e d  s t r a i n  range and l i f e  v a r i e d  w i t h  the  c o n s t i t u t i v e  model 
used. D i f f e r e n c e s  i n  the  c a l c u l a t e d  s t r a i n  ranges between the  u n i f i e d  and 
c l a s s i c a l  models were m a i n l y  due to d i f f e rences  i n  the  peak s t r a i n s  computed 
a t  t he  c o l d  end o f  the  c y c l e .  However, t h e  maximum compressive s t r a i n  on t h e  
f i r s t  c y c l e  was n o t  s i g n i f i c a n t l y  a f f e c t e d  by t h e  c o n s t i t u t i v e  model, t h e r e b y  
i n d i c a t i n g  t h a t  t h e  thermal expansion c a l c u l a t i o n s  were c o n s i s t e n t .  

2 .  The s t r e s s - s t r a i n  responses c a l c u l a t e d  by u s i n g  the  Bodner and Walker 
u n i f i e d  models were v e r y  s i m i l a r .  Computat ional  i n s t a b i l i t i e s  encountered w i t h  
t h e  Bodner model d u r i n g  the  s teady -s ta te  h o l d  t imes p robab ly  can be circum- 
vented by  re f inements  i n  t h e  numer ica l  i n t e g r a t i o n  procedure.  

3 .  Because o f  the  d i f f e r e n c e s  i n  the  c a l c u l a t e d  s t r a i n  ranges, t h e  l owes t  
p r e d i c t e d  c y c l i c  l i f e  r e s u l t e d  from u s i n g  the  c l a s s i c a l  n o n l i n e a r  f i n i t e -  
element a n a l y s i s  and the  h i g h e s t  one from u s i n g  t h e  Walker u n i f i e d  model. The 
s i m p l i f i e d  procedure p robab ly  would have g i v e n  the  most conserva t i ve  l i f e  p re -  
d i c t i o n  i f  t h e  i n p u t  t o t a l  s t r a i n  peak a t  t h e  h o t  end o f  the  c y c l e  had been 
more a c c u r a t e l y  d e f i n e d .  

4. The s i m p l i f i e d  procedure,  i n c l u d i n g  the  computing t imes f o r  t h e  i n i t i a l  
e l a s t i c  f i n i t e - e l e m e n t  ana lyses ,  was about 50 t imes f a s t e r  than t h e  c y c l i c  
f i n i t e - e l e m e n t  analyses, and about 4000 t imes f a s t e r  for  j u s t  t h e  c y c l i c  
i n e l a s t i c  computat ions.  The CPU t i m e  for the  MARC f i n i t e - e l e m e n t  ana lyses  was 
somewhat l e s s  fo r  the  Walker u n i f i e d  model than t h e  c l a s s i c a l  c r e e p - p l a s t i c i t y  
models. Because o f  i t s  computa t iona l  problems, t h e  Bodner model a n a l y s i s  used 
the  most CPU t ime.  
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DATA REQUIREMENTS TO MODEL CREEP 
IN 9CR-1MO-V STEEL * 

R. W. Swindeman 
Metals and Ceramics Division 
Oak Ridge National Laboratory 
Oak Ridge, Tennessee 37831 

Models for creep behavior are helpful in predicting response of components 
experiencing stress redistributions due to cyclic loads, and often the 

analyst would like information that correlates strain rate with history 
assuming simple hardening rules such as those based on time or strain. 
the other hand, much progress has been made in the development of unified 
constitutive equations that include both hardening and softening through the 
introduction of state variables whose evolutions are history dependent. 
Although it is difficult to estimate specific data requirements for general 
application, there are several simple measurements that can be made in the 
course of creep testing and results reported in data bases. 
whether or not such data could be helpful in developing unified equations, 
and, if so,  how should such data be reported. Data produced on a 
martensitic 9Cr-1Mo-V-Nb steel were examined with these issues in mind. 

On 

The issue is 

*Research sponsored by the U. S. Department of Energy, AR&TD Fossil 
Energy Materials Program under contract no. DE-AC05-840R21400 with Martin 
Marietta Energy Systems, Inc. 

217 



Approximately 40 creep tests were performed on the steel in the temperature 
range 475 to 650 C and for times to beyond 10,000 h. 
rate, time to 0.2% creep strain, and minimum creep rate data were taken and 
used to examine two types of creep models. 

hardening was assumed and the 0.2% creep data used to estimate the 
parameters for a simple Norton-Bailey power law creep equation. 

second model, the initial and minimum creep rate data were used to estimate 
the evolution of a kinematic state variable that reduces the effective 
stress included in a simple power law creep equation. 
above data, more than 100 creep rate data from stress and temperature change 

tests were obtained and examined in connection with the expectations of the 

two deformation models. 

The initial creep 

In the first model, strain 

In the 

In addition to the 

An example of the creep response to changing stresses in a test lasting 
13,000 h is shown in Fig. 1. 
500 C, and creep response included both softening and hardening features. 
Analysis of these and other data are shown in Fig. 2 which compares the 
creep rates from constant and variable stress-temperature conditions with 
the rates calculated from a simple strain hardening rule and creep law. 
Data and calculations agree within reasonable bounds, although there is some 
tendency for the rates t o  be greater than expected. These comparisons do 
not include results from short-time transients. In such situations the 

strain hardening model was found to underestimate creep rates for stress 
increases and overestimate creep rates for stress decreases. 

Here the stresses ranged from 0 to 241 MPa at 

In the unified equation, the creep rate was assumed to be proportional to 

the function ( S a )  

"back stress"), as many other investigators have postulated. 
4 for the stress exponent is quite common in the literature, and the 
proportionality factor may be written as A(T)/D, where A(T) is some function 
of temperature and D is either constant or  slowly changing as a result of 

n , whereOL may be a kinematic state variable (called the 
The choice of 
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the metallurgical aging produced by time-temperature-strain exposure. 
Assuming thatO( is initially 0 and that D does not change permits the use of 
the initial creep rate data to calculate aC for any condition where the 
instantaneous creep rate is known. 
calculated ot against the applied stress for the minimum creep rate 
condition. 
but approach a maximum that depends on the testing temperature. 
Calculations of the hardening and recovery parameters in the Orowan-Bailey 
growth law f o r  o( requires more data, however. 
is given by the difference HB-Rat, 
rate, and R is the recovery term. 
creep tests are shown in Figs. 4 and 5. 

Fig. 3 shows a comparison of the 

The calculated values are proportional to stress at low stresses 

Here the rate of change in o( 

where H is a hardening term, 6 is creep 
Examples of H and R obtained from the 

Stress change data at various stages of creep are needed to determine 
whether or  not it is necessary to evaluate changes in D. 
calculated from the initial creep rate and the minimum creep rate does not 
agree with the o< determined from a recovery creep experiment, then either 
the model is totally wrong or D is changing. 
be the case for the 9Cr-1Mo-V-Nb steel. 
fully develop unified equations from creep tests is fairly substantial. It 
may be easier to least squares fit entire data sets together rather than t o  

correlate parameters from individual tests and restructure a model from the 
these elements. 

If the CK 

The latter situation seems to 
Either way, the data base needed to 
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Fig. 1. Creep response of 9Cr-1Mo-V-Nb steel during stress changes at 550 C. 
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Fig. 2. Comparison of calculated and observed creep rate data produced from 

constant, variable stress, and variable temperature testing. 
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N88-21513 

CONTROLLED-STkAIK RATE TESTS AT VERY LOW STRAIN RATES 
OF 2618 ALUMINUM AT 200°C 

J.L. Ding, S.R. Lee 
Department of Mechanical Engineering 

Washington State University 
Pullman, Washingtorr 99164-2920 

Constant strain rate tests and constant load creep tests were performed 
on 2618 alumin rates used in the constant strain rate 
tests were 10 , 10- , 10 , and 10 /sec. Due to the fact that the strain 
rates in both tests were coffiparable to each other, the similarities between 
them can therefore be studied. 

It was concluded that metals are essentially rate sensitive at elevated 
temperatures. The traditional definition of creep and plbsticity u s e d  in the 
classical creep analysis is actually a reflection of the material behavior 
under different loading conditions. A constitutive equation based 011 the 
test data under one loading condition should work well for other loadir,g 
conditions as long as the strain rates are ir, t h e  same range as those under 
which the material constants are determined. 

at yO°C.-8The strai -Y -4 
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111 t roduc  t i o n  ----- 
C l & ~ , ~ i c a l l . y  t h e  c o n s t i t u t i v e  e q w t j m l s  used i n  t h e  design of con.pcmmts 

of f a u t  breeder r e a c t o r  (FER) o r  p r e s s u r e  vecxiels  lare nlcwtly based  on t h e  
idea t h a t  the t o t s ]  u t r s i n  can  be decon~poe.t~d i n t o  e l a s t i c  StI'ajI1, I l l as t ic  
s t r e i n ,  creep t i t r e i n ,  and thermHl s t r a i n  ( I ) .  The e l a s t j c  trtrfi ixl  and t h e  
plastic s t  r e j i i  are d e f i n e d  a8  t h e  Irltjtiiiittlneous retiponbe t o  r, tretr;  change  
wliich is time-irlclcpeIident, w h i l e  the c ' r r r .p  s t r a f r r  i 6  d e f i n e d  as the t i m e -  
de,Iieilc:t*iit 8 t r & i n  tixlder coxihtant Iobd .  The rcmst i t . t i t  Jve equat ioirf j  for. t h e  
plccst ic  vt ra i r i  componeut a r e  based  on t h e  c l a s s i c a l  ra te - inde ,pendent  p l e s -  
t i c i t y  t h e o r y  i n  which t h e  c o n c e p t  of y i e l d  .surface p l a y 8  a v e r y  inipcsrtiriit 
r o l e ;  and t h o s e  f o r  t h e  c r e e p  s t r e j r l  CCJIIip@rIt.Ilt a r e  g e n e r a l l y  based  on a t r a i n -  
harder i jng  v i s c o u s  flow r u l e  whjch ,  j x i  most of t h e  c a s e s ,  n e e d s  t o  be m u d i f j e d  
:.XI o r d e r  t o  i n c o r F c r a t . e  t h e  a n i s o t r n p y  induced  by d e f o r m a t i o n  ( 2 ) .  S i n c e  t h e  
i l l e l a s t i c  s t r a i n  j s  decon:posed i n t o  p l a s t i c  strain and c r e e p  s t r a i n ,  t h e x e  
have  also been  some f o l l c w u p  s t u d i e s  on t h e  i n t e r a c t i o n  between c r e e p  and 
p l a c t i c i  t y  ( 3 ) .  

The new t r e n d  i n  n ~ r ~ c l e l l i n g  t h e  ir ie1cisti .c n la te r j i i l  b c , h i v i o r ,  however ,  js  
t o b a r d  a u n i f j e d  approach  i n  b h i c h  t h e  t r a d i t i c r - . a I  c r eep  and  p l . a s t i c i t y  a re  
t r e a t e d  by a u n i f i e d  e q u a t i o n .  T h i s  approach  i s  r e a s o n a b l e  based  OII t h e  f a c t  
t tst  b o t h  c r e e p  s t . r a i v  and p l a s t i c  s t r a i n  a r e  c o n t r i b u t e d  nwin ly  by t h e  same 
de fo rn ia t j r i r l  mechanisni, j . e .  , d j s l o c a t i o n  mot ion .  On t h e  o t h e r  hz,rd, t h e  way 
t o  d i s t i n g u i s h  c r e e p  s t r a i n  from p l a s t i c  s t r a i n  i n  t h e  t r a d i t i c r d  approach  
is a l s o  somewhat t o o  a r b i t r a r y .  I t  i s  a c t u a l l y  b s s e d  on. t h e  W F ~  t l : e  r r a t e r j a l  
i s  t e a t e d .  Fo r  example ,  i n  t h e  st i :dy Of c r e e p - p l a s t i c i t y  j n t e r a c t i o n ,  tt.e 
m a t e r i a l  t e s t ing  u s u a l l y  s t a r t e d  w i t h  a cons t a r i t  s t r a i n  r a t e  l o a d i n g  fol . lowed 
by a p e r i o d  of  c o n s t a n t - l o a d  I .oading ,  c r  v i c e  v e r s a .  The i n e l a t i c  s t r a i n  
accuniu la ted  d u r i n g  coi is tar l t  s t r a i n  r a t e  1.oading i s  c o n s i d e r e d  es  p l a s t j c  
s t r a i n ,  w h i l e  t h e  s t r a i n  ac.cun;ula t ed c!urlx?g the cuns tar i  t 1 oad p e r i o d  i s  
t r r n t e d  a s  c r e e p  s t r o j r l .  T h i s  d e f j r i i t  i o n  p i o b a b l y  fo l lows  t h e  t r a d i t i o n  t h a t  
p l s s t i c i t y  i s  u s u a l l y  s t u d i e d  w i t h  c(:rIst;rilt s t r a i n  r a t e  t e s t s ,  w h i l e  c.reep i s  
s t i i d j e d  w i t h  t h e  c o n s t a n t  l o a d  t e s t .  

11: t h e  c u r r e n t  s t - u d y ,  b o t h  co i i s t an t  s t  r a i x i - r a t e  t es t s  and creep res t s  
were perfornied GI-J 2618 a lun 'nun ,  a l l o y .  The s t r s i n  rates bdopted  were i n  t h e  
r a n g e  f ron:  10 /set t o  10 sec.  The s i n . i i l a r i t j e s  be tve tx i  t h t s e  two t e s t s  
were  ix1vestjg:att .d.  The purpcst?:; of t h i s  s t u d y  a r e :  

-9 -8, 

1) To j u s t i f y  t h e  ufiifjeo' t h e o r y  f o r  c r e e p  acd  p l a s t i c i t y .  
2 )  To s t u d y  t h e  crmcellt of c r e e p - p l a s t i c j t y  i n t e r a c t i o n .  
3 )  To cc,mpare t h e  s t e a d y  s t a t e  r e s p o n s e  of  rr ,Lir ,eewing ~ ra t t* r j ; t l s  unde r  

c o n s + t a n t - s t r a i r .  r a t e  I o a c ' i ~ i ~ s  w i t h  t h a t  L i R d e r  cons tan t - Ic iad  load- 
i n g s .  

111 a d d i t  i o n ,  one  t e s t  under corilbirled t e n s i o n  s n d  t o r s i o r l  l o a d i n g s  was 
e l s o  FerfclI'Eled t o  s t u d y  t h e  e f f e c t s  c:f sht- , i ir  s t ress  or1 t h e  o : i a l  s t r e s s -  
s t r a j n  r e l a t i o n  at cor i s tan t  s t r a j n  r a t e .  

K a t p r j a l  arid Specimen - _ . . .  ._-  

The n ~ t e i  ja2 en-ployed in t h e  p r e s e n t  work was aluminum fcirgirig, a l l o y  
26Jf i -Thl  which bas  t h e  same h i n d  of m a t e r i a l  8 s  t h a t  u s e d  i n  p r e v i o u s  bork 
( 4 - 7 ) ,  b u t  o b t a i n e d  t h r e e  y e a r s  l a t e r  from t1.E sane s o u r c e ,  prcltlably from a 
d i f f e r e n t  b a t c h .  The h e a t  t r e a t r c e r t  w a s  c a r r i e d  o u t  z t  d i f f e r e n t  p l a c e  t o o .  
Scxe v a r j a t j o n s  i n  t h e  n l e c h a r i i c ~ l  p r c p e r t i e s  were f o w d  between t h e s e  two 
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b a t c h e s .  However, s i n c e  yrevj.ous work bere s o t  r e f e r r e d  i n  t h e  c u r r e c t  
s t u d y ,  t h e s e  v a r i a t i o x ! s  may be d i s r e g a r d e d .  

The nominal 
o u t s i d e  diarceter ,  w a l l  t h i c k n e s s ,  a n d  gage l e n g t h  were 2 5 . 4 ,  1.5,  snd 101.6 
nun r e s p e c t i v e l y .  

Specimens were thin-wal l e d  t u b e s  of c i r c i i l a r  c r o s s  s e c t i o n .  

A l l  t h e  t e s t s  were perfc1rmc.d wi th  a conbined t m s j o n  snd t o r s i o n  c r e e p  
machine whose d e t a j l s  c a n  br found ic t h e  paper by Fixx'lry and G j e l s v i b  (6 ) .  
The r e l a t i v e  a x i a l  disp1acen:ent betveen t h e  gage pctjiits was measured by a 
na t ched  p a i r  of 1 jrieai v z i r i a t l e  d j f f e r e n t j a l  t i a r i s fo rn le r s  (LVDT) u s i n g  an 
~AC-r:ull b a l a c c e  s y s t e m .  Cce IVDT was a t t a c h e d  t o  tlie gage yoir i ts  through 
f o u r  i n v a r  r c d s  aitd t h e  o t h e r  ( r e f e r c u c e  IVDT) was connected t o  a n1jcron;eter. 
Before t h e  t e s t ,  the outpi i ts  of t h e s e  two L V D T ' s  c s n r e l l e d  each o t h e r ,  i . e . ,  
ba lanced .  During t h e  t e s t  s c ~ n i e  imbalance  as induced, d u e  t c  t h e  r e l a t j v e  
d i s p l a c e r e n t  between t h e  gage p o i n t s ,  which w c , ~ i l c I  be balanced o u t  aga in  w i t h  
t h e  r e f e r e n c e  LVDT by t u r n i n g  t h e  n t ic rone t  ei . The r e l a t i v e  d i s p l a c c n e n t  
CCJllld t h e n  be read f r m  tlie niicrometer. 

I n  o rde r  t o  u 5 e  t h e  currer l t  rrlact h e  t o  perforni c o n t r o l l c i  s t r a i n - r a t e  
t e s t s ,  some niodif ic ia t ic ins  were necessc ry .  The d e s i r e d  s t r a i n  r a t c s  were 
ob ta ined  by u s e  of s e v e r a l  AC r e v e r s i b l e  synchroitous motors t o  d i j v e  t h e  
r e f e r e n c e  I.WT a t  s p e c i f i e d  speeds a n d  an s e r v o h y d r a u l i c  s y s t e r  t o  hpply t h e  
load i n  such a way t h a t  t h e  ou tpu t  from the IVliT a t t a c h e d  t o  t h e  specimrri 
s l w a y s  matches w i t h  t h a t  of  t h e  r e f e r e n c e  LVDT, i . e . ,  tlie specimen i s  
s t r e t c h e d  a t  a speed determined by t h e  motor. Urllike t h e  t e s t s  done i n  a 
c o n v e r ~ t ~ o r ~ a l  t e n s i l e  t e s t i n g  n.achine w j  t l i  conbttcrit "crosshead" speed,  t h e  
c u r r e n t  t e s t s  a r e  t r u l y  s t r a i n  rate C C J X I ~  r o l l e d  t e s t s  because t h e  b e r m - -  
h y d r a u l i c  system i s  d r i v e n  d i r e c t l y  by t h e  o u t p u t  f r c n  t h t b  extensometer .  

The specixrteii was hea ted  in t e r r i a l  l y  by a quar t z - tube ,  r a d i a r t  h e a t i n g  
1 m p  and e x t e r r ~ a l l y  by t h o  r e s i s t a n c e  h e a t e r s  a t  t h e  ends just o u t s i d e  t h e  
gake l r n g t h .  The lamp and t h e  c r i d  h e a t e i s  were c o n t r o l l e d  separately by two 
s e t s  of Research InCCJIp01-ated temperature  c c n t i  0 1  ? e r  and power coxitrol Irr .  
The t e s t  t empera tu re  w c  2OC"C.  P r i o r  t o  t r s t j n & ,  the specimen w a s  sc,aked a t  
t h e  t e s t i n g  t empera tu re  f o r  approximately 18 houis .  The d e t a j l s  of t h e  
c h o i c e  of 18 hour s  a s  t h e  scaking tirrr cart be f o w d  i x i  t h e  p,;per by Ding ar,d 
Firidley ( 7 )  . 

The exFerimenta1 res113 ts  a re  shown i n  the  a t t a c h e d  f i g u r e s .  I n  f i g u r e  
l ( b )  t h e  s o l i d  l i r e  is t h e  t e s t  d a t a  on t h e  s t r e s s - a t r a i r :  r e l a t i o r i  f o r  a 
c o n t r o l l e d - s t r a j n - r a t e  tes  under s t e p k j s e  jrr . r ea sed  s t r n i r ?  r a t e s ,  itr-n~ely 
1.04 x 10 /sec fol lowed by uriloading a t  
ii h t r a i n  r a t e  c f  1.04 x 10- / s e e  a s  shown i n  f i g u r e  l ( a ) .  F igu re  2 i s  
a n o t h e r  c o n t r o l l e d  h t r n l r r  rate tes t  urider s t e p w j s e  decreased s t ra in  rates.  
For both t e s t s ,  a s t e a d y  s t a t e  can be fotlnd f o r  each p e r t j c u l a r  s t r a i n  r a t e  
i n  which t h e  s t r e b s  rt.nc3inc c o n s t a n t .  The s t e a d y  s t a t e  strest, a t  r~ach  s t e p  
I n  f i k u r e  l ( b )  is l o ~ ~ e r  t h a n  t h a t  i n  ttie co r re spond ing  s t e p  w i t h  t h e  fame 
s t r a i n  r e t e  j i i  f i g u r e  2 ( b ) ,  r e s p e c t i v r l y .  Thjs may be due t o  t h e  d i f f e r e n t  
s t r a i n  l i i s t o r j e s  and s t r a i n  rate l t i s t o r j r s  i nvo lved  i n  t h e s e  two t e a t s .  I n  
f igure l ( b ) ,  i t  can a l s o  he seen t h a t  t h e  s l o p e  d u r j n g  uii loading i s  h i g h e r  
t han  t h a t  d u r i n g  l o a d i n g .  T h i s  may be exp la ined  a s  f o l l o w s :  duririg l oad lng ,  
t h e  time-dependent s t ro i r r  i s  developed in t h e  same d i r e c t i o n  a s  t h e  jmpusrd 
s t r a j n  r a t e  d i r e c t i o n ,  w11JIc Ji irJng unloading,  they a r e  c,pyc,&ite t c  esch  

-8 -7  - 6  / s e c ,  1 .O x 10 / s e t ,  arid 1 .O x 10 

227 



o t h e r .  The re fo re ,  f o r  t h e  s a ~ e  imposed s t r a i n  r a t e ,  less  stress niay be  
r e q u i r e d  d u r i n g  1 cad ing  thai; d u r i n g  unloading.  S i E i l a r  o b s e r v a t i o n s  car; a l s o  
be found j n  f j g u r e  ? ( E ) .  Fowever, h a d i n g  and unloading were c a r r j e d  o u t  a t  
d i f f e r e n t  s t r a  j n r a t e s  i 1-1 t lt i s t e s t  . 

The c r e e p  t e s t  d a t a  under s t e p  l o s d i n g s  are shcwn i n  f i g u r e  3 .  The 
s t r e s s  a t  each s t e p  was chosen t h e  s a r e  as t h e  s t e a d y  s t a t e  stress a t  t h e  
correspoxtdixig s t e p  i n  f i g u r e  I ,  nme!.y, 172 .5  MPa, 195 MPa, 2nd 216 MPa, 
r e s p e c t i v e l y .  S i m i l a r  t o  f i g u r e  1, a s t e a d y  s t a t e  was a l s o  f c u r d  i n  each 
l o a d i n g  s t e p .  A. comparjson of t h e  material r e sponses  between t h e s e  two t e s t s  
i s  shown i n  f i g u r e  4 .  The s t e s d y  s t a t e  r e sponses  a t  each s t e p  are q u i t e  
c-lose t o  each o t h e r .  The  dev ia t io r .  i s  w i t h i n  10%. The major d i f f e r e n c e s  
between t h e s e  two t e s t s  seem mainly oxi t h e  t r a n s i e n t  r e sponses .  

Shown i n  f i g u r e  5 are t h e  t es t  r e s u l t s  of a x i a l  l o a d i n g  a t  c o n s t a n t  
s t r a i r i  r a t e  combired w i t h  s t epwise  v e r j e d  t o r s i o n a l  l o a d i n g s .  The e f f e c t  of 
s h e a r  stress on t h e  ongoing a x i a l  m a t c r i a l  r e sponse  t o  ;I clctnstant-s t ra in-rate  
1oadi.xig can be c l e a r l y  seen .  It is  q u i t e  i n t e r e s t j n g  t o  n o t i c e  t h a t  the 
conlbinat ion of a x i a l  stress arid s h e a r  stress 2 t  r:ew s t e a d y  s t a t e  f o r  Steps 2 ,  
3 ,  and 4 s a t i s f y  the Tresca  r e l a t jox l ,  j . e ,  (I + 4.r = c o n s t a n t ,  8 s  slwwi I n  
f i g u r e  5(c.) .  However, t h e  i n i p l i c a t i o n  of t h i s  r e l a t i o n  i s  iiot q u i t e  c l e a r  j.n 
t h i s  c a s e .  From f i g u r e  5 ( b ) ,  i t  can a l s o  be seen t h a t  t h e  s t e a d y  s t a t e  a x i a l  
stress i n  t h e  l a t e r  s t a g e ,  j. .e.,  when t h e  s h e a r  stress is conipletely 
r e l e e s e d ,  i s  lower than t h e  i n i t i a l  s t e a d y  s t a t e  stress b e f o r e  t h e  s h e a r  
stress w a s  a p p l i e d .  Similar observations can a l s o  be fourid f u r  t h e  two s t e p s  
w i t h  t h e  same s h e a r  s t r e s s ,  name1.y 55.6 NPa. T h i s  may i n d i c a t e  t h a t  sone 
kir:d of s o f t e n i n g  nay lbave occur red .  

2 

I n  f i g u r e  6, t h e  s t r e . s s - s t r a i n  C I I Z V ~ S  a t  d i f f e r e n t  s t r a i n  ra tes  d i s -  
cussed e a r l i e r  were pu t  t o g e t h e r .  A s  shown i n  t h i s  f i g u r e ,  a d j s t , i n g u i s h a b l e  
e l a s t i c  regiofi  can be found f o r  ezch curve.  The p o i n t  a t  which t h e  cu rve  
s t a r t s  t o  d e v i a t e  from t h e  s t r a j g h t  l i n e  may be d e f i n e d  as t h e  s c - c a l l e d  
y i e l d  s t r e s s  and t h e  dependence of t h e  y i e l d  stress on s t r a i n  r a t e  may he 
i n t e r p r e t e d  as t h e  r a t r - s e n s i  t i v e  y i e l d i n g  i n  t h e  theo ry  of  v i s c o p l a s t i c i  t y .  
Frcn: t h e s e  r e s u l t s ,  t h e  f i r s t  conc1.usion w e  m y  draw i s  t h a t  t h e  y i e l d  s t r e s s  
is  no t  a wel l -def ined tern! a t  h igh  temperati ire due t o  i ts  dependence on the  
l o a d i n g  coirditicjn. I n  o t h e r  words, y i e l d  s t r e s s  i s  cc t  a n a a t e r i a l  p r o p e r t y .  
The a p p l i c a b i l j t y  of c l a s s i c i a l  r a t e - indepecden t  p l a s t i c i t y  t h e c r y ,  i n  which 
t h e  concept  of y i e l d  stress js  e s s e v t i a l ,  t o  d e s c r i b e  t h e  defcrniatioir  P t  high 
t empera tu re  i s  t h e r e f o r e  s u e s t i o n a h l e .  

Secondly,  f o l l o w i n g  t h e  p roposa l  by Rice (9), t h e  above r a t e - s e c s i t i v e  
y i e l d i n g  can a c t u a l l y  be j i i t e r p r e t e d  as a r e f l e c t i o n  of t h e  r o l e  of t h e  
t ine-dependent  s t r o j r i  (o r  c r e e p  s t r a i n ) .  I f  t h e  l o a d i n g  rste i s  h i g h ,  t h e  
time-dependent s t r a i n  dces riot have er.ough t i n e  t o  cievel CJP d u r i r g  l o a d i n g ,  a 
wel l -def ined e l a s t j c  regior! n!ay be found. When t h e  l o a d i n g  r a t e  g e t s  lower,  
t h i s  e l a s t j c  r eg ion  should g r a d u a l l y  tljrrljxtish due t o  t h e  involvement of t h e  
time-deperideiit s t r a i n .  When t h e  m a t e r i a l s  r each  t h e  s t e s d y  s t a t e ,  t h e  
time-deperiderit s t r a i n  r a t e  a t  a p a r t j c i ~ l a r  s t r e s s  l e v e l  i s  fi .xed. I n  a 
c o n s t a n t  s t r a i n  r a t e  t e s t ,  when t h e  stress i s  i n c r e a s e d  t o  a l e v e l  i n  which 
t h e  time-depeIiderit s t r a i n  ra te  i s  e q u a l  t o  t h e  imposed s t r a i n  r a t e ,  t h e  
s t r e s s  w i l l  s t a y  constar i t .  A t  rciom temperature ,  t h e  c r e e p  rate of Irost 
s t r u c t u r a l  u ~ t e r j a l s  j.s so low t h a t  t h e  s t r e s s - s t r a i n  c.urve based on l o a d i n g  
t icles uf o r d e r  of miriutrs does; r:ct d i f f e r  s i g n i f i c a n t l y  from those  based on 
seconds,  hour s ,  o r  days.  T h i s  niay he cons ide red  a s  a Iixrijting c a s e  f o r  which 
t h e  rzte-indeperrdertt p l a s t i c i t y  theo ry  could be a p p l i e d .  
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Based on t h e  above d i s c u s s i o n ,  w e  may conclude t h a t  h t  h i g h  temperature ,  
a l l  t h e  na te r ia l s  are e s s e n t j a l l y  r a t e - s e n s i t i v e ,  i . e . ,  time-dependent. The 
t r a d i t i o n a l  J e f j n i t i o n  of p l a s t i c  s t r a j n  and c r e e p  s t r a i r !  a t  high temperature  
based on I r a t e r l a l  t e s t j n g  only  r e f e r s  t o  d i f f e r e n t  macroscopic m a t e r i a l  
behavior  uncer  d i f f e r e n t  3.oadi1ig c o n d i t i o n s  , i . e . ,  cccs t i in t  s t r a i n  r a t e  
l o a d i n g  v e r s u s  c o n s t a n t  load loading.  The "instantaileous" response h a s  no 
meaning u n l e s s  t h e  l o a d i n g  r a t e  ( o r  s t r a i n  r a t e )  js  s p e c i f i e d .  Consequently,  
t h e r e  seems no p h y s i c a l  background t o  s tudy  t h e  so-ca l led  c r e e p - p l a s t i c i t y  
i n t e r a c t i o n .  In f ac t ,  when t h e  s teady  s t a t e  I s  reached,  b o t h  load and s t r a i n  
r a t e  a r e  c o n s t a n t .  There j s  even cc d i s t i n c t i o n  between creep  tes t  and 
coiistarit s t r a i n  ra te  t e s t  any more. 

Modeling of t h e  ExperjniTntel R e s u l t s  - ---- - - - .  - - * - - - - -  

I n  t h e  prev ious  work (4-7), a v i s c o u s - v i s c o e l a s t i c  model was developed 
t o  model t h e  exper imenta l  r e s u l t s  of c reep  under v a r i a b l e  b i a x i a l  loadings .  
The m a t e r i a l  c o n s t a n t s  were determined by q u j t e  a few c r e e p  and c r e e p  recov- 
e r y  tests. A s  mentioned e a r l i e r ,  s i n c e  t h e r e  e x i s t  sone v a r i a t l o n s  i n  t h e  
mechanical p r o p e r t i e s  between t h e  bpecimens i n  t h e  c u r r e n t  s t u d y  and those  i n  
prev ious  work no a t t e m p t s  was made t o  use prev ious  t h e o r e t i c a l  niodel t o  
p r e d i c t  t h e  c u r r e n t  experimental  r e s u l t s  o r  t o  redetermine t h e  m a t e r i a l  
c o n s t a n t s  due t o  t h e  l i m i t e d  amount of specimen. I n s t e a d ,  some o t h e r  con- 
s t i t u t j v e  e q u a t i o n s  were considered.  

Due t o  i t s  s j m p l i c i t y ,  t h e  c o n s t i t u t j v e  e q u a t i o n  proposed by Bodner (10) 
and Mertzer  (11,12) were t r i e d  t o  niodel the c u r r e n t  experimental  results.  

For u n i a x j a l  stress s t a t e ,  t h e  c o n s t i t u t i v e  equat jon  can be s t a t e d  a s  
fo l lows:  

(2)  
P Z o P  and i = m(zl - z ) a i  - A(z - 

where EP is t h e  i n e l e s t j c  s t r a i n  rate,  u is  t h e  a p p l l e d  stress, z is  a 
s c a l a r  s t a t e  v a r i a b l e  whose i n i t i a l  v a l u e  and t h e  s a t u r a t i o n  value are z and 
z1 r e s p e c t i v e l y ,  and i s  assumed t o  be a f u n c t i o n  of p l a s t i c  work. D , n, m, 
A, q a r e  t h e  m a t e r i a l  c o n s t a n t s .  As shown j n  eqn. ($1, t h e  rate of cRange of 
z ( ; )  i s  governed by work-hardening, m(zl - z )  a€ , and s o f t e n i n g  due t o  

As shown i n  t h e  paper  by Merzer arid Bodrier ( l l ) ,  i f  n e g l e c t i n g  t h e  
recovery term, t h e  above c o n s t i t u t i v e  equat ion  can be j n t e g r a t e d  t o  g e t  an 
e x p l i c l t  s t r e s s - p l a s t i c  s t r a i n  r e l a t i o r ?  f o r  t h e  c a s e  when t h e  p l a s t i c  s t r a j n  
ra te  is c o n s t a n t .  The assumption of c o n s t a n t  p l a s t i c  s t r a i n  r a t e  can 
a c t u a l l y  be a p p l i e d  t o  t h e  l a t e r  s t a g e s  of t h e  t h r e e  curves  shewn i n  f i g u r e  6 
because t h e  stress increment and t h u s  t h e  e l a s t i c  s t r a i n  increment ,  i s  a ln los t  
zero .  

By f i t t i n g  t h e  i n t e g r a t e d  equat ion  t o  t h e s e  t h r e e  curves ,  t h e  m a t e r i a l  
parameters  used in e q u a t i o n s  (1) and (2) can be determined - fpr t h e  c u r r e n t  
m a t e r i a l .  The v a l u e s  of t h e s e  c o n s t a n t s  a r e :  Do: 10- sec ; n: 0.79; 10: 
19.0 MF'a-l; z o :  525 MPa; zl: 1092 ma. The t h e o r e t i c a l  r e s u l t s  e r e  shown i n  
f i g u r e s  I (b) , 2 ( b ) ,  and 3(b)  as d o t t e d  l i n e s .  Because e q u a t i o n s  (1) and (2) 
w a s  f o r  u n l a x j a l  s t r e s s  s t a t e ,  no t h e o r e t i c a l  p r e d i c t i o n s  was made f o r  t h e  
d a t a  shown i n  f i g u r e  5. 

0 

thermal  recovery ,  A ( z  - zo) q . 
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The t h e o r e t i c a l  r e s u l t s  shown i n  f i g u r e s  l ( b )  and 2(b)  showed some d i s -  
c r e p a n c i e s  w i t h  t h e  experimental  d a t a .  Furthermore,  t h e  p r e d i c t e d  s t e a d y  
s t a t e  stress a t  each s t e p  i n  f i g u r e  l ( b )  i s  almost  t h e  same as t h a t  a t  t h e  
co r re spond ing  s t e p  i n  f i g u r e  2(b)  w i t h  t h e  same imposed s t r a i n  r e t e ,  respec-  
t i v e l y .  T h i s  was found t o  be due t o  t h e  f a c t  t h a t  i n  bo th  cases t h e  s c a l a r  
s t a t e  v a r j a b l e  z almost  reached i t s  s a t u r a t i o n  v a l u e  z a t  t h e  en? of t h e  
f i r s t  s t e p  and s t ayed  t h e r e  f o r  t h e  whole t e s t .  With a c o n s t a n t  v a l u e  c f  z ,  
a unique stress should of c o u r s e  be expected f o r  a specif je t1  s t r a i n  rate.  

When e q u a t i o n s  (1) and ( 2 )  are a p p l i e d  t o  t h e  c r e e p  t e s t ,  f i g u r e  3 ,  i t  
can  be seen t h a t  t h e  g e n e r a l  t r e x d  c;f t h e  material behavior  seems s a t i s -  
f a c t o r i l y  d e s c r i b e d  e s p e c i a l l y  f o r  t h e  t r a n s i e n t  respcrrse a t  t h e  f i r s t  
l o a d i n g  s t e p .  The r e s u l t s  could be improved by i n c l u d i n g  t h e  the rma l  
r ecove ry  term which s e e m  q u i t e  important  i n  t h e  low s t r a i n  r a t e  t e s t s .  
However, t h e  c u r r e n t  experimental  jnformation is n o t  enough f o r  i d e n t i f y i n g  
t h i s  t e r m .  

Based on t h e  above r e s u l t s ,  i t  seems r e a s o n a b l e  t o  conclude t h a t  
c o n s t i t u t i v e  e q u a t i o n s  based 011 t h e  d a t a  from c o n s t a n t  s t r a i n  r a t e  material  
t e s t i n g  should be a b l e  t o  p r e d i c t  t h e  m a t e r i a l  behavior  i n  a c o n s t a n t  l o a d  
c r e e p  t e s t  o r  v i c e  v e r s a ,  i . e . ,  a u n i f i e d  e q u a t i c n  should work w e l l  f o r  
v a r i o u s  k i n d s  of l o a d i n g s .  However, t h e r e  i s  one v e r y  importarit p o i n t  which 
needs t o  be c l a r i f i e d  h e r e .  I n  t h e  c u r r e n t  tests, a l l  t h e  constar i t  s t r a i n  
r a t e  tests were 'performed a t  t h e  s t r a i n  ra te  which a r e  coniparable t o  t h o s e  
d u r i n g  a c o n s t a n t  l o a d  c r e e p  t e s t ,  namely lO-'/sec t o  10 /sec. However, t h e  
s t r a i n  r a t e s  u s u a l l y  used i n  t h e  s t u d y p f  p l a s t i c i  e.g . ,  c r e e p - p l a s t i c i t y  
i n t e r a c t i o n ,  a r e  i n  t h e  range from 10- /sec to 10 s e c  which a r e  g e n e r a l l y  
a v a i l a b l e  i n  a commercial t e s t i n g  machine. I n  t h i s  c a s e ,  t h e  c o n s t i t u t i v e  
e q u a t i o n  d e r i v e d  from t h e  d a t a  frcm c r e e p  t e s t s  may n o t  be a b l e  t o  p r e d i c t  
t h e  m a t e r i a l  behav io r  d u r j n g  a c o n s t a n t  s t r a i n  r a t e  tests because of d i f -  
f e r e n t  r anges  of s t r a j r i  r a t e s  involved.  The re fo re ,  i t  seems impor t an t  t o  
keep i n  mind t h a t  i n  o r d e r  t o  develop a u n i f i e d  c o n s t i t u t i v e  e q u a t i o n  which 
can i n t e r p r e t  t h e  t r a d i t i o n a l  c r e e p - p l a s t i c i t y  i n t e r a c t i o n ,  t e s t  d a t a  cover- 
i n g  a wide range of  s t r a i n  rates seems necessa ry .  

1 

-6 

-9; 

Meta l s  are e s s e n t i a l l y  r a t e  s e n s i t i v e  a t  e l e v a t e d  t empera tu res .  The 
t r a d i t i o n a l  d e f i n i t i o n  of c r e e p  and p l a s t i c i t y  used i n  t h e  c l a s s i c . a l  c r e e p  
a n a l y s i s  i s  a c t u a l l y  a r e f l e c t i o n  of t h e  m a t e r i a l  behavior  m d e r  d i f f e r e n t  
l o a d i n g  c o n d i t i o n s .  A u n i f i e d  c o n s t i t u t i v e  equa t ion  should work w e l l  f o r  
v a r i o u s  k i n d s  of l o a d i n g  c o n d i t i o n s  a s  l ong  a s  t h e  s t r a i n  r a t e s  a r e  compar- 
a b l e  t o  each o t h e r .  
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Figure 1 (b) : 
results for the loading program shown in figure l ( a ) .  
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Figure 2 ( a ) :  
stepwise decreased s tra in  ra tes .  

Loading program f o r  a controlled s t ra in  rate teat  vr:der 
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Figure 2 ( b )  : 
r e s u l t s  for t h e  l o a d i v g  pr(igram shown j n  figure ? ( a ) .  

Experimental  ( s o l j d  l i n e s )  and thecireticc~l (dotted ljnes) 
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Figure 3(a): 
s t r e s s e s .  
a t  the corresponding s t e p  i n  figbre l ( b ) ,  respect ive ly .  

Loading  program for a creep t e s t  ucder stepwise ix1creesc.d 
The s t r e s s  a t  each step is equal t c  the steady s t a t e  s t r e s s  
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r e s u l t s  for the l o a d i n g  program stiown j.11 f igure ? ( a ) .  h'otice that 
d i f ferent  time sca le s  were u s e d  f o r  each s tep .  
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S T R A I N  C%l 
Figure  4 ( a ) :  Comparison of t h e  r e s u l t s  i n  f i g u r e  l ( b )  and figure _?(a) 
j n  te ln ls  of s t r e s s  and s t r a in .  S o l i d  lines are t h e  r e s v l t s  of c o n s t a n t  
s t r a i n  r a t e  t e s t ,  whi le  d o t t e d  I j r i r s  a r e  the loading  program f o r  creep  
t e s t .  
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Figure 4 ( b ) :  Comparison of the r e s u l t s  i n  f i g u r e  ] ( a )  snd f ig l i re  3 ( b )  
i n  terms of strajn r a t e  and s t r a i n .  S o l i d  ljnes a r e  t h e  loe6jng; program 
f o r  c o n s t a n t  s t r a i n  r a t e  t e s t s ,  whi le  d a s h e d  l i n e s  a r e  the r e s u l t s  of 
creeD t e s t s .  
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A X I A L  STRESS CMPal 
Figure 5 ( c ) :  
two-dimensional s t r e s s  space. The s o l i d  l i n e  i s  the Tresca curve. 

Stresses  a t  steady s t a t e s  for  s teps  2 ,  3 ,  and 4 shown i n  a 
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Figure 6:  Stress-strain re la t ions  a t  d i f ferent  s t ra in  ra tes .  
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CYCLIC UNIAXIAL AND BIAXIAL HARDENING OF TYPE 304 STAINtESS STEEL 
MODELED BY THE VISCOPLASTICITI' THEORY BASED ON OVERSTRESS 

David Yao and Erhard Krempl 
Department of Mechanical Engineering, 
Aeronautical Engineering 6 Mechanics 

Rensselaer Polytechnic Institute 
Troy, NY 12180-3590 

The isotropic theory of viscoplasticity based on overstress does not use a 
yield surface or a loading and unloading criterion. 
depends on overstress, the difference between the stress and the equilibrium stress, 
and is assumed to be rate-dependent. 
elastic regions. 

The inelastic strain rate 

Special attention is paid to the modeling of 

For the modeling of cyclic hardening, such as observed in annealed v p e  304 
Stainless Steel, an additional growth law for a scalar quantity which represents 
the rate-independent asymptotic value of the equilibrium stress is added. It is 
made to increase with inelastic deformation using a new scalar measure which differ- 
entiates between nonproportional and proportional loading. 

The theory is applied to correlate uniaxial data under two-step amplitude 
loading including the effect of further hardening at the high amplitude and propor- 
tional and nonproportional cyclic loadings, Results are compared with Corresponding 
experiments. 

INTRODUCTION 

For the modeling of the rate(time)-dependent, cyclic neutral, inelastic 
deformation behavior of metals, the theory of viscoplasticity based on overstress 
(VBO) with a differential growth law for the equilibrium stress was proposed Ill. 
When compared with biaxial experiments it was shown to predict the room temperature 
deformation behavior of an Aluminum alloy under both monotonic and cyclic propor- 
tional and nonproportional loadings 121. 

Some alloys such as annealed copper [ 3 ] ,  Type 304 Stainless Steel [ 4 , 5 1  and 
316L Stainless Steel [ 6 , 7 ]  exhibit complicated cyclic hardening phenomena. For 
their modeling an additional growth law for a scalar quantity is introduced in VBO. 
Its growth with inelastic deformation is governed by a new scalar measure which dif- 
ferentiates between proportional and nonproportional loadings. 
to isotropic hardening in classical plasticity, 
neither an updating rule (or help function) nor a loading-unloading criterion is 
needed in this formulation. 

The effect is similar 
Unlike other approaches, e.g. 163, 

The purposes of the present paper are to give an isotropic formulation of VBO 
applicable for cyclic hardening and to demonstrate its predictive capability in pro- 
portional and nonproportional strain-controlled cyclic loadings, Some results of 
numerical experiments are compared with corresponding room temperature results on 
'Qpe 304 Stainless Steel. 
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The i so t rop ic  formulation cons i s t s  of the following d i f f e r e n t i a l  equations 
and funct ions:  

l + v  l + v  d e = -  s + -- - E - n [ r o ]  (?-E ) * 

* ( 3 )  
1 - 2 v  

t r ( g )  = - E 

= (tr(cin(g i n  2 112  iin)) , 

. 4 . a  a 
+ a5Po - a3(A-Ao) , a2 A* = alpi 

( 7 )  

- (6  6 + 6  6 ) + -  1 6 6 ) i k  jk i l l  j k  1-2V I) kk 7 8  
a + a  = I  and where T 

a - a  - u  ( O < u < l ) .  

zero; a,, a 

tha t  obtained i n  [ 2 ]  with the  exception t h a t  a dependence of J, on A and a 

For c y c l i c  neu t r a l  behavior t he  cons tan ts  ale a , a5 a r e  3 8 7  - -  
and Eqs.(7)-( l l )  are not necessary.  

8 

The system of d i f f e r e n t i a l  equations introduced i n  t h e  above is s imi l a r  t o  
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growth law f o r  A a r e  added. The fonner  ensures  t h a t  t h e  l i n e a r  e l a s t i c  regions 
expand when A increases .  I n  a d d i t i o n  t o  t h e  i n e l a s t i c  s t r a i n  pa th  length  defined 
i n  ( 6 ) ,  two a d d i t i o n a l  s c a l a r  measures a r e  introduced i n  ( 7 )  and (8 ) .  The l a s t  
measure i s  nonzero when t h e  i n e l a s t i c  s t r a i n  and t h e  i n e l a s t i c  s t r a i n  r a t e  a r e  not  
c o l l i n e a r .  This occurs  i n  nonproport ional  loading.  The q u a n t i t y  def ined i n  ( 7 )  
i s  of t h e  same o r d e r  as t h e  one def ined i n  ( 8 )  and accumulates i n  every i n e l a s t i c  
loading .  These q u a n t i t i e s  have been used t o  c o r r e l a t e  experimental  d a t a  [81. 

To i l l u s t r a t e  t h e  c a p a b i l i t y  of t h e  newly proposed growth law f o r  A consider  
two a x i a l - t o r s i o n  tests; one with p r o p o r t i o n a l  s t r t i n i n g  and t h e  o t t e r  w i t h  90" 
out-of-phase s t r g i n i n g .  I t  is c l e a r  t h a t ,  though P i  are not  z e r o ,  P o = O  i n  t h e  
former case  and P o f O  i n  t h e  l a t t e r  case. Therefore Eq.(lO) g i v e s  a d i f f e r e n t  
growth i n  t h e  two cases which i s  r e f l e c t e d  i n  t h e  magnitude of Po. 
two c y c l i c  tests with d i f f e r e n t  s t r a i n  ranges,  aga in  Eq.(lO) e i v e s  a m d i f f e r e n t  growth 
depending on t h e  i n e l a s t i c  s t r a i n  because $In  is included i n  PO and P i .  
can p r e d i c t  a f u r t h e r  hardening a t  t h e  high amplitude under two-step amplitude load- 
i n g  even i f  s a t u r a t i o n  w a s  reached a t  t h e  f i r s t  amplitude.  I f  a small s t r a i n  range 
i s  performed fol lowing a l a r g e  s t r a i n  range i n  t h e  two-step amplitude loading,  t h e  
model p r e d i c t s  a s t a b i l i z e d  stress corresponding t o  t h e  most r e c e n t  l e v e l  i r r e s p e c -  
t i v e  of t h e  p r i o r  h i s t o r y .  Equation (11) is int roduced t o  de lay  t h e  process  of 
reaching t h e  s t a b i l i z e d  va lue .  

If we consider  

The model 

As ide  from t h e s e  q u a l i t a t i v e  p r e d i c t i o n s ,  t h e  d e t a i l s  of deformation behavior 
must be eva lua ted  through numerical  experiments,  The c o n s t a n t s  and f u n c t i o n s  of t h e  
theory w e r e  s e l e c t e d  t o  r e p r e s e n t  t h e  Type 304 S t a i n l e s s  Steel. A l l  numerical  i n t e g r a -  
t i o n s  were performed us ing  IMSL r o u t i n e  DGEAR on an  IBF! AT personal  computer. 

NUMERICAL EXPERIMENTS AND DISCUSSIONS 

The procedure introduced i n  [1,2] f o r  determining t h e  c o n s t a n t s  and f u n c t i o n s  
i s  s t i l l  u s e f u l .  S t a b i l i z e d  stresses f o r  d i f f e r e n t  s t r a i n  ranges under both u n i a x i a l  
and 90' out-of-phase loadings  are necessary f o r  t h e  i d e n t i f i c a t i o n s  of t h e  c o n s t a n t s  
aseoc ia ted  with t h e  growth l a w  f o r  A. 
and f u n c t i o n s  f o r  annealed Type 304 SS are l i s t e d  i n  Table 1. 

The d e t a i l s  can be found i n  [ 9 ] .  The c o n s t a n t s  

. S i m u l a t i o n s  of t h e  fo l lowing  four tests are repor ted ,  a l l  conducted a t  t h e  same 
The f i r s t  test is a two amplitude step-up equiva len t  s t r a i n  ra te  of ce=0.0003 s-l. 

u n i a x i a l  test  wi th  ~ ~ r 0 . 0 0 5 6  f o r  15 c y c l e s  followed by 15 c y c l e s  wi th  ca-0 .008 .  I n  
t h e  second test t h e  sequence of t h e  appl ied  s t r a i n  amplitudes is  reversed. I n  t h e  
t h i r d  t es t  t h e  second block c o n s i s t e d  of a 90' out-of-phase loading  f o r  5 c y c l e s  with 
t h e  same equiva len t  s t r a i n  amplitude as t h e  previous u n i a x i a l  c y c l i n g  t o  near  sa tura-  
t i o n .  
formed with ~ ~ ~ 0 . 0 0 5 6  f o r  5 c y c l e s .  

L a s t l y  a 90" out-of-phase c y c l i c  test without  any p r i o r  deformation w a s  per- 

The r e s u l t s  f o r  t h e  f i r s t  t h r e e  tests a r e  presented i n  F igure  1. The theory 
c o r r e l a t e s  t h e  experimental  r e s u l t  reasonably w e l l  i n  normal c y c l i c  hardening tests 
and g i v e s  s i m i l a r  responses  as repor ted  i n  [ 6 ]  i n  both f u r t h e r  hardening and p a r t i a l  
fad ing  memory cases. 
i n  90 degrees  out-of-phase loading  even when t h e  m a t e r i a l  had almost s a t u r a t e d  under 
propor t iona l  loading  w i t h  t h e  same s t r a i n  range. 
ments [3,5]. It was shown [51  t h a t  t h e  c y c l i c  hardening behavior  dur ing  in-phase 
loading  ( a x i a l ,  t o r s i o n a l  and propor t iona l  loading)  can be correlated on t h e  b a s i s  
of t h e  v .  Mises equiva len t  stress and t h e  accumulated s t r a i n  p a t h  l e n g t h ,  t h e  i n t e g r a l  
of (6) .  The p r e s e n t  theory uses  t h e s e  q u a n t i t i e s ,  see (5) and ( 6 ) .  On t h e  b a s i s  of 

It a l s o  demonstrates t h a t  an a d d i t i o n a l  hardening i s  experienced 

This behavior  is found i n  exper i -  
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t h e  r e s u l t s  i n  F ig .  1 i t  i s  r e a s o n a b l e  t o  assume t h a t  t h e  theory can c o r r e l a t e  t h e  
hardening i n  in-phase loading .  

The c o r r e l a t i o n  f o r  t h e  90" out-of-phase loading  i s  shown i n  F igure  2 where t h e  
exper imenta l  r e s u l t  f o r  t h e  5 t h  c y c l e  i s  a l s o  p l o t t e d .  Comparison of t h e  s a t u r a t i o n  
levels f o r  out-of-phase l o a d i n g  i n  
reached a f t e r  5 c y c l e s )  shows t h a t  they  are almost  equal .  
t h e  s a t u r a t e d  stress was n o t  dependent on p r i o r  h i s t o r y .  This f a c t  i s  r e p r e s e n t e d  
by t h e  p r e s e n t  theory .  Even though t h e  model g i v e s  a c o r r e c t  s t a b i l i z e d  stress i n  
90" out-of-phase l o a d i n g ,  t h e  d e s c r i p t i o n  of t h e  t r a n s i e n t  behavior needs improvement. 

F ig .  1 (Path AB1') and Fig.  2 ( s a t u r a t i o n  i s  almost 
It was found i n  [ 3 ]  t h a t  
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TABLE 1 MATERIAL CONSTANTS AND FUNCTIONS* 

Material c o n s t a n t s :  
= 0.0653 hfPal-ag s-l E = 195000 MPa 

Et = 2000 MPa a4 = 0 .703  
A, = 115 MP a = 41.17 MPas - (  l-a6 1 

v = 0 . 5  a6 = 0.2062 

al 
a2 = 0.925 

V i s c o s i t y  f u n c t i o n :  

&3 

&5 

- (  1-2 1 , a7 = 0 . 4 9 5  

a = 0.505 
= 380000 MPas 

8 

-k k [xJ  = k l ( l +  ) 3 , 
k, a 

k1=314200 s ,  k2=60 MPa, k3=21.98 . 
Shape modulus f u n c t i o n  : 

$[X,Yl = Cl[Y1 + ( c p 1 [ Y l ) e x P ( - c 3 x )  ? 

cl[Y1 = + H2y J 

c2=182500 MPa, c3=0. 0783 MPa-l, H1=74740 MPa, H2=37. 04 

~ ~~ 

* 
A l l  x and y are i n  u n i t s  of  MPa. 
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Figure 1 .  The equivalent r tresr  VO 8ccumlated i n e l a s t i c  s t ra in .  
Solid end dotted liner: theory. 
Strain hirtory: 

OM unFuia l  cyc l ing  v i t h  amplitude increase - 15 cyc ler  v i t h  E a = 0 . 0 0 5 6  f o l l w e d  by 

- 15 cyclea v i t h  Ea-0.008 f o l l w t d  by 

15 cycler v i t h  Ca-0.008; 
OA'B' uniui.1 cycling v i t h  amplitude decrease 

15 cyc les  v i t h  ~ . - 0 . 0 0 5 6 ;  

cycling for 5 cyc les  a t  the same e f f e c t i v e  
rtrain amplitude. 

OAE" uniaxial cycling f o l l w e d  by 90. out-of-phase 

Al l  t e a t s  were perfomed vith ce-0.0003 0-l , 



I I I 

AXIAL STRESS UP0 
-250 0 250 9 

Figure 2. The /5 x shear stress VI u i a l  s t r e s s  undFr 90' 
out-of-phase loading with Ce = O.OOS6 and Ce = 0.0003 s-'. 
Sol id  l i n e r :  theory. Experimental data only show the 
Sth cycle. 
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SOME IMPLICATIONS FOR CYCLIC PLASTIC AND VISCOPLASTIC EQUATIONS 
BASED ON NONPROPORTIONAL LOADING EXPERIMENTS 

D.L. McDowell, J .  Moosbrugger, M. Doumi 
Georgia I n s t i t u t e  o f  Technology 

A t l a n t a ,  Georgia 30332 

E. H. Jordan 
U n l v e r s l  t y  of Connect icut  
Storrs, Connect icut  06268 

A number o f  d i f f e r e n t  f o rmu la t i ons  e x i s t  f o r  s t a t e  v a r i a b l e  o r  " u n i f i e d "  

c r e e p - p l a s t i c i t y  t heo ry  [ l - l o ] .  There i s ,  however, a common isothermal  

framework f o r  many o f  these models which Inc lude  backstress,  e.g. 

:n = f ( l I s  - all,r) (s  - a) 
Y a # Y  Y Y  

where h, and h, a r e  s c a l a r  hardening func t i ons ,  r4 and rr a re  s c a l a r  recovery 

func t i ons ,  a i s  t h e  backst ress,  K Is t h e  drag s t ress,  - s i s  d e v i a t o r i c  s t ress ,  

€n i s  t h e  i n e l a s t i c  s t r a i n  r a t e ,  and l l €n l l  = [€n:€n]1/2. 
- 

- - -  - 

School o f  Mechanical Engineering, Georgia I n s t i t u t e  of Technology, 
A t l a n t a ,  GA 30332. 

* Mechanical Engineering, U n i v e r s i t y  o f  Connect icut ,  S to r rs ,  CT 06268. 
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It is usual to first select hardening and recovery functions which encom- 

pass relevant uniaxial phenomenological behavior, and then to fit t h e  

associated material constants to this data using appropriate mu1 ti variate 

error minimization procedures. There is a somewhat prevalent assertion among 

existing theories that the directional index for the hardening term in equa- 

tion (2) is the inelastic strain rate, i.e. 

l = €  en 
I I  

(4)  

Sever 1 the 

the directional 

ries [2-3, 11-12] include a dynamic recovery term with a as 

index, i.e. 
- 

where hD is a scalar dynamic recovery function. Uniaxial testing alone i s  

insufficient to validate the directional index o f  the dynamic recovery term 

since a is collinear with P. This collinearity is also likely responsible 

for the absence o f  the dynamic recovery term in many theories. 
- - 

An dmportant attribute o f  multiaxial nonproportional loading is the non- 

collinearity of €n and a.  As will be shown in this paper, the need for the 

dynamic recovery term can be established from cyclic nonproportional biaxial 

tests. Furthermore, it is possible to comment on the relative magnitude o f  

the direct hardening and dynamic recovery coefficients and to assess the 

accuracy o f  the dl rect hardening and dynamic recovery directional indices 

based on selected tests. Axial-torsional experiments conducted with type 304 

stainless steel at room temperature and Hastelloy-X at 649.C will be discussed. 

n, - 
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Brief Di scussion of Results 

The need for the dynamic recovery term is evidenced in analysis o f  the 

type 304 stainless steel response. As shown in Figure 1, the backstress rate 

direction much more accurately approaches tangency to the backstress path 

(assuming constant, rate-independent Mises yield surface radius) with the 

addition of the dynamic recovery term. 

A1 lowing for rate-dependent response, data from sinusoidal 90' out-of- 

phase tests on Hastelloy-X were analyzed, Two possibilities were considered. 

Firstly, the coefficients of the direct and dynamic recovery terms, ha and hD 

in equation ( 5 ) ,  were considered scalars. Secondly, they were considered as 

tensor operators of diagonal form. Several admissible backstress paths were 

determined by fixed point iteration of an equation reflecting the constraint 

that backstress must lie along the backward projection of the inelastic strain 

rate direction from the current stress point, Each assumed initial value of 

backstress produced a unique, possible backstress path. For each path, the 

direct hardening and dynamic recovery coefficients were determined by least 

squares fit to the loading cycle. It was determined that the coefficient of 

direct hardening Is accurately described as a scalar, inferring adequacy of 

'the inelastic strain rate as the directional index. For the dynamic recovery 

term, however, the data suggest that a tensor-valued coefficient hD is appro- 

priate, inferring the inadequacy of backstress a as a directional index. 

Refer to Figure 2 for a comparison of the correlation achieved by using scalar 

and tensor-valued coefficients. 

- 
I 

Though limited in number and scope, these results indicate the potential 

utility of nonproportional biaxial testing in generalization o f  state variable 

cyclic viscoplasticity theories. 
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Conclusions 

From cyclic, strain-controlled, nonproportional tests on type 304 stain- 

less steel and Hastelloy-X, the followlng statements may be made: 

1. A dynamic recovery term Is essentlal to properly model the backstress 

evol ut i on. 

From analysis o f  Hastelloy-X data obtained at 649'C, the Inelastic strain 

rate appears to be a satisfactory directional index for direct hardening, 

but the backstress appears to be an inappropriate directional index o f  

2.  

dynamic recovery. 

3. Sinusoidal, 90' out-of-phase axial torsional tests can be very useful in 

aiding detegni nation of backstress evol ution functions, i ncl udi ng both 

directional indices and scalar hardening functions, by virtue of the asso- 

ciated approximately constant magnitudes of overstress, inelastic strain 

rate and effective stress. Such tests have previously been associated 

with the study o f  nonproportional hardening effects but have more far 

rang ng applications. 
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AN EXPERIMENTAL COMPARISON OF SEVERAL CURRENT VISCOPLASTIC 
CONSTITUTIVE MODELS AT ELEVATED TEMPERATURE 

G.H.  James, P.K. Imbr ie ,  P . S .  H i l l ,  D.H. Al len ,  W.E. Ha is le r  
Texas A&M Un ive rs i t y  

College Sta t ion ,  Texas 77843 

Four cur ren t  v iscop las t ic  models are compared exper imental ly f o r  Inconel  
718 a t  593" C. 
r a t e  s e n s i t i v i t y ,  undergoes c y c l i c  work softening, and i s  suscept ib le  t o  low 
cyc le  fa t igue.  The models used include Bodner's an isot rop ic  model, Krieg, 
Swearengen, and Rhode's model, Schmidt and M i l l e r ' s  model, and Walker's 
exponential model. 
negat ive s t r a i n  r a t e  s e n s i t i v i t y  response. 
i s  appl ied t o  the  models o f  Bodner and Krieg, e t  a l .  

A ser ies  o f  t e s t s  has been performed t o  create a s u f f i c i e n t  data base 
from which t o  evaluate mater ia l  constants. A method t o  evaluate the  constants 
i s  developed which draws on comnon assumptions f o r  t h i s  type o f  mater ia l ,  
recent advances by o ther  researchers , and i t e r a t i v e  techniques . A complex 

h i s t o r y  tes t ,  no t  used i n  ca lcu la t ing  the constants, i s  then used t o  compare 
the  p red ic t i ve  c a p a b i l i t i e s  o f  the models. 

and dynamic recovery i s  shown t o  model t h i s  mater ia l  system w i t h  the grea tes t  
success. 
successfu l ly  appl ied t o  the comp ex mater ia l  response encountered. 
measuring t e s t s  were found t o  be invaluable and warrant f u r t h e r  development. 

This mater ia l  system responds w i th  apparent negative s t r a i n  

Schmidt and M i l l e r ' s  model and Walker's model co r rec t  f o r  
A cor rec t ion  s i m i l a r  t o  Schmidt's 

The combination o f  exponent ia l ly  based i n e l a s t i c  s t r a i n  r a t e  equations 

The method o f  constant ca lcu la t ion  developed i n  t h i s  work was 
Backstress 
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INTRODUCTION 
T h i s  paper experimentally compares four current viscoplastic models for  

metals a t  elevated temperature. 
uncover the mathematical forms which model r e a l i t y  most successfully and t o  
develop basic understanding of the models. A secondary objective is  t o  
develop methods of constant calculation which are systematic and repeatable. 
A f ina l  objective i s  t o  develop experimental t e s t s  and t e s t  software t o  
support viscoplastic modeling. 

Th s research produces many positive results.  First, the aspects of each 
model which need further development are uncovered. Also, the most accurate 
mathematical forms of the models are determined. T h i r d ,  basic understanding 
of t h e  models i s  generated. Such understanding is  necessary f o r  actual 
engineering application of the models and for  expanding the capabi l i t ies  of 
the models. Fourth, systematic methods o f  material parameter evaluation are 
developed which draw on advances by a l l  the modelers. 
calculation methods make the models much easier to  use by researchers and 
engineers in the f i e l d  and advance the technology toward automation and 
standardization. 
reported which can e i ther  lead or support theoretical advances. 

The primary objective of this work is  t o  

Systematic constant 

Finally, experimental techniques and needs are developed o r  

MATERIAL CONSIDERATIONS 

The material used i n  th i s  work was Inconel 718 and was provided by NASA 
Lewis Research Center i n  Cleveland, Ohio. The temperature used was 593" C .  
(1100" F. ) .  
used i n  this work had .2% yield s t ress  values between 792 and 903 MPa. The 
material cycl ical ly  work softened. Strain ageing and negative s t r a i n  ra te  
sens i t iv i ty  e f fec ts  were observed between the s t ra in  ra tes  of lX10-5 sec" and 
lX10-3 sec-'. 
cycled a t  s t r a i n  amplitudes over ~ 1 %  strain.  
inclusion o f  creep hold times also adversely affected the fatigue l i f e .  

The heat treatment used was given by the Metals Handbook [ l ] .  
was annealed a t  954" C for  one hour and then 011 quenched. 

The average value o f  Young's modulus was 169.9 GPa. The material 

A fatigue l i f e  of 5 t o  30 cycles resulted when specimens were 
Lower s t ra in  ra tes  and the 

All samples were subjected to  the same heat treatment prior t o  tes t ing.  
The material 

The next s tep was 
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I 

ageing a t  718" C. fo r  eight hours w i t h  a furnace cool. 
Hevi Duty Electric Co. type 66-P. Temperature was monitored w i t h  a Keithly 
871 Digital Thermometer. The resulting material s t a t e  was found t o  be the 
eas ies t  t o  machine. 
machining and again before testing. 

The furnace used was a 

Therefore, the heat treatment was carried out before 

OVERVIEW OF MODELS 

The models chosen for  this work include Bodner's anisotropic model [ 2 ] ,  
Krieg, Swearengen, and Rhode's model (31 ,  Schmidt and Mil ler ' s  model [4], and 
Walker's exponential model (21 .  
under active development, methods of determination of the constants have been 
reported, and some attempt has been made or  is being made to  expand them t o  
t ransient  temperature modeling. The material uti l ized i n  t h i s  work responded 
w i t h  negative s t r a i n  r a t e  sensit ivity due to  s t ra in  ageing. 
Schmidt and Miller and Walker were able to  handle th i s  phenomenon. 
of Bodner and Krieg, e t  a l .  needed corrections t o  handle this  effect .  
models a re  reviewed below. 
Bodner's Anisotropic Model 

These models were chosen because they are 

The models o f  

The models 
The 

The growth laws for  Bodner's anisotropic model have the following form: 

z = z I + zA= z I i B sgn a 

T z'- z 
Z 1  

I '  2]r1 ' I  z = m , [  Z , -  Z ] Wp- A , Z , [  

A 
= m 2 [  Z,sgn u - Z A ]  wp- A 2 Z , [ Y ] ' 2  1 sgn Z 

where Do, n,  m l ,  Z 1 ,  Z2,  A I ,  r1, m2,  Z3, A2 and r2 are material constants. 

gives a l i m i t i n g  s t r a i n  ra te  i n  shear o f  Do [Sf. 
dynamic recovery term f o r  2 i n  the isotrop c growth law ( 3 )  
and - A , Z , ( (  Z - Z 2 )  Z ; ' I r 1  is a s t a t i c  thermal recovery term. 
uniaxial representation of a second order tensor in the multiaxial s t a t e  which 
handles directional or anisotropic hardening. 

The flow law is exponentially based as seen in equation (1) .  The model 
I The term -m,Z W i s  a 

P 

B is  a 

A 

B i s  assumed t o  act  as an 
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i s o t r o p i c  var iab le on an incremental basis [61. The growth law f o r  B (4) has 

the same components as the growth law f o r  D (3). 
Bodner's model i s  seen t o  use the r a t e  o f  p l a s t i c  work instead of 

i n e l a s t i c  s t r a i n  r a t e  as the measure o f  work hardening (3 ,4 ) .  This i s  

designed t o  a l low f o r  be t te r  modell ing o f  s t r a i n  r a t e  jump t e s t s  (71. The 

co r rec t i on  used t o  account fo r  the s t r a i n  ageing e f fec ts  was Schmidt and 
M i l l e r ' s  non- in teract ive so lute strengthening cor rec t ion  [ 4 ] .  The i n e l a s t i c  

s t r a i n  r a t e  equation was then w r i t t e n  i n  the fo l low ing  form: 

where F i s  the maximum correct ion,  J i s  the s t r a i n  r a t e  o f  maximum correct ion,  
and B i s  the width o f  correct ion.  
Krieg, Swearengen, and Rhode's Model 

Krieg, e t  a l . ' s  growth laws have the fo l low ing  form: 

2 

1- 1 1 sgn B I B = A,; - A,B [ e 

. I  n D = A,,& - A s (  D - D o )  

where C, n, AI, A2, A3, A4, and A5 are mater ia l  constants. 

and drag s t ress  growth laws (8,9) contain s t a t i c  thermal recovery terms but  no 

dynamic recovery terms. The recovery term i n  (8) i s  based on a d i s l o c a t i o n  
c l imb model by Fr iedel .  The recovery te rm i n  (9) i s  based on a specia l  case 

o f  the same cl imb recovery model used i n  (8) [ 3 , 8 1 .  

again used w i t h  t h i s  model t o  produce the fo l low ing  i n e l a s t i c  s t r a i n  r a t e  

equation: 

The f l ow  law i s  seen t o  be a power law based equation. The back s t ress 

Schmidt and M i l l e r ' s  non- interact ive solute strengthening co r rec t i on  was 
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Schmidt and Miller's Model 
Schmidt and Miller's growth laws have the following form: 

)'*'}" sgn( 0 - B (12) 

(13) 

(14) 

0 - 6  E ' =  B'{ sinh( 

.I B = H I €  - H I B ' {  sinh( A l l B l  ) }n sgn( B ) 

+ Fsol 

D 3 )  - H,C,B'{ sinh( A,D3) }n 
A 2  

* I  
= H,(;'I(C,+ 161 - - 

where B ' ,  n, H1, AI, H2, C2, A2, F, J, and 6 are material constants. 

model creep response better 191. 
thermal recovery terms o f  the back stress and drag stress growth laws 
(13,14). The drag stress hardening term contains a hardening term, a dynamic 
recovery term, and a term which couples drag stress hardening to back stress 
magnitude. These three terms provide the proper cyclic, hardening, softening 
and saturation behavior [9]. 
correction ( Fsol ) as mentioned earlier is seen in this model. 
Walker's Exponential Model 

The flow law has the form of a hyperbolic sine. This form was chosen to 
This same form is found in the static 

The same non-interactive solute strengthening 

The growth laws for Walker's exponential model have the following form 

[2,10]: 

D = D,+ D,exp(-n,R) (18) 

I R = l i  I 

where B, n2, n3, n4, n5, R o ,  n6, D1, D2, and n7 are material constants. 
This version of Walker's flow law (16) is based on an exponential 
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funct lon.  
stress growth law. The  term B [ n,+ n,exp(-n , l log( lRI/R, ( )I ]  i is a dynamlc 
recovery term. Negatlve s t r a i n  rate s e n s l t l v i t y  e f f e c t s  can be modelled w i t h  
the term n,exp(-n,llog( IRI/R,) 1 )  . Back stress thermal recovery I s  handled by 
the B n6 term. Drag stress hardening I s  modelled t h r o u g h  
the D,exp(-n,R) term. 
model. 

The  term n z i l  i s  seen t o  be a work hardening term i n  the back . *  

0 .  

No provislon I s  made f o r  drag stress recovery I n  t h l s  

EXPERIMENTAL PROGRAM 

The bas ic  experimental program consisted of the following tests: 
(1) 2 monotonic tension tests t o  1.5% s t r a i n  ( s t r a i n  r a t e s  of 

(2 )  5 f u l l y  reversed cyc l ic  tes t s  t o  2 -8% s t r a i n  ( s t r a i n  r a t e s  
between l.00X10-3 sec-' and 7.63X10-6 sec-' ); 

( 3 )  5 constant load creep t e s t s  ( applied s t r e s ses  between 820 MPa 
and 958 MPa ); 

(4)  4 back stress measuring t e s t s  d u r i n g  cyc l i c  loading and 4 d u r i n g  
secondary creep; and 

(5)  1 complex h is tory  tes t .  

3.15X10'3 sec-' and 7.25X10-6 sec- 1 ); 

Table 1 provides more spec i f i c  information on the tes t  program. 
provides the t e s t  number. The type of t e s t  i s  given i n  column 2. 
r a t e  and s t r a i n  limits a r e  given in  columns 3 and 4. 
the creep t e s t s  a r e  given in column 5. 
provided i n  reference I l l] .  
Back S t r e s s  Measuring Tests  

e t  a l .  [ 3 ]  and during saturated cyc l ic  loading a s  used by Walker [12]  were 
performed i n  t h i s  work. 
holding a saturated cyc l i c  t e s t  a t  various points  on the unloading curve,  
switching t o  load control and monitoring the s t r a i n  r a t e  following the hold. 
The material  was recycled and a hold time a t  another s t r e s s  value was car r ied  
out.  
permit complete sa tura t ion  of the microstructure f o r  f e a r  of sample 
f r ac tu re .  
cycle  var ia t ion  of the  maximum s t r e s s  of l e s s  than 6.89 mpa. 

Column 1 
The s t r a i n  

The applied s t r e s s e s  f o r  
A complete data  s e t  in t abu la r  form i s  

Back s t r e s s  measuring t e s t s  d u r i n g  secondary creep as described by Krieg, 

The cyc l i c  back s t r e s s  numbers were obtained by 

Fatigue l i f e t ime  problems f o r  the material  used i n  t h i s  work d i d  not 

The c r i t e r i o n  used t o  def ine sa tura t ion  in  this work was a cycle t o  
These conditions 
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Table 1 - Test Program 

were met a f t e r  10 t o  15 cycles f o r  this  material .  

s t r a i n  r a t e  a t  each hold time. 
sc ru t in ized  t o  decide how many points  t o  consider in  the  regression ana lys i s  
a s  the onset  o f  thermal recovery following a hold time was a very subject ive  

decis ion.  
a zero s t r a i n  r a t e  was produced. T h i s  hold s t r e s s  was determined by the use 
of a l i n e a r  l e a s t  squares curve f i t  t o  the  s t r a i n  r a t e  versus hold s t r e s s  
data .  

The creep back s t r e s s  numbers were obtained i n  a s imi la r  fashion. 
stress on a sample i n  secondary creep was dropped t o  various lower levels. 
The i n e l a s t i c  s t r a i n  r a t e  immediately following each drop was analyzed i n  the  
same manner as  w i t h  the cyc l i c  t e s t s .  

The back stress numbers were invaluable i n  estimating some material  
constants ,  The r e s u l t s  were a l so  promising enough t o  warrant further study. 
The procedures used here could be grea t ly  enhanced by equipment w i t h  g r ea t e r  
reso lu t ion  such as used by Jones, e t  a l .  (131 and l e s s  subjec t ive  methods of 

A l i n e a r  l e a s t  squares regression t o  the s t r a i n  r a t e  da ta  provided a 
Each t r ans i en t  tes t  had t o  be ind iv idua l ly  

The back s t r e s s  was assumed t o  be equal t o  the hold s t r e s s  a t  which 

The 
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data reduction such as the method of B l u m  and Finkel [141. 
such as torsional cycling used by El l i s  and Robinson could also be considered 
1151. 
material such a Inconel 718 which  suffers from a short fatigue l i f e  when 
cycled. Reference [ 111 contains more information on the resul ts  observed and 
software developed for  these tes t s .  

Other techniques 

The s t r e s s  transient t e s t  I161 might also provide information f o r  a 

EXPERIMENTAL APPARATUS 

The load frame ut i l ized i n  these t e s t s  was an MTS (Materials Test System) 
model 880 electrohydraulic testing machine shown i n  F ig .  1. MTS 652.01 Water- 
cooled hydraulic gr ips  allowed f u l l y  reversed cyclic t e s t s  t o  be carried out 
a t  h i g h  temperature. 
computer. 
cyclic t e s t s ,  cyclic tests w i t h  hold times, creep t e s t s ,  and creep s t r e s s  drop 
t e s t s .  
661.21A-02 50 K N  load cel l  was the load transducer. An MTS 632.416-02 axial 
extensometer was the s t r a i n  transducer. 
w h i c h  contacted the sample a t  two 120" punch holes. The material samples 
designed t o  ASTM E606-77T specifications for  low cycle fatigue specimens. 

63911 Process Temperature and Power Controllers were used f o r  temperature 
control. Temperature Measurement was handled by six 28 gauge K-type 
thermocouples. These were placed i n  contact w i t h  the sample. Three 
thermocouples were fed into a Fluke 2176A Digital Thermometer for  readout. 
These were placed w i t h  one each a t  the top, middle, and bottom of the gauge 
section. 
controllers.  These were placed i n  the center of the furnace zone each was t o  
sense w i t h  one thermocouple placed i n  the center of the gauge section and one 
on each g r i p .  

attached t o  the sample by self-supporting means. The thermocouples a t  the top 
and bottom of the gauge section were wound around the sample. 
thermocouples used i n  the center of the gauge section were brought into the 
oven from different  directions and t ied to each other. These thermocouples 
were then wound around the sample for contact. 

The frame was controlled by a Digital Micro PDP-11 
Computer programs were written to  run  monotonic tension t e s t s ,  

An MTS The Micro PDP-11 also handled data acquisition functions. 

This device had quartz extension rods 

An MTS 652 three-zone clamshell furnace and three Research Incorporated 

The other three thermocouples were fed into the temperature 

The thermocouples were fastened t o  the g r i p s  by f iberglass thread 

The 

Welding the thermocouples t o  
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the  sample would have produced harder contacts w i t h  more r e l i a b l e  temperature 
measurement. However premature f a i l u r e  occurred a t  the welds. 

CALCULATION OF MATERIAL CONSTANTS 

The complex response o f  Inconel 718 a t  593" C prompted f l e x i b l e  methods 
o f  constant ca l cu la t i on  t o  be developed. The method f o r  ca l cu la t i ng  constants 
f o r  the  models began by making a ser ies o f  jud ic ious assumptions which allowed 
comnonly used constant ca lcu la t ion  schemes t o  produce i n i t i a l  estimates o f  the  
constants. Some non l i nea r i t y  was avoided i n  t h i s  step and was re in t roduced by 
a ser ies  o f  repeatable i t e r a t i o n s  t o  the f i n a l  constants. The i t e r a t i v e  step 
numerical ly in tegrated the models t o  p red ic t  the s t ress-s t ra in  response a t  a 
c e r t a i n  po int .  
t o  the experimental value a t  t h i s  point .  Another mater ia l  constant was then 
changed t o  match another mater ia l  point .  

Physical  ins igh t ,  f a m i l i a r i t y  w i t h  the uncer ta in ty  i n  the data set, and 
engineering i n t u i t i o n  guided the organizat ion o f  the ca l cu la t i on  process. 
However, the  actual  process was car r ied  out as systemat ical ly as possible.  
The eventual c rea t i on  o f  systematic and automatable methods t o  ca l cu la te  
constants has been a major d r i v e r  I n  t h i s  phase o f  the work. The method used 
t o  ca l cu la te  the  mater ia l  constants w i l l  be sumnarized using a gener ic 
v i scop las t i c  model i n  the f i r s t  subsection o f  t h i s  section. The gener ic model 
used as an example w l l l  be presented f i r s t  followed by a subsection o u t l i n i n g  
the  general method o f  i n i t i a l  ca lcu lat ions and a subsection o u t l i n i n g  the 
i t e r a t i v e  step. 
Generic V iscoplast ic  Model 

One mater ia l  constant was then changed t o  match the p r e d i c t i o n  

The growth laws f o r  the example model are presented below: 

I I B = C , E  + C,B S + C,B 

I 0 = C , l i  I + C,D 

n i s  a constant measuring s t r a i n  r a t e  sens i t i v i t y .  
back s t ress  hardening. 

CI i s  a constant measuring 
Ce i s  handling back stress dynamic recovery and C3 

261 



measures back stress thermal recovery. 
C5 models drag stress recovery. 
Ini t ia l  Assumptions 

The following i n i t i a l  assumptions were made in this work: 

monotonic tension; 

C4 produces d rag  stress hardening and 

(1) back stress was assumed responsible for hardening i n  

(2 )  drag s t ress  was assumed responsible f o r  cyclic softening; 
(3) thermal recovery was assumed negligible f o r  r a p i d  

(4 )  drag  s t ress  thermal recovery was present in low 

(5) back s t ress  thermal recovery was present i n  creep tests.  

t es t s  (6 I z 1.0~10-”sec-l) ; 

st rain rate saturated cyclic tests;  and 

These assumptions allowed the constants for the inelastic strain ra te  
equations, back stress hardening, drag stress hardening, drag stress recovery, 
and back s t ress  recovery t o  be calculated i n  that  general order. These 

assumptions also allowed much o f  the constant calculation schemes reported in 
the l i terature  to  be utilized with th i s  material [2,3,4,5,9,12,17,18].  

law assuming thermal recovery was negligible. The back stress growth  law took 
on the following form: 

The f i r s t  step was to estimate the constants i n  the back stress growth  

i = [c ,+  B c,]  2 

Differential techniques f o r  calculating work hardening such as seen i n  Chan’s 
gama and theta plot concepts [ 2 ]  were useful. Experimental estimations of 
back s t ress  values such as used by Krieg, e t  a l .  I 3 1  and Walker [ 12 ]  were 
usually necessary. 
back stresses as used by Miller [91 have also been used. 

the i n i t i a l  value of d r a g  stress denoted by DO. 
strain ra te  equation i n  the following form was useful: 

Relationships between saturated stresses and saturated 

The next step was to  calculate the strain rate sensitivity constant n and 
Rewriting the inelastic 

I I n (  o - B ) = -  I n (  6 + I n (  D,) n 

A linear f i t  t o  several da ta  p o i n t s  typically provided l / n  as the slope and 
I n (  Do ) as the intercept. This is  a technique commonly used w i t h  Bodner’s 
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model 1191. 
using techniques such as the gamma o r  theta p l o t  ( 2 )  and r e l a t i o n s  between 

saturated s t ress and back stress are useful  [9,2]. 

assuming t h a t  thermal recovery could be neglected f o r  rap id  tests .  
cumulative i n e l a s t i c  s t r a i n  was calculated a t  a po in t  on the c y c l i c  curve 
where B and D could be estimated. The drag stress recovery parameter Cg was 
then ca lcu la ted  by assuming the drag stress growth law was equal t o  zero f o r  
the  saturated cyc le  of a low s t r a i n  r a t e  tes t .  The back s t ress  recovery 
parameter C3 was ca lcu lated by assuming the growth law f o r  back stess was zero 
f o r  creep tests .  
Computer I t e r a t i o n s  

The computer i t e r a t i o n s  began by pa i r i ng  each mater ia l  constant w i t h  an 
experimental s t ress-s t ra in  po in t  which the constant should i n t u i t i v e l y  have 
the  greatest  e f f e c t  i n  p red ic t i ng  i n  a sequential fashion. The constants i n  
the  gener ic model were pai red i n  the fo l lowing fashion f o r  t h i s  work: 

The a b i l i t y  t o  estimate saturated stresses and back stresses 

I n i t i a l  determinat ion o f  the drag stress parameter C4 was ca r r i ed  out by 
The 

(1) Do was pa i red  w i th  a s t ress-s t ra in  po in t  a t  .8% s t r a i n  on t e s t  70 

(2) C2 was pai red w i th  a s t ress-s t ra in  po in t  a t  1.3% s t r a i n  on t e s t  70; 
(3) C 1  was used t o  assure tha t  the theore t ica l  back s t ress values were i n  

(4) n was pai red w i t h  a s t ress-s t ra in  po in t  a t  .8% s t r a i n  on t e s t  71 ( d = 

(5) C3 was pa i red  w i th  a po in t  a t  1.3% s t r a i n  on t e s t  71; 

( E = 3.151X10-3 sec"); 

the  same range expected from experimental values; 

7.253X10-6 sec-'); 

(6) C4 was pa i red  w i th  a po in t  a t  .8% on 

(7) C5 was pa i red  w i th  a po in t  a t  .8% o t  

The i t e r a t i v e  procedure then progressed 

1. oozx 10-3 sec-1) ; 

7.626X10'6 sec-l); 

the 1 0 t h  cycle of t e s t  86 ( Z = 

the 4th cyc le  o f  t e s t  72 ( d = 

by numerical ly i n teg ra t i ng  the 
model t o  p r e d i c t  the experimental s t ress-s t ra in  value fo r  a spec i f i c  
constant. 
he ld constant. 
p r e d i c t i o n  a t  i t s  paired experimental point. 
these steps were t o  be car r ied  out i s  shown i n  Table 2.  The x marks i n d i c a t e  
which constant i s  being a l te red  during the step ind icated i n  column 1. Steps 

1 through 5 are se t t i ng  the back s t ress hardening charac ter is t i cs .  

The constant was a l te red  t o  match t h i s  po in t  wh i le  the others were 
Then another constant was a l te red  t o  produce the proper 

The expected order w i t h  which 

Steps 6 
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through 9 are se t t i ng  the s t r a i n  r a t e  s e n s i t i v i t y  o f  the model. 
through 12 are se t t i ng  the drag stress hardening constant. 
recovery constants are being set i n  steps 13 through 15. 
i s  se t  i n  steps 16 through 18. 

Steps 10 
The back s t ress  

Drag s t ress  recovery 

Table 2 - An Example Set o f  I t e ra t i ons  

This  method al lows the e n t i r e  process t o  be recorded. Automation o f  such 
a method i s  a lso poss ib le  i f  the i n i t i a l  ca lcu la t ions  produce values which are 
c lose t o  the  f i n a l  constants. A systematic set  of i t e r a t i o n s  may a lso a l low a 
standard method f o r  ca l cu la t i ng  constants t o  be produced. The lack  o f  
co r rec t i on  f o r  s t r a i n  ageing e f fec ts  i n  the i n i t i a l  ca lcu la t ions  caused 
problems i n  implementing t h i s  i t e r a t i v e  scheme. 
suggestions t o  avoid t h i s  as we l l  as the speci f ic  app l i ca t ion  o f  t h i s  method 
t o  the models used i n  t h i s  work. 
constants w i t h  s t ress u n i t s  o f  MPa, s t r a i n  u n i t s  of cm/cm, and t ime u n i t s  o f  
sec. 

Reference [ 111 provides some 

Table 3 gives the f i n a l  values o f  the  

MODEL RESULTS 

The forms o f  the models t o  be covered i n  t h i s  sect ion inc lude Bodner's 
model wi thout a cor rec t ion  f o r  so lu te strengthening, Bodner's model w i th  a 
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Table 3 - Final Constants for Models 

I Bodner I s Ani sotropic I 

1 Schmidt and M i  1 1  er I s I 

I I J .4  

J J 1E-9 t 

I Walker's Exponential 1- 



s o l u t e  s t rengthening co r rec t i on ,  t he  model o f  K r i e g ,  e t  a l .  w i t h  and w i t h o u t  a 
c o r r e c t i o n  f o r  s o l u t e  strengthening, Schmidt and M i l l e r ' s  model, and Walker 's  

exponent ia l  model. 
f o rward  i n t e g r a t i o n  scheme on a Perkin-Elmer 32-10 computer. 

used ranged from 5.0X10'4 sec f o r  t e s t  70 t o  5.0X10-2 sec f o r  t e s t  71. 
Reproduct ion o f  Test Data 

3. 151X10'3 sec - l ) .  
Walker 's  model i s  showing adverse e f f e c t s  from i t s  dynamic 

t h e  s t r e s s  i s  decreasing a t  h igher  s t r a i n  l eve l s .  
w i t h  t h e  method o f  constant c a l c u l a t i o n  than t h e  model i t s e l f .  The i t e r a t i v e  

p o r t i o n  o f  t h e  constant  c a l c u l a t i o n  process was performed w i t h  access t o  o n l y  
two p o i n t s  on t h i s  curve. 
have so lved t h i s  problem. 

Walker 's  model i s  s t i l l  f o l l o w i n g  t h e  shape of t he  curve best.  The dynamic 
recovery problem s t i l l  e x i s t s  w i t h  the  Walker model. 
i s  showing some numerical  i n s t a b i l i t y  due t o  t h e  presence o f  t h e  
s o l u t e  s t rengthening parameters. 
Kr ieg,  e t  a l .  a re  much lower than the  o the r  models. 
s imply  se t  t o  zero i n  these versions. The o the r  constants remained t h e  same 

as i n  t h e  co r rec ted  versions. Therefore, t he  reponse o f  t he  uncorrected 
ve rs ions  cou ld  have been averaged over the s t r a i n  range b e t t e r .  However, t h e  

b a s i c  s t r a i n  r a t e  s e n s i t i v i t y  would have remained t h e  same. 
F ig .  4 i n t e r p o l a t e s  the model response and experimental response between 

these two s t r a i n  r a t e s  presented above by p i c k i n g  o f f  s t ress  values a t  .8% 

t o t a l  s t r a i n  f o r  t e s t s  of in termediate s t r a i n  r a t e s  and p l o t t i n g  these va lues 

versus t h e  l o g  o f  t h e  app l i ed  s t r a i n  ra te .  The t e s t s  used i n  Fig.  2 and F ig.  
3 a re  shown on t h i s  f i g u r e  also.  Walker's model i s  e x h i b i t i n g  nega t i ve  s t r a i n  

r a t e  s e n s i t i v i t y  and the  co r rec ted  Bodner model i s  showing no s t r a i n  r a t e  

s e n s i t i v i t y .  
s e n s i t i v i t y .  

The models were numer ica l ly  i n teg ra ted  w i t h  an E u l e r  
The t ime steps 

F ig .  2 shows t h e  response of t he  models as compared t o  t e s t  70 ( i = 

The models are a l l  oversquare except f o r  Walker' s. 

recovery term as 
This  i s  more o f  a problem 

Using th ree  p o i n t s  o r  i n t e r a c t i v e  g raph ics  would 

F i g .  3 compares t h e  model ou tpu ts  t o  t e s t  7 1  ( t = 7.253X10-6 sec - l ) .  

The Krieg, e t  a l .  model 

The uncorrected vers ions o f  Bodner and 

The Fsol parameter was 

The o t h e r  models c l e a r l y  produce p o s i t i v e  s t r a i n  r a t e  

Fig.  5 shows t h e  s t ress  values a t  +.8% s t r a i n  f o r  the saturated c y c l e  

response. The slowest s t r a i n  r a t e  prov ides data from the  f o u r t h  c y c l e  and t h e  
o t h e r  p o i n t s  a re  f rom the  10th cyc le .  
models w i t h  c o r r e c t i o n  f o r  s o l u t e  s t rengthening are e x h i b i t i n g  nega t i ve  s t r a i n  

The t rend  has changed and a l l  t h e  
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r a t e  s e n s i t i v i t y .  
recovery parameters and the c y c l i c  work so f ten ing  response. 

t e s t  86 ( i = l.002X10-3 sec-' ) by present ing the  values a t  +.8% s t r a i n  f o r  

each cyc le.  
model reproduce t h i s  da ta  c losest .  Fig. 7 prov ides t h e  same da ta  f o r  t e s t  80 
( i = 9.926X10'5 sec-' ). This  s t r a i n  r a t e  shows Walker's model f o l l o w i n g  t h e  

experiment t h e  c loses t .  The peak value a t  t he  second c y c l e  i s  reproduced w i t h  
t h i s  model only.  Fig.  8 presents the  c y c l i c  data f o r  t e s t  72 ( i = 7.626X10'6 
sec-' ). The co r rec ted  Bodner model i s  f o l l o w i n g  the  data c loses t .  The 
Walker model i s  c l e a r l y  s u f f e r i n g  from the  lack o f  a drag s t r e s s  thermal 

recovery term. 
P r e d i c t i v e  C a p a b i l i t i e s  

complex h i s t o r y  t e s t .  
o f  t h e  m a t e r i a l  constants. 
Fig.  9 through Fig.  14 show the  comparison o f  t he  models t o  t h i s  complex 
h i s t o r y  t e s t .  The corrected Bodner model i n  Fig.  10 i s  t h e  l e . s t  a f f e c t e d  by 
s t r a i n  r a t e  jumps. Bodner a t t r i b u t e s  t h i s  t o  the use o f  p l a s t i c  work as t h e  

measure o f  work hardening [ 7 ] .  The i n t e r a c t i o n  o f  t he  solute' s t rengthening 
c o r r e c t i o n s  o f  a l l  t h e  models may be having an e f f e c t  on t h i s  aspect o f  a l l  

t h e  models. 
s u s e p t i b l e  t o  these jumps. 
undershoots observed du r ing  t h e  s t r a i n  r a t e  jumps are a t r a n s i e n t  e f f e c t  of 
t h e  behavior o f  a system o f  coupled nonl inear  d i f f e r e n t i a l  equat ions [ZO]. 

t h e  Bodner and Kr ieg,  e t  a l .  models a t  t he  zero s t r a i n  h o l d  t ime shows t h a t  

t h e  Fsol c o r r e c t i o n  negates the  e f f e c t s  o f  thermal recovery i n  such 
instances. This  could be a r e s u l t  o f  t h e  low value o f  J o r  t h e  i n e l a s t i c  
s t r a i n  r a t e  o f  maximum c o r r e c t i o n  used i n  these models. The co r rec ted  Bodner 
model had J = 1.0X10'6 sec-', the model o f  Kr ieg,  e t  a1 had J = 7.0X10- 

model showed no thermal recovery a t  t h i s  ho ld  e i t h e r .  The small  i n e l a s t i c  
s t r a i n  r a t e s  produced by thermal recovery terms would meet i nc reas ing  hardness 

i f  t h e i r  magnitude was below J .  Increas ing hardness would tend t o  d r i v e  t h e  

s t resses up and oppose the  a c t i o n  o f  t he  thermal recovery terms. 

Th is  i s  probably an e f f e c t  o f  t he  drag s t ress  thermal 

F ig .  6 a l lows i n t e r p o l a t i o n  between t h e  f i r s t  c y c l e  and t h e  10th c y c l e  o f  

The co r rec ted  Kr ieg,  e t  a l .  model and the  uncorrected Bodner 

The p r e d i c t i v e  c a p a b i l i t i e s  o f  t h e  models were explored by t h e  use a 

Table 4 gives the  i n p u t  h i s t o r y  o f  t h i s  t e s t .  
Th i s  experimental t e s t  was no t  used i n  t h e  c a l c u l a t i o n  

The uncorrected vers ions i n  Fig.  9 and Fig. 11 are  very 
Yao and Krempl r e p o r t  t h a t  t he  overshoots and 

A comparison o f  t h e  response of the co r rec ted  and uncorrected ve rs ions  of 

6 

sec- l ,  and Schmidt and M i l l e r  had J = 1.0X10-9sec-1. Schmidt and M i l l e r ' s  
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Table 4 - Complex History Test I n p u t  

i 

9 .006 008 9.532E-6 200 
10 .008 .01 5.OE-3 .4 
11 .Ol .01 0 60 
12 .Ol .015 4.95E-4 10 
13 .015 0 -1.4925E-3 15 L 

The Walker model follows the shape o f  the  stress s t r a i n  curve b e t t e r  than 

the other models. 

stress growth and the lack of an i n e l a s t i c  s t r a i n  r a t e  exponent. 

Krieg, e t  a l .  had n = 15.0 and Schmidt and Miller had n = 7.0. The constant 

values o f  work hardening have a l so  been reported a s  reasons f o r  this 13,211. 

Bodner's model may be suffer ing from the lack of a back s t r e s s  o r  the  e f f e c t s  

of the p l a s t i c  work measure of s t r a i n  hardening. However, fu r the r  study would 

be required t o  show this .  The corrected model of Krieg, e t  a l .  reproduces the  

actual  s t r e s s  leve ls  best  a f t e r  i n i t i a l  yield.  No explanation can be given 

f o r  t h i s  a t  t h i s  time. 

This could be a r e s u l t  of the be t t e r  modelling o f  t he  back 

T h e  model o f  

CONCLUSIONS AND RECOMMENDATIONS 

Conclusions and Recommendations based on the Models 

The theor ies  of Walker and Bodner with exponentially based i n e l a s t i c  

s t r a i n  r a t e  equations and dynamic recovery terms handle the  s t r a i n  r a t e  

s e n s i t i v i t y  the  best .  Bodner's model shows less s e n s i t i v i t y  t o  s t r a i n  r a t e  



jumps possibly due t o  the plast ic  work r a t e  measure of s t r a i n  hardening. The 

reproduction of the general shape u s i n g  Walker's model may be aided by be t te r  

modelling of the back stress term and by the exponentially based ine las t ic  

s t r a i n  r a t e  equation. The drag stress growth law o f  the Walker model provided 

the closest  f i t  t o  data over several cycles a t  h ighe r  s t r a i n  rates.  The 

second cycle peak seen a t  the lower s t ra in  ra tes  was modelled only by 

Walker. Bodner's model handled cyclic response best over several cycles a t  

the lower s t ra in  ra tes  due t o  the thermal recovery term. The solute 

strengthening correction caused numerical instabi l i ty ,  negating the ef fec t  of 

thermal recovery d u r i n g  hold times and may have lessened the sensitivity t o  

s t r a i n  r a t e  jumps. 
Future s tudy of these models could take two directions. First, a 

comparison t o  a material which does not exhibit s t ra in  ageing ef fec ts  would be 

beneficial. 

some of the information which could have been obtained i n  this work. An 

example of this is information about the effect  of s t r a i n  jumps on the 

predictive capabi l i t ies  of the models. 

the  models were also adversely affected by the s t r a i n  ageing corrections. 

methods f o r  calculating constants should be checked w i t h  a posit ive s t r a i n  

r a t e  sensi t ive material. 

The corrections necessary t o  account for  this phenomenon masked 

The thermal recovery capabi l i t i es  of 

The 

Second, fur ther  s tudy which concentrates on the specif ic  model form 

should be carried out by the use of extended models. 

extended from the existing ones. 

i n e l a s t i c  s t r a i n  measure of work hardening i n  the model of Krieg, e t  a l .  w i t h  

a measure based on p las t ic  work. The inelast ic  work measure i n  Bodner's model 

could be replaced w i t h  an nelast ic  s t ra in  measure. The extended models could 

t h e n  provide t rue  i n s i g h t  nto the ramifications of us ing  a measure of  p l a s t i c  

work. The e f fec t  of us ing  an inelast ic  strain r a t e  equation based on 

These would be models 

An example o f  this would be t o  replace the 
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exponential, power law, and hyperbolic sine functions could be studied. 

advantages and disadvantages of providing a model w i t h  a back s t ress  term 

could be studied by providing the Bodner model w i t h  one as Moreno and Jordan 

have done 1221. 

Conclusions and Recomnendations based on the Calculation of Constants 

The 

The i n i t i a l  assumptions that  back s t ress  is responsible for  hardening i n  

monotonic tension and drag s t r e s s  is responsible for  cyclic 

hardening/softening appear t o  be good assumptions for  this material system. 

These assumptions were used for  every model i n  the hand calculations and the 

computer i terat ions w i t h  success. 

changing drag s t ress  parameter a l t e r s  the s t ra in  r a t e  sensi t ivi ty  of the model 

[23]. 

study. 

t e s t s  ( E > l.0X10'14 sec" ), drag s t ress  recovery dominates i n  low s t r a i n  

ra te  cyclic tes t s ,  and back s t ress  recovery dominates i n  creep t e s t s  appear 

d i f f i c u l t  t o  apply i n  the presence of solute strengthening effects .  T h i s  

material system requires that  a correction for  solute strengthening be 

employed before recovery e f fec ts  can be calculated. 

much smaller than the original hand calculations for  the models of Krieg, e t  

a l . ,  Bodner. and Walker produced. T h i s  observation leads t o  the conclusion 

that  the recovery e f fec ts  are  largely insignificant for  h > l.0X10'5 sec". 

Mil ler ' s  model requires the recovery terms t o  be much more active than the 

other models. This in f lex ib i l i ty  gave some problems i n  the calculation of 

Mil ler ' s  constants. 

Krempl, McMahon, and Yao report t h a t  a 

T h i s  effect  was not considered i n  t h i s  work and m i g h t  warrant fur ther  

The I n i t i a l  assumptions that  thermal recovery is negligible f o r  rapid 

The recovery e f fec ts  were 

The solute strengthening ef fec ts  also masked the true s t r a i n  ra te  

sens i t iv i ty  of the material. 

to  be obtained outside the region of solute strengthening effects.  

Information on the s t ra in  ra te  sens i t iv i ty  needs 

The 

following i n i t i a l  assumptions would have been more appropriate based on these 
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observations: 

(1) back s t ress  was assumed responsible for hardening i n  

monotonic tens ion; 

(2) drag s t r e s s  was assumed responsible for  cyclic softening; 

(3) thermal recovery e f fec ts  were small and masked by solute 

strengthening effects;  

(4 )  solute strengthening o r  strain aging effects  masked the 

basic positive s t r a i n  ra te  sensitivity of the material. 

The model o f  Krieg et ,  a l .  was an easy model to  work w i t h  since each term 

i n  the growth laws could be scaled somewhat separately of the others. An 

interesting observation of this model was that the constants of the ine las t ic  

s t r a i n  r a t e  equation could be swept over a broad range b u t  the monotonic 

hardening remained relat ively constant. There was also a mathematical 

ambiguity between the constant C and the scaling of the drag s t ress .  The  

scaling could be transferred from one parameter t o  the other without any 

visible change i n  model response. 
Bodner's model "converged" t o  the f inal  constants w i t h  fewer i te ra t ions  

than the other models us ing  the i te ra t ive  scheme developed i n  this work. T h i s  

was probably due t o  the lack o f  a back stress parameter. A mathematical 

ambiguity existed between n and the scaling o f  the internal s ta te  variables 

when information was not available t o  calculate n. T h i s  i s  why a value f o r  n 

can often be picked and s t i l l  produce a workable model. 
Mil ler ' s  model was h i g h l y  coupled i n  that  the recovery terms were not 

separated from the hardening terms. The recovery terms can therefore change 

the same order of magnitude as the hardening terms. Miller readily admits 

tha t  th i s  model is designed for  materials which have a very active drag s t r e s s  

parameter 191. He s ta tes  that  this  model may not be applicable f o r  this type 

of material system. However, a reevaluation of the constants f o r  Mil ler ' s  

27 1 



model m i g h t  prove f r u i t f u l .  A majority of the constants should be calculated 

outside the region o f  solute strengthening effects  and without a r t i f i c i a l l y  

separating the hardening and recovery terms. A solute strengthening parameter 

would t h e n  be added to  f i t  the response t o  the negative s t ra in  r a t e  sensi t ive 

region. 
Mil ler ' s  model also maintains control over the saturated s t a t e s  of the 

internal s t a t e  variables 8 and 0 w i t h  the A 1  and A2 constants. A correction 

f o r  s t r a i n  ageing as well as cyclic work softening might be possible by 

control1 ing  these saturated states.  A recommendation for  fur ther  s tudy  based 

on this model would contain an expanded study of back s t ress  magnitudes over 

the entire s t r a i n  ra te  region considered. A possible method f o r  this i s  

disscussed i n  reference 11. The latest form of Miller 's  model I241 should 

also be studied, as i t  may be used w i t h  material systems similar t o  this. 
Walker's model holds promise for  automating the calculation procedure f o r  

th i s  type of  material. Walker's model has fewer constants, appears t o  be 

ta i lored for  this  type of material, and can u t i l i z e  the theta  plot concept 

12). The drag s t r e s s  scaling performs the same strain r a t e  sens i t iv i ty  

functions as the n i n  the power law related models. Expanding knowledge of 

the back stress values would also be useful for  this model. 

Conclusions and Reconendations Based on the Experimental Work 
The back stress measuring tests both i n  creep and i n  cyclic loading were 

very subjective and uncertain. However, the i r  extreme usefulness and re la t ive  

success i n  application w i t h  an automated t e s t  set-up warrant fur ther  study. 

I t  appears possible that these t e s t s  can be developed into useful i n p u t s  t o  

the constant calculation process. More sensitive data acquisition devises 

w i t h  greater resolution and a smaller and less massive load frame f o r  more 

precise control would greatly enhance the usefulness of these tes t s .  The 

subjectivity could be lessened by using a method such as proposed by B l u m  and 
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Finkel  [14 ]  t o  analyze the data. 

less  than l.0X10-7 sec-l. 

f o r  s t r a i n  ra tes  greater  than l.0X10’4 sec”. 

t e s t s  could be f i l l e d  by performing tes ts  during monotonic tens ion such as the  

s t ress  t rans ien t  t e s t  mentioned by Soloman, Alhquist  and Nix  [16] .  

o f  t e s t  takes on greater  usefulness f o r  a mater ia l  such as Inconel 718 which 

e x h i b i t s  good d u c t i l i t y  i n  tension and high s u s c e p t i b i l i t y  t o  low cyc le  

The back s t ress measuring tes ts  dur ing creep were usefu l  f o r  s t r a i n  ra tes  

The c y c l i c  back stress measuring t e s t s  were useful  

The reg ion  between these two 

This type 

f a t  i gue. 

An automated load frame was invaluable i n  t h i s  work f o r  the complex 

tes ts .  

sens i t i ve  and mode-switching tests.  A dead weight load frame would a lso be 

usefu l  f o r  the creep and creep-stress drop tests.  A more advanced and 

c o n t r o l l a b l e  method o f  load-up would be a necessity. 

A smal ler  load frame might provide more s t a b i l i t y  dur ing h igh l y  

It would a l so  be use fu l  

t o  u t i l i z e  the same gr ips,  furnace, extensometer, and data a q u i s i t i o n  

equipment as w i t h  the automated load frame. This would remove some r e l a t i v e  

e r ro rs  between the two systems. 
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Fig. 1. MTS Configuration 
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1000.0 I I i I I 1 1 I I I I f 1 

-1 

0.0 1 I 
I I I I I I I I I I I I I 
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Fig. 2. Model Response as Compared t o  Test  70 
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F ig .  3. Model Response as Compared to Test 71 
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TEST 69 - -  COf lPLEX I N P U T  HISTORY 
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F i g .  9. Complex History - Bodner's Uncorrected Model 
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Fig .  10. Complex History - Bodner's Corrected Model 
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F i g .  11 Complex H i s t o r y  - Uncorrected Model o f  Kr ieg ,  e t  a1 . 
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F i g .  12. Complex History - Corrected Model o f  Krieg, et al. 
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F ig .  13. Complex History - Schniidt and Miller's Model 
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d e v e l o p m e n t  h a v e  a l l o w e d  t h e  i n t r o d u c t i o n  o f  d i r e c t i o n a l l y  
s o l i d i f i e d  and  s i n g l e  c r y s t a l l i n e  t u r b i n e  b l a d e s  i n  a i r c r a f t  gas  
t u r b i n e  e n g i n e s  a n d  a d v a n c e d  rocket e n g i n e s .  B e c a u s e  t h e s e  
a l l o y s  e x h i b i t  complex a n i s o t r o p i c  e l a s t i c  and  p l a s t i c  
p rope r t i e s ,  t h e  c o n v e n t i o n a l  c o n t i n u u m - m e c h a n i c a l  a p p r o a c h  t o  
c o n s t i t u t i v e  m o d e l l i n g  is f r e q u e n t l y  i n a d e q u a t e .  T h i s  h a s  l e d  
d e s i g n e r s  a n d  a n a l y s t s  t o  t r y  t o  u n d e r s t a n d  f u n d a m e n t a l  
m e t a l l u r g i c a l  d e f o r m a t i o n  and  damage m e c h a n i s m s  i n  t h e s e  a l l o y s ,  
a n d  t o  i n c o r p o r a t e  some o f  t h e s e  m e c h a n i s m s  i n  t h e i r  models.  The 
goa l  o f  t h i s  p r o j e c t  i s  t o  c h a r a c t e r i z e  t h e s e  f u n d a m e n t a l  
m e c h a n i s m s  i n  t h e  n i c k e l - b a s e  s u p e r a l l o y  PWA 1 4 8 0 ,  a n d  t o  
i n t e r a c t  w i t h  t h e  m e c h a n i c s - o r i e n t e d  a n a l y s t s  i n  a n  a t t e m p t  t o  
d e v e l o p  p h y s i c a l l y - b a s e d  c o n s t i t u t i v e  models f o r  t h i s  a l l o y .  

I n  a d d i t i o n  t o  t h e  a n i s o t r o p i c  e l a s t i c  a n d  p l a s t i c  
p r o p e r t i e s  w h i c h  are  i n h e r e n t  t o  a s i n g l e  c r y s t a l  , n i c k e l - b a s e  
s u p e r a l l o y  s i n g l e  c y r s t a l s  a l so  e x h i b i t  c o m p l e x  b e h a v i o r  d u e  t o  
t h e i r  m i o c r o s t r u c t u r e s .  The a l l o y s  a re  s t r e n g t h e n e d  by t h e  
p r e c i p i t a t i o n  o f  t h e  y '  p h a s e ,  and  t h i s  p h a s e  i s  t h e  d o m i n a n t  
m i c r o s t r u c t u r a l  f e a t u r e  ( a b o u t  60 vo lume  % o f  t h e  a l l o y ) .  
B e c a u s e  y '  i s  a n  o r d e r e d  p h a s e ,  i t  shows  an  anomolous  i n c r e a s e  i n  
s t r e n g t h  w i t h  t e m p e r a t u r e ,  l s o  e x h i b i t s  v e r y  c o m p l i c a t e d  
o r i e n t a t i o n - d e p e n d e n t  behavior. B e c a u s e  t h e  s u p e r a l l o y  i s  
composed  of 60% y l ,  some o f  t h i s  b e h a v i o r  i s  a l s o  e v i d e n t  i n  t h e  
s u p e r a l l o y .  However ,  i t  mus t  be stressed t h a t  t h e  s u p e r a l l o y  i s  
a c o m p o s i t e  s t r u c t u r e ,  c o n s i s t i n g  of t w o  p h a s e s .  I t  i s  of t h e  
h i g h e s t  i m p o r t a n c e  t o  d e t e r m i n e  how d i s l o c a t i o n s  i n t e r a c t  w i t h  
t h e  p r e c i p i t a t e s  and  w i t h  t h e  m a t r i x / p r e c i p i t a t e  i n t e r f a c e s  
d u r i n g  d e f o r m a t i o n .  T h e s e  i n t e r a c t i o n s  a r e  v e r y  d e p e n d e n t  o n  
t e m p e r a t u r e ,  s t r a i n  r a t e ,  and  stress s t a t e .  

( 2 )  
I n t e r r u p t e d  t e n s i l e  t e s t s  were c o n d u c t e d  on  < 0 0 1 >  o r i e n t e d  s i n g l e  
c r y s t a l s  a t  t e m p e r a t u r e s  f r o m  20-1093OC. Two s t r a i n  r a t e s  were 
u s e d ,  0 . 5  and  50%/min .  A f t e r  t h e  tests were c o n d u c t e d ,  t h e  
d e f o r m a t i o n  s u b s t r u c t u r e s  were c h a r a c t e r i z e d  by  t r a n s m i s s i o n  
e l e c t r o n  m i c r o s c o p y  (TEM). A l t h o u g h  t h e  c y c l i c  work h a s  j u s t  
r e c e n t l y  b e g u n ,  t h e  r e s u l t s  t o - d a t e  i n c l u d e  some u n e x p e c t e d  
d e f o r m a t i o n  b e h a v i o r .  I f  t h e s e  t r e n d s  a re  a l s o  e v i d e n t  i n  t h e  
c y c l i c  t e s t i n g  , t h e y  w i l l  h a v e  s t r o n g  i m p l i c a t i o n s  f o r  t h e  
a p p l i c a b i l i t y  o f  c u r r e n t  c o n s t i t u t i v e  m o d e l s .  

The f i r s t  p h a s e  o f  t h e  p o j e c t  h a s  b e e n  c o m p l e t e d .  
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F i g u r e  1 i s  a summary o f  t h e  y i e l d  s t r e n g t h  d a t a .  I t  c a n  be 
s e e n  t h a t  be low 76OoC, t h e  s t r e n g t h  i s  i n d e p e n d e n t  of t e m p e r a t u r e  
a n d  s t r a i n  r a t e .  Above 76OoC, t h e  s t r e n g t h  becomes o f  f u n c t i o n  
o f  t e m p e r a t u r e  and s t r a i n  r a t e ,  d u e  t o  t h e  f a c t  t h a t  t h e  p l a s t i c  
d e f o r m a t i o n  i n  t h i s  r e g i m e  is  t h e r m a l l y  a c t i v a t e d .  F r e q u e n t l y ,  
t h e r m a l l y  a c t i v a t e d  p r o c e s s e s  c a n  be c h a r a c t e r i z e d  v e r y  w e l l  by  
a n  A r r h e n i u s - t y p e  r e l a t i o n s h i p  o f  t h e  fo rm:  

w h e r e  Q = A c t i v a t i o n  e n e r g y  
T = T e m p e r a t u r e  
R = Gas c o n s t a n t  
A = C o n s t a n t  

F i g u r e  2 i s  a p lo t  o f  t h e  d a t a  i n  t h i s  f o r m .  It i s  s e e n  t h a t  t h e  
d a t a  f a l l s  n a t u r a l l y  i n t o  t h r e e  t e m p e r a t u r e  regimes. A n a l y s i s  o f  
t h e  d e f o r m a t i o n  s u b s t r u c t u r e s  r e s u l t e d  i n  t h e  same t h r e e  r e g i m e s ,  
and  t h e  b o u n d a r i e s  o f  t h e  r e g i m e s  were t h e  same. R e f e r e n c e  ( 2 )  
s h o u l d  be c o n s u l t e d  f o r  d e t a i l s ,  b u t  a s h o r t  summary i s  p r e s e n t e d  
below. 

A t  low t e m p e r a t u r e s ,  when t h e  s t r e n g t h  was i n d e p e n d e n t  o f  
t e m p e r a t u r e ,  s l i p  w a s  v e r y  c r y s t a l l o g r a p h i c .  D e  f o r m a t  i o n  
o c c u r r e d  by s h e a r i n g  of t h e  y '  o n  {ill) p l a n e s .  I n  t h i s  regime, 
t h e  c r y s t a l l o g r a p h i c  m o d e l s  w h i c h  add  p l a s t i c  s h e a r  s t r a i n s  o n  
d i f f e r e n t  s y s t e m s  ( b o t h  i n s i d e  and  o u t s i d e  t h e  y ' )  would  a p p e a r  
t o  be g e n e r a l l y  a p p l i c a b l e .  

A t  h i g h  t e m p e r a t u r e s ,  w h e r e  t h e  a c t i v a t i o n  e n e r g y  f o r  
y i e l d i n g  was i n d e p e n d e n t  o f  s t r a i n  r a t e ,  s l i p  was e x t r e m e l y  
homogeneous .  A d d i t i o n a l l y ,  t h e  y '  was n o t  s h e a r e d  d u . r i n g  
d e f o r m a t i o n .  The p a r t i c l e s  were b y - p a s s e d  by d i f f u s i o n -  
c o n t r o l l e d  c l imb .  I n  t h i s  r e g i m e ,  t h e  y '  was n o t  s h e a r e d ,  so t h e  
c r y s t a l l o g r a p h i c  models w h i c h  c o n s i d e r  c u b e  s l i p  w i t h i n  t h e  
p r e c i p i t a t e s  would n o t  be a p p l i c a b l e .  

I n t e r m e d i a t e  t e m p e r a t u r e s  r e s u l t e d  i n  t r a n s i t i o n a l  b e h a v i o r .  

I t  m u s t  be s t r e s s e d  t h a t  t h e  a b o v e  d i s c u s s i o n  i s  l i m i t e d  t o  
d e f o r m a t i o n  d u r i n g  t h e  i n i t i a l  s t a g e s  o f  a t e n s i l e  t e s t ,  a n d  o n l y  
t h e  { O O l )  o r i e n t a t i o n  w a s  t e s t e d .  L a t e r  i n  t h e  program, c y c l i c  
a n d  o f f - a x i s  s t u d i e s  w i l l  b e  c o n d u c t e d  t o  see i f  t h e  c o n c l u s i o n s  
are  more g e n e r a l .  

R e  f e r e n c e  s 

1. D. P. Pope and  S. S. E z z :  I n t ' l .  Metals Review,  1 9 8 4 ,  v o l .  
2 9 ,  p. 136 .  

I 

2.  W. CJ. M i l l i g a n :  NASA CR-175100, 1 9 8 6 .  
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Figure  1 .  Yield s t r e n g t h  a t  0 . 0 5 %  o f f s e t  V S .  temperature .  
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A Unified Creep-Plasticity Model Suitable for Thermo-Mechanical Loading 

1.1 

D. Slavik, Research Assistant 
H. Sehitoglu, Assistant Professor 

Department of Mechanical and Industrial Engineering 
University of Illinois at Urbana-Champaign 

1206 West Green Street 
Urbana, IL 61801 

INTRODUCTION 

Various unified creep-plasticity constitutive models have been proposed 

to account for time-dependent material behavior and temperature affects 

[l-61. Material constants for the flow rule and the evolution equations are 

generally determined from a number of material behavior experiments. Model 

limitations may exist if material behavior predictions are considered outside 

the temperature or strain rate regime where the material constants have been 

established. New deformation mechanisms identified in deformation mechanism 

maps [7] could dramatically affect material behavior, but they may not be 

represented in the unified equations. 

A constitutive model is needed that can account for relative rate 

insensitive material behavior obtained at low temperatures (plasticity 

deformation mechanism) as we1 1 as highly rate sensitive material behavior 

observed at high temperatures (power law creep and diffusional flow 

deformation mechanisms). This is necessary to provide an accurate time- 

dependent material model for a wide range o f  temperatures and strain rates. 

A constitutive model with accurate rate and temperature predictive 

capabi 1 i ties could then be checked with critical thermo-mechanical loading 

experiments. This is necessary to identify model capabilities and explore 

model limitations. 
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1.2 PURPOSE AND SCOPE 

In this study: 

(1) a unified model is presented for isothermal and thermo-mechanical 

Predictions are compared to experiments for a wide range of loading. 

temperatures and strain rates. 

(2) deformation mechanisms operative for the alloys considered are 

incorporated into the constitutive equations. 

2. THE CONSTITUTIVE EQUATIONS 

The proposed unified creep-plasticity model contains two state 

variables. It i s  a 

tensor that defines the center of the stress surface in deviatoric stress 

space. It is a scalar that 

defines the radius of the stress surface in deviatoric stress space. In 

general, the state variables will evolve throughout the deformation history 

consistent with the Bailey-Orowan theory [8,9]. The coupled differential 

equations are 

The state variable SFj is the deviatoric back stress. 

The second state variable K is the drag stress. 

.e + E -in + Isij E th 
E = e  
ij ij ij 

K = hK - rK + oT 
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where i i j  is the total strain rate, iij is the elastic strain rate (determined 
with Hook's law), "13 is the inelastic strain rate, ith is the thermal strain 
rate, 6ij is the Kronecker delta, Sij = u - u 6 . . / 3  is the deviatoric 

6 / 3  is the deviatoric back stress, uij is the stress, Sij = 

stress, a i s  the back stress, S c j  is the deviatoric back stress rate, K is 

the drag stress rate, T is the temperature rate, ha and hK are the hardening 

functions, r and rK are the recovery functions, f is the flow rule function, 

and o is a temperature dependence term. 

ij kk i j  
C 

"ij - Okk i j  

ij 

a 

3. 1070 STEEL 

A detailed systematic method has been established for determining the 

material constants from experimental data [ 10). Two different flow rules 

shown in Fig. 1 are considered. Flow rule 1 is determined with plasticity 

deformation mechanism material behavior only. Flow rule 2 is determined from 

material behavior operating in the plasticity and power law creep deformation 

mechanism regimes. The flow rules and evolution equation constants for 1070 

steel are shown in Table 1. 

Flow rule 1 provides accurate material response simulations when the 

plasticity deformation mechanism is operative, but it is inaccurate for slow 

strain rate high temperature simulations when the power law creep deformation 

mechanism is operative. In Fig. 2, 600°C material response experiments and 

predictions with flow rule 1 are shown. For i = 2.0e-3 sec-l (plasticity), 

the predicted response is accurate. For = 2.0e-6-l sec-l, a different 

mechanism is operative (power law creep), and the predicted stresses are 

significantly higher than the experimental values. Deformation mechanisms 

need to be incorporated into the flow rule and evolution equations to provide 

accurate strain rate effects. 
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Flow rule 2 accounts for the high strain rate sensitivity at higher 

temperatures. In Fig. 3, stable 600°C experimental and predicted response is 

shown. Accurate rate affects have been achieved. Through the flow rule and 

evo ution equations the model can account for these two deformation mechanisms 

for a wide range of temperature and strain rates. 

Thermo-mechanical total constraint material response is shown in Figs. 4 

and 5. The mechanical strain is the sum of the elastic and inelastic strain 

components. Cycle numbers are shown on the figures at the maximum stress 

levels. These predictions are independent of the thermal experimental 

response and provide a good check for the constitutive model. For the thermo- 

mechanical response, plasticity (low temperature end) and power law creep 

(high temperature end) are both activated during a cycle. Predictions compare 

favorably with experiments. 

4. CONCLUSIONS AND FUTURE WORK 

An experimentally based unified creep-plasticity constitutive model has 

been implemented for 1070 steel. Accurate rate and temperature affects have 

been obtained for isothermal and thermo-mechanical loading by incorporating 

deformation mechanisms into the constitutive equations in a simple way. 

Further work on low temperature material behavior for 1070 steel (T < 

400°C) and on different materials is presently being considered. Preliminary 

work on 304 stainless steel and nickel alloys show the model applicability to 

a variety of engineering materials. 
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Table 1 1070 Steel Material 

Constitutive Functions 

( S i  .- St.) 
f[ JK ] = A (F/K)" 

where A = A '  exp ( - A H / R T ]  

3 C C - 
cl = J 7 (Sij - Sij )  (Sij - s. .) 

1 J  

c -in 
h = {  i j  

.in 
i j  

- 
a - b a for Sij E L 0 

a for s t j  E < o 
a 

- 3 c c 1/2 
a = (2 Sij S. .) 

1 J  

d r = c(Z/a*) a 

where c = c' exp [ - G / R T ]  

hK = 0, rK = 0 

E = e l - e 2 T  

KO = h l  - h2 T 

O = -h2 
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Constitutive Constants 

Flow Rule #1 
n = 27.9 

~ 

I 
Flow Rule #E 

for Y/K s 1, n = 5.4 

I for Y/K > 1, n = 27.9 

f3 = 1.7 X w 5 / K  
I A '  = 4.0 x lo9 sec-l , AH = 210.6 KJ/mole 

I l b = 100 
a = 40000 MPa 

a* = 100 MPa 
d = 3.2 
c' 
G = 248.4 KJ/mole 

= 5.0 x 1014 sec- 1 
I 

For T I 713 K (440OC) 

= 210710 MPa, el 
hl = 273.6 MPa, 

For T > 713 K (440°C) 

el = 385260 MPa, 
hl = 501.3 MPa, 

= 31.0 MPa/K 
h2 = 0.04 MPa/K 
e2 

= 275.7 MPa/K e2 
h2 = 0.32 MPa/K 
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Figure 1 1070 Steel Flow Rule (400°C - 700°C) 
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/ 
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I 
L------- 

-400- 

Experimental 
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Predicted 

u (MPa) 

7 - - - - 
I I , €  

L- 4 aol‘ 
---- J - Stable 

Experimental 

- - - Stable 

(flow rule 1) 

(flow rule 1) 

Figure 2 1070 Steel Experimental and Predicted 
Material Response, 600°C ( f l o w  rule 1) 

(a) 
-6 -1 = 2.0 x 10-3sec-1 (b) k = 2.0 x 10 sec 
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(flow rule 2) 
-400 

Figure 3 1070 Steel Experimental and Predicted 
Material Response, 600°C (flow rule 2) 

(a) L = 2.0 x 10--3se~--1 (b) = 2.0 x 10-6sec-1 
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(a) Experiment (b) Prediction 
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On t h e  Global /Local  Time Increment ing f o r  V i s c o p l a s t i c  Ana lys i s  

A.  F.  Saleeb, T. Y.  Chang, J. Y .  Chen 
Department of C i v i l  Engineer ing 

'Ihe Un lve rs l  t y  o f  Akron 
Akron, Ohlo 44325 

1. INTRODUCTION 

There has been a g r e a t  d e a l  o f  research work 

de fo rma t ion  behav io r  o f  m a t e r i a l s  a t  t h e  e levated 

It appears t h a t  a u n i f i e d  approach i n  t h e  f o r m  of 

i n  modeling t h e  i n e l a s t i c  

temperature environment. 

v i s c o p l  a s t  i c  r e 1  a t  ions has 

been most popu la r  f o r  p r e d i c t i o n  o f  m a t e r i a l  responses. I n  t h i s  con tex t ,  a 

number o f  v i s c o p l a s t i c  m a t e r i a l  models have been publ ished i n  t h e  l i t e r a t u r e  

[e.g. 1-61. The u n i f i e d  approach d i f f e r s  f r o m  t h e  convent ional  creep and 

p l a s t i c i t y  t h e o r y  i n  t h a t  bo th  t h e  creep and p l a s t i c  deformat ions, o r  a l t e r -  

n a t e l y  termed i n e l a s t i c  deformat ions,  a re  t r e a t e d  as time-dependent quan t i -  

t i e s .  Based on t h e  exper imenta l  and t h e o r e t i c a l  s t u d i e s  performed by v a r i -  

ous i n v e s t i g a t o r s  [3,4,7-91, i t  i s  known t h a t  v i s c o p l a s t i c  c o n s t i t u t i v e  r e -  

l a t i o n s ,  i n  p r i n c i p l e ,  are capable o f  p r e d i c t i n g  m a t e r i a l  responses a t  h i g h  

temperatures such as c y c l i c  p l a s t i c i t y ,  r a t e  s e n s i t i v i t y ,  long- term creep 

deformat ions, s t r a i n - h a r d e n i n g  o r  so f ten ing ,  e t c .  The degree o f  success of 

a c o n s t i t u t i v e  r e l a t i o n s h i p  v a r i e s  depending on t h e  ex ten t  o f  parameters 

considered i n  o r  mathematical  s o p h i s t i c a t i o n  o f  a s p e c i f i c  model. 

A 1  though most of v i s c o p l a s t i c  models g i v e  improved m a t e r i a l  response 

p r e d i c t i o n s  over  t h e  c l a s s i c a l  approach, t h e  associated c o n s t i t u t i v e  d i f f e r -  

e n t i a l  equat ions have s t i f f  regimes which present  numerical  d i f f i c u l t i e s  i n  

time-dependent s t r u c t u r a l  ana lys i s .  The numer ica l  d i f f i c u l t y  i s  indeed an 

impor tan t  concern when t h e  v i s c o p l a s t i c  r e l a t i o n s  are appl ied t o  l a r g e  sca le  

f i n i t e  element s t r u c t u r a l  ana lys i s .  
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I n  f i n i t e  element a n a l y s i s  f o r  v i s c o p l a s t i c  m a t e r i a l s ,  two issues  of 

p r i m a r y  concern i n  connec t ion  w i t h  t h e  assoc ia ted  m a t e r i a l  n o n l i n e a r i t y :  

1) s o l u t i o n  convergence i n  s o l v i n g  t h e  g l o b a l  ( i n c r e m e n t a l )  e q u i l i b r i u m  

equa t ions ,  2 )  i n t e g r a t i o n  o f  t h e  c o n s t i t u t i v e  r a t e  equat ions  a t  t h e  l o c a l  

m a t e r i a l  p o i n t s  ( o r  element i n t e g r a t i o n  p o i n t s ) .  Numer ica l l y ,  these two 

i s s u e s  a r e  i n t e r - r e l a t e d .  

achieved i f  t h e  s t r e s s e s  c a l c u l a t e d  a t  l o c a l  m a t e r i a l  p o i n t s  are g r o s s l y  

On t h e  one hand, g l o b a l  e q u i l i b r i u m  can n o t  be 

i n a c c u r a t e .  On t h e  o t h e r  hand, t h e  c o n s t i t u t i v e  r e l a t i o n s  and s t r e s s e s  are 

n o t  r e p r e s e n t a t i v e  t o  t h e  m a t e r i a l  i f  t h e  s t r a i n s  computed f r o m  t h e  nodal  

d i sp lacemen ts  a r e  i n  e r r o r .  

In v iew o f  t h e  above d i scuss ion ,  we have t h e r e f o r e  i n v e s t i g a t e d  a com- 

b ined  g l o b a l / l o c a l  i nc remen t ing  scheme f o r  t h e  f i n i t e  element a n a l y s i s  o f  

v i s c o p l  a s t i c  m a t e r i  a l s .  

2. GLOBAL INCREMENTING - 
Due t o  t h e  m a t e r i a l  n o n l i n e a r i t y ,  a v i s c o p l a s t i c  problem i s  e f f e c t i v e l y  

f o r m u l a t e d  by  an i nc remen ta l  approach, i n  which t h e  f i n i t e  element e q u i l i -  

b r i u m  equa t ions  can be l i n e a r i z e d .  In o r d e r  t o  s o l v e  these equat ions  suc- 

c e s s f u l l y ,  t h e  a n a l y s t  must be ab le  t o  s p e c i f y  " a p p r o p r i a t e "  l oad  s teps .  

I f  t h e  l o a d i n g  inc rements  a r e  t o o  l a rge ,  t h e  s o l u t i o n  may n o t  converge, o r  

i t  i s  far  f r o m  b e i n g  accura te .  A l t e r n a t i v e l y ,  if t h e  l o a d i n g  increments are 

v e r y  smal l ,  t h e  computa t ion  c o s t  w i l l  become p r o h i b i t i v e l y  h i g h .  There fore ,  

i t  i s  d e s i r a b l e  t o  implement an au tomat ic  i nc remen t ing  procedure i n  which 

t h e  s e l e c t i o n  o f  ( g l o b a l )  load  s teps  can be made by t h e  program, r a t h e r  than 

t h e  a n a l y s t .  

Use o f  au tomat ic  l oad  s t e p p i n g  f o r  s o l v i n g  n o n l i n e a r  problems i s  n o t  

new and most o f  t h e  a p p l i c a t i o n s  were concen t ra ted  a t  t i m e  independent 
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load increments. Each o f  t h e  

( 1 )  I n i t i a t i o n  o f  incrementa 

f i e d  load vector ,  i.e. 

two 

so 

problems [lo-111. 

t i m e  dependent v i s c o p l a s t i c  problems. 

s teps :  1)  i n i t i a t i o n  o f  incrementa l  s o l u t i o n ,  and 2 )  s e l e c t i o n  of subsequent 

Herein, we adopted s i m i l a r  concepts f o r  t h e  s o l u t i o n  of 

The procedure i n v o l v e s  two major 

ined be low. steps i s  b r i e f l y  o u t  

u t i o n  - t h e  s o l u t i o n  

R 1 = a  R 
N N 

where a = a load f a c t o r ,  c 1. 

begins w i t h  a spec i -  

R = a r e f e r e n c e  load vector .  
N 

With t h e  above load vector ,  s o l u t i o n  w i l l  proceed w i t h  e q u i l i b r i u m  

i t e r a t i o n s .  When t h e  number o f  i t e r a t i o n s  reaches f o u r  and t h e  so lu -  

t i o n  has n o t  y e t  converged, an es t ima te  i s  made t o  p r o j e c t  t h e  number 

o f  i t e r a t i o n s  r e q u i r e d  accord ing t o  

n = i + !tn(DTOL/di)/(!tn d j  - En d i - 1 )  

where i = number o f  i t e r a t i o n s  a l ready  performed. 

DTOL = i t e r a t i o n  t o l e r a n c e  f o r  displacements.  

d i  = r a t i o  between t h e  incrementa l  d isplacement norm of 

t h e  i - t h  i t e r a t i o n  and t o t a l  d isplacement norm. 

= I A U i  N I / l!i I 

If n i s  g r e a t e r  t han  a maximum number o f  i t e r a t i o n  cyc les  allowed, then 

a new load v e c t o r  i s  s e t  t o  be RNEW = T R ~ ,  ~ < 1 .  -1 cy 
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( 2 )  Subsequent load increments - The 

f i r s t  s tep,  a re  determined on t h e  

method [12-141. I n  t h i s  method, 

oad increments, subsequent t o  t h e  

bas i s  of a constant  arc  l e n g t h  

e t  t h e  c u r r e n t  load vec to r  be 

where X i + l  = a load parameter corresponding t o  t h e  ( i + l ) - t h  i t e r a t i o n  

= X i  + d X i + l  ( 4 )  

and d X i+1  i s  c a l c u l a t e d  f rom a q u a d r a t i c  a l g e b r a i c  equat ions [13]. 

3. LOCAL INCREMENTING 

Once t h e  g l o b a l  load increment i s  determined f r o m  t h e  method o u t l i n e d  

i n  t h e  above, a sub- increment ing method i s  i nco rpo ra ted  a t  t h e  m a t e r i a l  

p o i n t  l e v e l  t o  i n t e g r a t e  t h e  r a t e  c o n s t i t u t i v e  equat ion.  

d i scuss ion ,  t h e  v i s c o p l a s t i c  c o n s t i t u t i v e  equat ions are w r i t t e n  i n  t h e  fo rm 

For t h e  purpose o f  

where y rep resen ts  t h e  vec to r  o f  s t ress ,  i n e l a s t i c  s t r a i n  and s t a t e  v a r i -  

ables, and f i s  a v e c t o r  o f  n o n l i n e a r  funct ions.  

equat ions,  we have developed an automat ic procedure based on t h e  v a r i a b l e -  

s t e p  Runge-Kutta (R-K) method. 

i s  d i v i d e d  i n t o  a number o f  sub-increments, i.e. h = At/n. 

h ,  t h e  v e c t o r  y f o r  i t e r a t i o n  ( i + l )  i s  evaluated by t h e  4 th  o rde r  and 5th 

o r d e r  R-K formulas,  r e s p e c t i v e l y ,  i.e. y i + l  and y i + l .  

est imated f r o m  

N 

To i n t e g r a t e  t h e  preceding 
N 

I n  t h i s  method, t h e  g l o b a l  t ime  increment A t  

Corresponding t o  

(4  1 ( 5 )  
N 

Then an e r r o r  can be 
N N 
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The c a l c u l a t e d  e r r o r  must be w i t h i n  t h e  f o l l o w i n g  to le rance 

E s t  < e I 1  Y i  I I/ A t  (7) 
u 

If t h e  above c o n d i t i o n  i s  v io la ted ,  a r e v i s e d  sub-increment h '  i s  then 

obta ined f r o m  

h '  = T  h 

The f o r e g o i n g  procedure i s  repeated u n t i l  t h e  c r i t e r i o n  i n  Eq. (7) i s  

s a t  i sf i ed . 
4. NUMERICAL EXAMPLE 

e- 

Several problems have been analyzed us ing  t h e  procedure o u t l i n e d  i n  

t h e  preceding sec t ions .  

j e c t e d  t o  an i n t e r n a l  pressure, vary ing  l i n e a r l y  from 0 t o  14.6 p s i  f o r  

t e [0,4Osec.] The c y l i n d e r  m a t e r i a l  i s  assumed t o  be 2-1/4 Cr-Mo common 

s t e e l  a t  811' k and Robinson's v i s c o p l a s t i c  model i s  adopted. For f i n i t e  

Presented h e r e i n  i s  a t h i c k  wal led c y l i n d e r  sub- 

element ana lys is ,  f i v e  4-noded axisymmetric elements are used. 

The a n a l y s i s  was performed by us ing  f o u r  d i f f e r e n t  combinations of 

numerical  a lgor i thms:  

1) Automatic g l o b a l  and l o c a l  increment ing (G + L )  

2 )  Automatic g l o b a l  increment ing ( G )  w i t h  constant  l o c a l  steps 

h = At/ns, 

3) Automatic l o c a l  sub- increment ing ( L )  w i t h  constant  g loba l  steps, 

N = 5, 10, 16, and 20. 

4 )  Constant g l o b a l  and l o c a l  steps. 

nS = 2,4, and 8 

Summarized i n  Table 1 are t h e  a l g o r i t h m  d e t a i l s ,  CPU t ime on IBM-3033 com- 
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pu te r ,  and r a d i a l  d isplacement a t  t h e  o u t e r  surface of t h e  c y l i n d e r .  It i s  

seen t h a t  w i t h  t h e  automat ic g l o b a l / l o c a l  increment ing a lgor i thm,  t h e  lowest 

CPU t i m e  was consumed. 

automat ic  g l o b a l  o r  l o c a l  increment ing scheme was opt ioned unless t h e  number 

o f  s o l u t i o n  s teps  o r  t h e  number o f  sub-increments i s  s i g n i f i c a n t l y  i n -  

creased. Shown i n  F i g u r e  1 i s  t h e  load vs. r a d i a l  d isplacement a t  t h e  ou te r  

sur face of t h e  c y l i n d e r  c a l c u l a t e d  f rom two d i f f e r e n t  a lgor i thms,  i .e.  auto- 

Convergence d i f f i c u l t y  was experienced i f  o n l y  t h e  

m a t i c  g l o b a l / l o c a l  increment ing and cons tan t  g l o b a l  s tepp ing  w i t h  automat ic 

l o c a l  increment ing.  Both a lgor i thms gave almost i d e n t i c a l  r e s u l t s .  

5. CONCLUSION- 

Presented i n  t h i s  paper i s  a g l o b a l / l o c a l  t i m e  increment ing scheme f o r  

v i s c o p l a s t i c  a n a l y s i s  of s t r u c t u r e s .  

f u l  f o r  conduc t ing  l a r g e  s c a l e  n o n l i n e a r  f i n i t e  element a n a l y s i s  i n v o l v i n g  

v i  scopl  a s t  i c  m a t e r i  a1 s . 

The scheme i s  ve ry  e f f i c i e n t  and use- 
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Tab le  1 A COMPARISON OF D I F F E R E N T  SOLUTION ALGORITHMS 
FOR A THICK-WALLED CYLINDER 

Case Opt i o n  G1 oba l  L o c a l  CPU u 10-2 
No. Steps Substeps U n i t  ?nch 

1 

2A 

26 

2c 

3A 

36 

3c 

3D 

4A 

48 

G + L  

G 

G /.-- ~. 

G 

L 

L 

L 

L 

N 

N 

16 

16 

16 

-- 
20 

16 

10 

5 

20 

20 

-- 
8 

4 

2 

11 0.1851 

100 0.1851 

57 0.1851 

s o l u t i o n  d i ve rged ,  ( n o t e  5 )  

35 0.1851 

36 0.1856 

45 0.1879 

s o l u t i o n  d i ve rged ,  ( n o t e  6) 

37 0.1851 

s o l u t i o n  d i ve rged ,  ( n o t e  5 )  

Note:  

1. G+L - bo th  g l o b a l  and l o c a l  au tomat ic  inc rement ing .  

2. L - l o c a l  au tomat i c  i nc remen t ing  on ly .  

3. G - g l o b a l  au tomat i c  inc rernent ing  o n l y .  

4. N - manual i n c r e m e n t i n g  

5. I n  cases 2C and 48, s o l u t i o n  d i v e r g e d  a t  s t e p s  6 and 3, r e s p e c t i v e l y ,  
because t h e  va lues  of m a t e r i a l  s t a t e  v a r i a b l e s  a r e  o u t  o f  bound. 

6. I n  case 3D, s o l u t i o n  d i v e r g e d  a t  s t e p  5 because ou t -o f -ba lance  load 
was g r e a t e r  t h a n  inc remen ta l  load. 

7 .  U, i s  t h e  r a d i a l  d isp lacement  a t  o u t e r  su r face  of t h e  c y l i n d e r .  
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AN AUTOMATED PROCEDURE FOR MATERIAL PARAMETER EVALUATION 
FOR VISCOPLASTIC CONSTITUTIVE MODELS 

P.K. Imbr ie ,  G.H. James, P.S. H i l l ,  
D.H. A l l e n ,  and W.E. H a i s l e r  

Texas A&M U n i v e r s i t y  
Col 1 ege S t a t  ion,  Texas 77843 

An automated procedure i s  presented f o r  eva lua t ing  t h e  m a t e r i a l  

parameters i n  Walker 's exponent ia l  v i s c o p l a s t i c  c o n s t i t u t i v e  model f o r  metals 

a t  e levated temperature. Both phys ica l  and numerical approximations are 

u t i l i z e d  t o  compute the constants f o r  Inconel  718 a t  1100°F. When 

in te rmed ia te  r e s u l t s  are c a r e f u l l y  s c r u t i n i z e d  and engineer ing judgement 

appl ied,  parameters may be computed which y i e l d  s t r e s s  ou tpu t  h i s t o r i e s  t h a t  

a re  i n  agreement w i t h  experimental resu l ts .  A q u a l i t a t i v e  assessment o f  t h e  

a - p l o t  method f o r  p r e d i c t i n g  the l i m i t i n g  value o f  s t r e s s  i s  a l s o  

presented. The procedure may a lso  be used as a bas is  t o  develop e v a l u a t i o n  

schemes f o r  o ther  v i s c o p l a s t i c  c o n s t i t u t i v e  theor ies  o f  t h i s  type. 
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INTRODUCTION 

A l a r g e  number o f  u n i f i e d  v i s c o p l a s t i c  t h e o r i e s  a re  c u r r e n t l y  be ing 

developed f o r  me ta l s I1 ) .  These models genera l l y .  r e q u i r e  t h e  e v a l u a t i o n  o f  

numerous m a t e r i a l  parameters before they can be u t i l i z e d .  These constants  a re  

h i g h l y  coupled t o  one another, and, due t o  the  n o n l i n e a r i t y  and s t i f f n e s s  o f  

t h e  governing equations, they are d i f f i c u l t  t o  evaluate. The e v a l u a t i o n  o f  

these parameters i s  normal ly accomplished i n  a h e u r i s t i c  way due t o  t h e  

complex i ty  o f  t h e  models, so t h a t  the  values o f  t he  constants are dependent on 

t h e  person eva lua t i ng  them. The purpose o f  t h i s  research was t o  develop an 

automated procedure f o r  the eva lua t i on  o f  m a t e r i a l  parameters u t i l i z e d  i n  

Walker 's  exponent ia l  v i s c o p l a s t i c  c o n s t i t u t i v e  model f o r  meta ls  a t  e leva ted  

temperature(2,3]. The procedure developed h e r e i n  e n t a i l s  a synthes is  # o f  

p h y s i c a l  and numerical approximations which use var ious combinations of 

exper imental  data, as w e l l  as engineer ing i n t u i t i o n  t o  determine t h e  

constants.  The impetus f o r  t h i s  work was two-fold.  F i r s t ,  automated 

procedures f o r  determin ing the  m a t e r i a l  parameters are needed i f  s tandard ized 

m a t e r i a l  parameters a re  ewer t o  be rea l i zed .  Second, i n  o rde r  t o  improve t h e  

present  theo r ies ,  a thorough understanding o f  t h e  approximat ions and/or 

assumptions made d u r i n g  t h e i r  development and subsequent usage i s  requi red.  

Whi le t h e  model developed by Walker i s  on l y  one o f  many c u r r e n t l y  be ing 

used, s i m i l a r i t i e s  a re  notable i n  a number o f  o t h e r  t h e o r i e s  such as those 

proposed by Krieg, Swearengen, and Rhodel4) , Bodnerl31 , and Schmidt and 

M i l l e r I 5 ) .  Therefore,  i t  i s  be l ieved by these authors t h a t  t h e  general  

procedure presented h e r e i n  may be appl ied t o  o the r  models such as those 

mentioned above. 
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THE MODEL 

The model proposed by Walker i s  a v i s c o p l a s t i c  theory which uses a f l o w  

law f o r  t h e  i n e l a s t i c  s t r a i n  ra te ,  which i s  an exponent ia l  i n  s t ress.  The 

growth law modeling back s t ress  i s  o f  t he  hardening/recovery form and accounts 

f o r  bo th  dynamic and s t a t i c  thermal recovery. The drag s t r e s s  term models 

i s o t r o p i c  hardening, thus accounting f o r  the c y c l i c  hardening o r  s o f t e n i n g  

c h a r a c t e r i s t i c s  o f  metals. The u n i a x i a l  d i f f e r e n t i a l  form o f  Walker 's 

exponent ia l  model may be w r i t t e n  as: 

where o i s  t h e  app l i ed  s t ress,  E' i s  t he  i n e l a s t i c  s t r a i n ,  B i s  t h e  back 

s t ress ,  and D i s  t he  drag s t ress.  A superposed dot  above t h e  v a r i a b l e s  

denotes d i f f e r e n t i a t i o n  w i t h  respect t o  time. The m a t e r i a l  parameters f o r  

t h i s  model a re  6 ,  n 2 ¶  n3 ,  n,,, n5,  n6, n,, D,, and D, . Therefore,  n i n e  

constants  need t o  be evaluated, i n  a d d i t i o n  t o  Young's Modulus E and t h e  

s t r a i n  ag ing parameter R, . These same constants are r e q u i r e d  f o r  t h e  

m u l t i a x i a l  f o rmu la t i on ,  i n  a d d i t i o n  t o  Poisson's r a t i o .  

The experiments requ i red  t o  determine the  constants f o r  Walker 's model 

us ing  t h e  procedure developed he re in  include: 1) A s e r i e s  o f  constant  s t r a i n  

r a t e  steady s t a t e  h y s t e r e s i s  loops under f u l l y  reversed s t r a i n  c o n t r o l l e d  

c o n d i t i o n s  (F ig .  1); 2) c y c l i c  ho ld  t e s t s  performed on t h e  unloading branch of 

t h e  c y c l i c  t e s t s  (Fig.,?); and 3)  long term monotonic tens ion  t e s t s  (Fig. 3) .  
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The cycl ic  hold t e s t s  are used t o  measure the back s t ress  and are performed by 

cycling a material u n t i l  saturated conditions are reached. Hold times are  

t h e n  inserted a t  various points i n  the unloading. region as shown i n  F i g .  2. 

If the t e s t  frame is  i n  load control, then the back s t ress  is equal t o  the 

applied s t r e s s  when no creep is  observed for  a given hold time. 

The monotonic tension and cyclic hold t e s t s  are used t o  evaluate the 

material parameters found i n  the inelast ic  s t r a i n  ra te  equation and the back 

s t r e s s  growth law, whereas the cyclic hysteresis t e s t s  are used primarily t o  

obtain constants for  the isotropic hardening variable. The monotonic t e s t s  

may not be necessary i f  acceptable values of the limiting s t ress  (olim) can be 

obtained from the f i r s t  half cycle of the cyclic t e s t s .  The aforementioned 

experiments were performed on Inconel 718 a t  1100" F. A complete description 

of the t e s t  procedures and resul ts  may be found i n  reference [SI. 

D E T E R M I N A T I O N  OF THE CONSTANTS 

The procedure for  determining the material parameters i n  Walker's theory 

i s  described i n  the ensuing paragraphs. The equations, which are a resu l t  of 

both physical and numerical approximations, can be coalesced into a single 

interact ive computer code. Since approximations are made, from time t o  time 

the user may have t o  judiciously select  some constants i n  order t o  complete 

the constant calculation process. The reason for  th i s  can be an insufficient 

data base, poor experimental resul ts ,  or a material response that  the model 

cannot handle. 

Evaluation o f  the material parameters begins by plotting slim versus 

I n  ( ; I )  . A nonlinear representation s ignif ies  that  s t r a i n  aging and/or 

thermal recovery effects  are present and t h u s  need t o  be modeled. If  slim i s  

not obtained experimentally, i t  can be estimated in a manner similar t o  t h a t  
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proposed by Lindholm, e t  a l . [21.  

i s  t o  be estimated, then under c o n d i t i o n s  o f  u n i a x i a l  t ens ion  

loading, when i s  assumed t o  be a constant and equal t o  the  app l i ed  s t r a i n  

r a t e  and e x p ( e )  >> 1 

If ‘ l i m  

,eq. (1) may be w r i t t e n  as: 

Using t h e  e v o l u t i o n  equat ion d e f i n i n g  the  back s t ress  (eq. (2 ) )  and t h e  

assumption t h a t  0 remains constant du r ing  monotonic loading,  
I then do/de ( o r  0 )  may be w r i t t e n  as: 

Thus, equat ions (5 )  and (6) can be combined, y i e l d i n g  

where 

R - 1  N = n3 + n,, exp(-n, l log(-)()  + n,/E . 
R o  

Therefore, equat ion (7 )  i n d i c a t e s  t h a t  a p l o t  o f  o versus o should be l i n e a r  

a t  low i n e l a s t i c  s t r a i n s ,  having a s lope o f  N and an x - i n t e r c e p t  o f  olim . 
The e -  p l o t  i s  obta ined by p l o t t i n g  s t ress  versus i n e l a s t i c  s t r a i n  (as shown 

i n  F ig.  4 ( a ) )  t o  f i n d  . (E ),  which i n  general i s  a nth o rde r  polynomial .  Th is  

f u n c t i o n  i s  t h e n  numer i ca l l y  d i f f e r e n t i a t e d  and p l o t t e d  versus s t r e s s  t o  

produce t h e  e -  p l o t  (see Fig.  4 ( b ) ) .  Hence, values o f  N and olim can be 

I 
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obta lned f o r  each monotonic tens ion  t e s t  us lng a l l n e a r  reg ress ion  scheme. If 

acceptable values o f  olim a re  obtained exper imental ly,  t h e  e- p l o t  may s t i l l  

be used t o  determine N. I n  t h l s  s l t u a t l o n ,  t he  l lnear  f i t  r e s u l t s  i n  a s lope 

which i s  f o rced  t o  pass through ol,,,, . 
The constant n5 i s  computed 

aging i s  considered n e g l i g i b l e  and 

by determining 

may be w r i t t e n  

where the  e f f e c t  o f  s t r a i n  

as: 

The constants  R, and R, represent the  s t r a i n  r a t e  a t  which t h e  s t r a i n  aging 

c o r r e c t i o n  i s  a maximum and minimum, respec t i ve l y ,  and T denotes t h e  r e s i d u a l  

c o r r e c t i o n  a t  r a t e  R ,  . It should be noted t h a t  T a lso  a f f e c t s  t h e  r a t e  o f  

decay o f  t h e  s t r a i n  aging c o r r e c t i o n  and s e l e c t i o n  o f  t o o  smal l  a va lue w i l l  

r e s u l t  i n  a very l o c a l i z e d  co r rec t i on .  

The nex t  s tep  i n  t h i s  procedure i s  t o  compute t h e  dynamic and s t a t i c  

thermal recovery constants n3, n4, and n6  us ing equat ion (8) .  Assuming t h a t  a 

l i m i t i n g  value o f  s t r e s s  has been obtained, then E = ; '  and eq. (8) can be 

w r i t t e n  a number o f  t imes, corresponding t o  t h e  d i f f e r e n t  monotonic t e s t s  

(denoted by t he  subsc r ip t  i) as: 

* I  
Ni = n3  + n,fi + nJEi , 

where 

ri, 
fi = exp(-n, l log (-)I) 

R, 

Thus, t h e  t h r e e  parameters n3, n4, and n6 

(11) 

may be obta ined s imul taneously  
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us ing  a m u l t i p l e  l i n e a r  regress ion scheme. A p l o t  o f  t h i s  curve f i t  w i l l  

i n d i c a t e  i f  acceptable values o f  t he  dynamic and thermal recovery parameters 

have been found. I n  the  event t h a t  poor r e s u l t s  a re  obta ined (as shown i n  

Fig.5) , one o f  t h e  f o l l o w i n g  ac t i ons  can be taken: 1) The d a t a  base cai be 

s c r y t i n i z e d  more c a r e f u l l y ,  us ing a d d i t i o n a l  t e s t s  t o  cap tu re  t h e  des r e d  

e f f e c t  o r  d e l e t i n g  t e s t s  t h a t  do no t  appear consis tent ;  2) values o f  

n3, n,,and nb can be assigned using engineer ing i n t u i t i o n ;  o r  3) an 

uncoupled method ( t o  be discussed below) f o r  eva lua t i ng  t h e  constants  can be 

used. 

The uncoupled fo rmu la t i on  assumes t h a t  thermal recovery e f f e c t s  can be 

neglected f o r  h i g h  s t r a i n  r a t e  t e s t s .  Thus, eq. (10) may be w r i t t e n  as: 

i '  N.= n3+ n ,f 
1 

Therefore,  n3 and n,, can be computed by a l i n e a r  l e a s t  squares a l g o r i t h m  

where n 3  i s  t h e  i n t e r c e p t  and nk i s  t he  s lope (see F ig .  5 ) .  I f  t h i s  

method i s  used, t h e  constant n b  should be i n i t i a l l y  s e t  t o  ze ro  and 

determined l a t e r  i n  t h e  procedure. 

The hardening c o e f f i c i e n t  n 2  i s  computed on the  bas i s  t h a t  B sa tu ra tes  t o  

B l i m  a t  l a r g e  i n e l a s t i c  s t r a i n s .  Hence, B=O and equat ion (2) reduces t o  

If i t  i s  assumed t h a t  the r a t i o  o ~ ~ ~ / B ~ ~ ~  w i l l  remain constant f o r  t h e  

l i m i t i n g  c o n d i t i o n  a t  s u f f i c i e n t l y  l a rge  i n e l a s t i c  s t r a i n s ,  then 

'exp 1 i m  
'e xp ' l i m  

= -  
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S u b s t i t u t i n g  eq. (13)  i n t o  (14) and s o l v i n g  f o r  n 2  r e s u l t s  i n  

where olim values are obtained from long 

o r  o - p l o t s  and Bexp/oexp values come from cyc 

monotonic t e n s i o n  t e s t s  

d t e s t s .  The f i n a l  va lue 

o f  t h e  hardening c o e f f i c i e n t  i s  then computed as the  a r i t h m e t i c  mean o f  t h e  

number o f  experiments. I f  an acceptable value o f  n 2  i s  n o t  obtained, i t  can 

be s p e c i f i e d ,  n o t i n g  t h a t  t h i s  parameter e f f e c t s  t h e  r a t e  o f  hardening. 

The i n i t i a l  value o f  drag s t ress  Do  and the  i n e l a s t i c  s t r a i n  r a t e  

s c a l a r  B are  determined by r e w r i t i n g  equat ion (15) us ing  t h e  l i m i t i n g  values 

o f  a and B as: 

Since Blim i s  g i ven  by equat ion (13) ,  i t  can be s u b s t i t u t e d  i n t o  equat ion 

(16),  r e s u l t i n g  i n  

n ?  
= D,,ln(L1) + Do ln (8 )  . 6 0 ~  ' O l i m  n 3  + n,f + n,/E - 1  

Equat ion ( 1 7 )  i n d i c a t e s  t h a t  a p l o t  of versus ln(L1) should be l i n e a r  

. ( the piecewise curve shown i n  F i g .  6 i s  an a r t i f a c t  o f  t he  s t r a i n  aging 

c o r r e c t i o n  i n  the dynamic recovery t e r m  of t he  back s t r e s s  e v o l u t i o n  

equat ion),  having a s lope of 0, and an i n t e r c e p t  o f  0 l n ( 6 )  wh ch a re  obtained 

from a l i n e a r  regress ion analys is .  Hence, B can be computed d r e c t l y  once t h e  

term 

c ho 
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value o f  the in te rcept  i s  known. 

I f  thermal recovery e f fec ts  were prev ious ly  neglected, the 

are known, constant n6 can now be evaluated. Since B and D o ,  n2, n3, and n4 

eq. (13) can be subst i tu ted i n t o  eq. (16) y i e l d i n g  an expression f o r  n6 : 

The thermal recovery parameter i s  then computed f o r  a number o f  low s t r a i n  

r a t e  monotonic tension tes ts  and averaged. 

Up t o  t h i s  po in t ,  the only tes ts  t h a t  are needed i n  order t o  compute the 

mater ia l  parameters are monotonic tension and c y c l i c  ho ld tests.  To ob ta in  

the i s o t r o p i c  hardening and recovery constants D,, 0,. and n7, saturated 

c y c l i c  hysteres is  data are required. By est imat ing the cumulative i n e l a s t i c  

s t r a i n  from appl ied stress, s t r a i n  amplitude, and E, i n  add i t i on  t o  assuming 

tha t  D saturates t o  D l  , then n, can be approximated by: 

where RaVg i s  the average o f  R f o r  a number o f  t e s t s  and T i s  a number 

approaching zero. 

On the physical  basis t h a t  B saturates much more rap id l y  than 0, equation 

( 5 )  can be w r i t t e n  as: 

where 
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Blim = n,/N . 

The va lues o f  olim and N i n  equations (20) and (21) are est imated from 

t h e  o - p l o t  us ing  data from the  tens ion  h a l f - c y c l e  a f t e r  c y c l i c  s a t u r a t i o n  has 

occurred. I f  several  t e s t s  are used, D, i s  computed as the a r i t h m e t i c  mean. 

The f i n a l  parameter t o  be determined i s  D, . When R=O equa t ion  (3)  

reduces t o  

0 

D o  = D, - D, , 

from which D, may be computed d i r e c t l y ,  completing the  constant c a l c u l a t i o n  

procedure. 

The pr imary equations used i n  t h e  procedure descr ibed above a re  

sumnerized below and a f l o w  c h a r t  of the associated computer code i s  shown i n  

Fig.  7. The program i s  w r i t t e n  t o  compute the  constants i n  a t o t a l l y  

automated fash ion  o r ,  a l t e r n a t e l y ,  t he  parameters can be mod i f i ed  and/or 

recomputed through user i n te rven t ion .  While the  f l o w  c h a r t  d e p i c t s  t h e  

procedure as a sequent ia l  se r ies  of evaluat ions,  t h e  user  may a l t e r  t h e  

program f l o w  t o  i t e r a t e  on a s p e c i f i c  constant or se r ies  o f  constants. 

1) Values o f  alim and N from monotonic tens ion  t e s t s  

a re  computed us ing equat ion (7)  and a l e a s t  

squares procedure. 

2) A f t e r  s e l e c t i n g  R , ,  R , ,  and 7 ,  n5  i s  evaluated 

us ing equat ion (9 ) .  

The parameters n,, n4,  and n b  are determined, i n  a 

coupled formulat ion,  by equat ions.  (10) and (11) 

us ing  a m u l t i p l e  l i n e a r  regress ion scheme, o r  

3 )  
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a1 t e rna te ly ,  u s ing  an uncoupled formulation by 

equations (12) and (18). 

4) The back s t r e s s  hardening coe f f i c i en t  n 2  i s  

computed d i r e c t l y  from equation (15).  

5) The constants  D, and 6 are  evaluated u s i n g  

equation ( 1 7 )  via a l ea s t  squares procedure. 

6) After computing the cumulative i n e l a s t i c  s t r a i n  

from the experimental da ta ,  n, i s  evaluated 

d i r e c t l y  from equation (19). 

7)  0, and 0, a re  computed using equation (20) and 

(22) 

DISCUSSION OF THE PROCEDURE AND RESULTS 

The parameter evaluat ion program, described i n  the  previous sec t ion ,  does 

not requi re  an e n t i r e  experimental data base. Instead, summary information 

w h i c h  is  composed of both measured quant i t ies  and pre-processed values is a l l  

t h a t  is necessary. Data tabulated from f u l l y  reversed cyc l i c  tests, cyc l i c  

hold tests and long term monotonic tension t e s t s  on Inconel 718 a t  1100" F may 

be found i n  Table 1. These data  were used t o  compute an i n i t i a l  s e t  o f  

constants  ( see  Table 2)  i n  a t o t a l l y  automated fashion. Comparisons between 

Walker's exponential model and several  tension experiments may be seen i n  

F ig . ' s  8-10. I t  i s  apparent t h a t  the i n i t i a l  s e t  of parameters d i d  not enable 

the  model t o  capture the  t r u e  response of the mater ia l .  Therefore, a c r i t i c a l  

review of both the  procedure and experimental data  was necessary. 

For the purpose of t h i s  discussion,  i t  was assumed t h a t  the da ta  base 

accurately represented the material behavior. Therefore, s t eps  i n  t he  
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procedure which requ i re  user i n te rp re ta t i on  were examined f i r s t  and the  

fo l l ow ing  observations were made. 

When const ruct ing the e-plot, there are several po in ts  t o  consider. 

F i r s t ,  proper evaluat ion o f  slim and N requ i re  t h a t  c be computed 

a f t e r  i becomes constant. This i s  general ly assumed t o  occur a t  the  0.2% 

o f f s e t  y i e l d  stress. However, i f  t h i s  i s  not true, the computed value o f  N 

w i l l  be too large, which i n  t u r n  w i l l  y i e l d  a value o f  ulim tha t  i s  too  low. 

A second area o f  i n t e r e s t  i s  i n  the d i f f e r e n t i a t i o n  o f  the u versus 

Usual ly the s t ress i s  expressed as an n th  order polynomial 

f unc t i on  o f  the i n e l a s t i c  s t ra in .  However,, depending upon the v i scop las t i c  

model and mater ia l  system, a logar i thmic,  power law o r  exponential curve f i t  

may be more su i tab le.  In  addi t ion,  a f i n i t e  d i f fe rence approximation can be 

used, thus. e l im ina t i ng  the curve f i t t i n g  requirement al together.  Since a poor 

curve f i t  w i l l  y i e l d  a e-plot  t ha t  i s  d i f f i c u l t  t o  i n te rp re t ,  care should be 

taken i n  se lec t ing  the proper form o f  the equation. Last ly,  one needs t o  

consider the s t r a i n  amp1 i tude necessary t o  ob ta in  an accurate p r e d i c t i o n  o f  

I 

I 

E '  curve. 

l i m  U 

The e-p lo ts  f o r  the mater ia l  system considered here in  were constructed 

us ing a combination o f  t h i r d  and fou r th  order polynominal curve f i t s  (see Fig. 

4). Figure 11 shows t h a t  the values of N are scattered and have no s p e c i f i c  

t rends when they are p l o t t e d  against ln(k). I n  a s i m i l a r  fashion, Fig. 12 

shows anomalies i n  the p red ic t i on  o f  slim. While the sigmoidal shape o f  the 

curve was expected, the large discrepancies make i n t e r p r e t a t i o n  d i f f i c u l t .  

To i l l u s t r a t e  how sca t te r  such as t h a t  depicted i n  F ig. 's  11 and 12 can 

occur, consider the fo l low ing  points.  F i r s t ,  Fig. 13 shows a e-p lo t  

constructed using a fou r th  order polynomial curve f i t, evaluat ing U(E ) over 

var ious s t r a i n  amplitudes. While there i s  on ly  a 6% change i n  

I 
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p r e d i c t e d  slim, t h e r e  i s  over a 50% change i n  N. Some o f  t h e  discrepancy can 

be a t t r i b u t e d  t o  t h e  f a c t  t h a t  was no t  constant. I n  add i t i on ,  t h e  o rde r  o f  

t h e  curve f i t  d r a s t i c a l l y  changed the shape o f  t h e  e - p l o t  making 

i n t e r p r e t a t i o n  d i f f i c u l t  . Second, F ig .  14 shows a e -p lo t  generated from a 

l o g a r i t h m i c  curve f i t .  While not  shown, e v a l u a t i o n  o f  slim and N over 

d i f f e r e n t  s t r a i n  ampli tudes d i d  no t  adversely a f f e c t  t h e i r  values. F i n a l l y ,  

Fig. 15 d e p i c t s  a e -p lo t  const ructed using f i n i t e  d i f ferences.  It i s  apparent 

t h a t  numerical  d i f f e r e n t i a t i o n  by t h i s  method y i e l d s  unacceptable r e s u l t s .  I n  

sumnary, one must c a r e f u l l y  consider bo th  the c o n s t i t u t i v e  model and m a t e r i a l  

system be fo re  s e l e c t i n g  the  t ype  o f  curve f i t  t h a t  w i l l  be used i n  t h e  

c o n s t r u c t i o n  o f  t h e  e -p lo t .  

I t  was a l s o  determined t h a t  t he  m u l t i p l e  l i n e a r  reg ress ion  scheme used t o  

compute dynamic and s t a t i c  thermal recovery constants i n  a coupled f a s h i o n  d i d  

n o t  work w e l l  when t h e  m a t e r i a l  e x h i b i t e d  subs tan t i a l  s t r a i n  aging. Therefore, 

by n e g l e c t i n g  thermal recovery, n3 and n4 were computed us ing  an uncoupled 

procedure. F igures 8 through 10 show t h a t  Walker 's model, us ing  t h e  f i n a l  

parameters (see Table 2 ) ,  was able t o  reproduce t h e  i n p u t  da ta  f a i r l y  w e l l  

except i n  t h e  i n i t i a l  y i e l d  region. Test 80 showed t h e  l a r g e s t  d e v i a t i o n  

between a c t u a l  and p red ic ted  s t ress,  underest imat ing i t  by 6% a t  a s t r a i n  

amp1 i t u d e  o f  0.8%. 

F igures 16 through 18 show the  model behavior f o r  t he  l a s t  c y c l e  of 

severa l  c y c l i c  h y s t e r e s i s  tes ts .  Figures 17 and 18 i n d i c a t e  t h a t  t h e  computed 

va lue o f  D ,  was t o o  large,  which r e s u l t e d  i n  an excess o f  m a t e r i a l  s o f t e n i n g  

under c y c l i c  loading. However, t h e  opposi te t r e n d  can be seen i n  F ig.  16 

( t e s t  86 was the  f a s t e s t  c y c l i c  t e s t  run),  wherein t h e  peak s t r e s s  ampl i tude 

was overpredic ted.  A rev iew o f  t h e  monotonic tens ion  data r e v e a l s  t h e  same 

tendency. This  would lead t o  the conclus ion t h a t  t he  f u l l  e f f e c t  of t h e  
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s t r a i n  aging c o r r e c t i o n  was no t  captured. 

A complex h i s t o r y  t e s t  (one which was not  used t o  evaluate t h e  constants)  

was used t o  show the  p r e d i c t i v e  c a p a b i l i t i e s  o f  Walker 's model us ing  t h e  f i n a l  

s e t  o f  parameters. In  general ,  Fig.  19 i n d i c a t e s  t h e  numerical  s i m u l a t i o n  

matches t h e  t e s t  f a i r l y  w e l l .  The on ly  major problem encountered was a 7.5% 

o v e r p r e d i c t i o n  i n  s t ress  a t  l a r g e  s t r a i n  amplitudes. 

CONCLUSIONS 

A method f o r  o b t a i n i n g  the ma te r ia l  parameters f o r  Walker 's model has 

been developed which i s  a synthesis o f  bo th  phys i ca l  and numerical  

approximations. The associated computer a lgo r i t hm al lows t h e  user  t o  s p e c i f y  

e i t h e r  a t o t a l l y  automated procedure o r  engineer ing i n t u i t i o n  a t  se lec ted  

p o i n t s  when computing constants. I n  addi t ion,  q u a l i t a t i v e  assessments were 

made rega rd ing  the  use of t he  e -p lo t  i n  determining slim and N. I t  was noted 

t h a t  t h e  method o f  d i f f e r e n t i a t i n g  the  o versus E '  curve depends on bo th  t h e  

c o n s t i t u t i v e  model being used and t h e  ma te r ia l  system. 

Walker 's  v i s c o p l a s t i c  c o n s t i t u t i v e  model f o r  metals a t  e levated 

temperature was compared t o  experiment r e s u l t s  f o r  Inconel  718 a t  1100°F. 

This  m a t e r i a l  system responds w i t h  apparent s t r a i n  aging, undergoes c y c l i c  

work sof ten ing,  and i s  suscept ib le  t o  low c y c l e  fa t i gue .  I t  was shown t h a t  

Walker 's  model was able t o  capture the  response o f  t h e  m a t e r i a l .  It has a l s o  

been shown t h a t  t he  use o f  t he  l i n e a r i z e d  equations can lead t o  unacceptable 

s imu la t i ons  i f  care i s  n o t  used t o  i n t e r p r e t  t h e  r e s u l t s .  The procedure 

y i e l d s  i n i t i a l  values f o r  t he  constants which may then be used i n  an i t e r a t i v e  

scheme t o  a r r i v e  a t  t he  f i n a l  parameters. 
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F i g u r e  1. C y c l i c  H y s t e r e s i s  Test 
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Hold time 1: 
Back Stress < U 

Hold time 2: 
Back Stress = U 

Hold time 3: 
Back Stress > 0 

Figure 2 .  Cyclic Hysteresis Test with Hold Times 
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-,E 

Figure 3. Long Term Monotonic Tension Test 
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curve  f i t  I 
- E :  

F i g u r e  4 ( a ) .  Stress v e r s u s  i n e l a s t i c  s t r a i n  

F i g u r e  4 ( b ) .  T y p i c a l  @-plo t  
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ln(i> 
0 values of N obtained from the 0-plots 

- "3, n4, and n6 obtained simultaneously 
using a multiple linear regression scheme 

c-- n3 and n4 computed using a linear 
regression scheme 

Figure 5. Least squares fit of N as a function 
iI (note: the abscissa is shown as 
ln(C) instead of E: for pictorial 
purposes only) 
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1 1 I I I 

Data t o  be f i t  - 
---- Resul t  of l i n e a r  r e g r e s s i o n  a n a l y s i s  

F igure  6 .  L e a s t  squares  f i t  of 6 , ~  a s  a f u n c t i o n  
l n ( t 1 )  
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- 
Compute 011. 6 N from # plot 

Select &, Rl. and r .  Compute 
"5 

Uhat used tests to COmpUtb will be rn 1- 
"3. nk, and ng? ye8 Use thb coupled no 
Compute constants .c_ method to compute - 
Recalculate or "3. w,, bnd "67 f enter new values 3 J 

> 

0 What used tests t o  compute Vi11 be 

I: enter new values) 
n3 and nb? 
Compute constants 

e Recalculate or 

i 

e What tests will be used t o  

Coapxce constant 
coopute nb? 

Recalculate or enter new I 

~~ 

What t e s t s  rill bb used to 

Compute constant 
8 Rccalculata or enter new 

compute 1127 

3 I: value 
i 

b'hsr tests vi11 be used to 

Compute constants 
compute D2 

compute D1 and "71 

What tests ril l  be used to 
compute 4 and Do? 
Colspute constants 
Recalcuhte or enter new 3 c values 

i 

[ ] Modifications requiring user intervention 
Figure 7. Flowchart of Walker's Procedure 
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l a i r  No. 
P 

1 
- 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

D i f  
- 

L 

70 

86 

56 

35 

37 

65 

39 

83 

34 

36 

80 

42 

38 

72 

71 

40 

84 

88 

88 

81 

81 

65 

86 

56 

65 

83 

80 

72 

7 

- 

I 

3.151~10-' 

1.002x 10'' 

9.966~10-' 

9.235*10" 

6.948*10-' 

3.127110-' 

1.793110-- 

9.9261 lo-' 
7.637~10-' 

5.703~ IO-' 

3.054~10-' 

1.914~10-' 

1.4101 lo-' 
7.626110-' 

7.253*10" 

7.025~ lo-' 
2.6lirlG-' 

9.272x10-' 

9.272~ lo-' 
8.6351 IC-' 

8.635110" 

2.7511 lo-" 

1.002x lo-' 

9.9661 10" 

3.127xlO-' 

9.926~10-' 

3.054~ IO-' 

7.262~10-~ 

O I X D  

116.48 

100.98 

100.98 

116.45 

116.45 

107.64 

O l i l p  

132.527 

120.938 

118.217 

136.3 

137.5 

134.143 

130.6 

134.536 

142.1 

138.5 

141.821 

137.6 

140.7 

138.155 

135.584 

138.3 

132.527 

120.938 

118.217 

120.938 

118.217 

131.143 

108.326 

105.897 

121.427 

136.693 

135.E99 

139.38 

0 'y 

97-13 

91.677 

95.575 

97.84 

94.56 

100.941 

101.71 

97.67 

D I X D  

68.3 

62.47 

62.47 

64.65 

64.65 

80.00 

N 

287,293 

307.181 

305.436 

277.2 

246.9 

268.17 

206.61 

337.399 

319.8 

241.6 

310.777 

291.8 

212.4 

358.549 

342.254 

328.5 

288.42 

294.58 

248.02 

267.179 

255.534 

375.035 

rent Hatcriitl SysLem 

Table 1. Input Data for Parameter Evaluation 

R - 

0.0773 

0.0799 

0.0707 

0.0293 

0.0578 

0.0205 
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I n i t i a l  
Parameters Values 

F i n a l  
Values 

B (sec)  

D 1  ( k s i )  

D2 ( k s i )  

i n / i n / s e c  
0 

E ( k s i )  

n2 ( k s i )  

"3 

"4 

"5 

"7 (/set) 

"6 (/set) 

0.288E 34 

0.580E00 

-0. OOOEOO 

0.454E-4 

0.247E05 

0.264E05 

0.370E03 

-0.200E03 

0.530E00 

0.400E-4 

0.179E02 

0.280E 70 

0.520E00 

-0.120E00 

0.454E-4 

0.247E05 

0.140E05 

0.390E03 

-0.200E03 

0.103E01 

0.400D-4 

0.179E02 

Tab le  2. Parameters f o r  Walker 's  model 
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T E S T  70 -- S T R R I N  R R T E  L 3.151E-3ISEC 
_..----..- WRLKER MODEL I F  I N R L  P R R R M E T E R S  1 
- - - -  WALKER MODEL IIN!TIRL P R R R M E T E R S I  

0.0 .002 .004 .006 .008 .010 .012 .C 14 

S t r a i n  ( in / in)  
Figure 8. Comparison of Walker's model with initial and 

final parameters to Test 70-a long term 
monotonic tension test. 
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TEST BO -- S T R R I N  RRTE = 3 - 0 5 4 E - S l S E C  
_.__._._.. URLKER ?lDOEL ( F I N i 3 L  FRRRRETERS)  
- - - -  URLKER RDDEL IINITIRL PRRRtlETERS)  

0.0 . 002  .004 .006 .008 .010 .012 .O i 4 

S t r a i n  ( in / in)  
Figure 9. Comparison of Walker's model with initial 

and final parameters to Test 80-a short 
term monotonic tension test. 
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v, 
k4 

U 

W 

v) 
v) 
0 
k 
3 cn 

- T E S T  71 -- S T R A I N  R A T E  7 . 2 5 3 E - 6 1 S E C  
_.___._... H R L K E R  NODEL I F I N R L  P R R R M E T E R S )  
- - - -  WALKER MODEL I l N l T I R L  P A R R M E T E R S I  

/ 

, , , 
I 

/ , 
/ 

/ , 
0 

I 

Strain ( in/ in)  

Figure 10. Comparison of Walker's model with initial 
and final parameters 
term monotonic tension test. 

to Test 71-a long 
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3.00 I 

I 
W 

X 
W 

1 S O  

1 .oo 

0.50 

1.21s rtmln ampntudo 

\ 
2.1% straln arnplltude + i\ 

N1 .21% 

/ N3.47% < N2.1% < N1.21% 

01.21% < 02.1% < O3.47% 

Stress (KSI) 
0 

Figure 13. 0-plot using a 4th order polynomial fit, evaluating 
a(€') over different strain amplitudes 

346 



A 
r) 

W 
I 

T- 

X 
W 

""\ 
0.80 

0.60 

0.40 

0.20 

0.00 

Stress (KSI) 
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I Figure  14 .  0 -p lo t  u s i n g  a l o g a r i t h m i c  cu rve  f i t  of 0 vs E 
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I u 
X 

* 

* *  
* * 

* 

* ** 
* *  * *  

* *  * 
** * 

* * *  * * 
* * * * **int * *  * 

* *- 
* ** 

* 
* 

** *( *** * *** 
* *= *a*#+* *** *<* 

* $*  *** * * 
*3b it * *  **"i"c 3 I C *  

** ** 
#* "4 * 

* * *  

* 
* *  

0 

F i g u r e  1 5 .  0-p lo t  c o n s t r u c t e d  by f i n i t e  d i f f e r e n c e  
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TEST 86 I C Y C L E  101 -- S T R R l N  RRTE = I.002E-3/SEC 
.._____... WALKER HODEL I F I N R L  PRRRHETERS) 

S t r a i n  ( in/ in)  
Figure 16. Comparison of Walker's model to the last 

cycle of Test 86. 
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T E S T  80 ( C Y C L E  101 -- S T R A I N  RATE z 3 . 0 5 4 E - S / S E C  
_._-..---- WALKER MODEL [ F I N A L  PRRRMETERSI 

150.0 I I I 1 

125.0 - 
100.0 - 
75.0 - 

- 150.0 2 
-.010 -.008 - .006 -.004 -.002 0.0 .002 .004 .0@6 .OOS .010 

Strain ( in / in)  
Figure 1 7 .  Comparison of Walker's model t o  the l a s t  

cycle of Test 80. 
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- T E S T  7 2  I C Y C L E  4 1  -- S T R R I N  R R T E  = 7 . 6 2 6 E - 6 I S E C  
__._..___. U R L K E R  t lODEL L F l N R L  P R R R R E T E R S !  

St ra in  ( in/ in)  
Figure  18. Comparison of Walker's model t o  t h e  l a s t  

cyc le  of T e s t  72. 
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-TEST 69 -- COflPLEX INPUT HISTORY 
-_.--___-_ WRLKER EODEL [ F I N A L  PARAtlETERS) 

150.0 

125.0 

100.0 

75.0 

50.0 

25.0 

0.c 

-25.C 

-5O.C 

-75.c 

- 1 0o.c 

- 1  25. (  

- 15@.( 

. 
I 

-.012 -.008 -.004 0.0 .004 .008 .G1 2 .O 1 6 

S t r a i n  ( in/ in)  
Figure 19. Comparison of Wall.er's model to a 

complex history test. 
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A CONSTITUTIVE MATERIAL MODEL FOR NONLINEAR F I N I T E  ELEMENT 
STRUCTURAL ANALYSIS USING AN I T E R A T I V E  M A T R I X  APPROACH 

Herbe r t  A .  Koenig 
U n i v e r s i t y  of  Connec t i cu t  
Storrs, Connec t i cu t  06268 

Kwai S.  Chan 
Southwest Research I n s t i t u t e  

San Anton io ,  Texas 

B r i c e  N. Cassent i  
U n i t e d  Technologies Research Center 

East H a r t f o r d ,  Connec t i cu t  06108 

R ichard  Weber 
P r a t t  & Whitney 

E a s t  H a r t f o r d ,  Connec t i cu t  06108 

A u n i f i e d  numerical method f o r  the in tegrat ion of s t i f f  time-dependent cons t i t u t i ve  
equations i s  presented. The so lu t i on  process i s  d i r e c t l y  appl ied t o  a cons t i t u t i ve  
model proposed, by Bodner. The theory confronts time-dependent anelast ic behavior 
coupled with both fsot ropfc  hardening and d l rec t i ona l  hardening behavfors. Pre- 
.dfcted stress-strafn responses from t h i s  model are compared t o  experimental data 
from c y c l i c  t es ts  on unfax ia l  specimens. An algori thm i s  developed for  the e f f i -  
c i e n t  i n teg ra t i on  o f  the Bodner f low equation. A comparison i s  made with the Euler 
method f o r  i n teg ra t i ng  these re la t ions.  Addftfonal comparisons are made with the 
model developed by Walker using the Euler in tegrat ion method. 
computational time i s  presented f o r  the three algorithms. 

An analysis of 

I. Introduct ion 

The development o f  c o n s t i t u t i v e  models f o r  the use i n  the s t ruc tu ra l  analysis of 
a i r c r a f t  gas turbine engine components has been an on-going process for many years. 

Recent invest igators have chosen t o  combine the physical aspects o f  the various 
non-linear e f fec ts  i n t o  a u n i f i e d  theory i n  which a l l  phenomena a r e  coupled. One 
such theory was proposed by Bodner and Partom (1). 
the invest igat ions i n  t h i s  paper. 

The usual approach f o r  the i n teg ra t i on  of t h i s  type o f  model i s  e i t h e r  an Euler 
i n teg ra t i on  technique of d i r e c t  "marching" o r  the second-order Adams-Moul ton 
predictor-corrector technique (2)  

This theory forms the basis fo r  

11. Method 

A new approach which uses a m a t r i x  i n teg ra t i on  technique has been presented by 
Tanaka ( 3 ) .  This approach solves for a l l  the variables a t  the same time, thereby 
proposing t o  shorten the computational process and r e s u l t  i n  a stable in tegrat ion 
scheme. The process should a l l o w  f o r  l a rge r  t i m e  steps t o  be chosen than the E u l e r  
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technique t o  achieve the  same accuracy. 
shor t  computational t imes are the  goal t o  be achieved f o r  a g iven problem. Un i f ied  
computative models such as 

The process i s  a l so  s tab le.  Therefore 

t * L f [  u, x, T 1 

may be t rea ted  by t h i s  technique. 

Equation ( 3 )  may be enhanced by i nc lud ing  work hardening and recovery formats, 
i .e., 

A lgor1 thm: 

A numerical a lgor i thm has been develo ed t o  numer ica l ly  so lve f o r  the s t a t e  
var iab les  represented i n  equations (2  P - (4) subjected t o  a t ime - vary ing t o t a l  
s t r a  i n  function. 

Equations (2) - (4)  are formed i n t o  a m a t r i x  of the form 

M x = b  

Where M i s  the system Jacobian mat r ix ,  x i s  the vector  o f  unknown var iab les,  and b 
i s  the  s o l u t i o n  and e r r o r  c o r r e c t i o n  mat r ix .  

This ma t r i x  i s  successively reformed and inve r ted  t o  a f f e c t  the s o l u t i o n  of the 
s t a t e  var iables.  
p a r t i c u l a r  s t r a i n  incremental step. Thus, the process const ructed he re in  i s  a 
ma t r i x  extension of an Eu ler  method i n  which a l l  var iab les  are ca l cu la ted  s imu l ta -  
neously based upon a d r i v e r  o f  t he  s t a t e  var iab les  from the previous s t r a  n s tate.  

No at tempt i s  made t o  i t e r a t e  on the ma t r i x  cons t ruc t i on  du r ing  a 

Results: 

The bas ic  disadvantage i n  us ing  Tanaka's N O N S  (Non i te ra t i ve  Se l f - co r rec t  ng 
Solut ion)  technique i s  the s o l u t i o n  t ime which i s  excessive. 
f o r  the load cases s tud ied  a re  summarized i n  Table I .  The times shown are fo r  a 
s ing le  load h i s t o r y  a t  2000 F, a s t r a i n  r a t e  o f  4 x 10 -5 per second, a s t r a i n  
range o f  .6%, and a R - ra t i o  o f  minus i n f i n i t y .  A l l  computation times shown i n  
Table I represent actua l  numerical computation time, the computer t ime spent fo r  
I/O and fo r  accessing the c lock  were subtracted s ince the  th ree  rou t i nes  d i f fe red  
i n  t h e i r  respect ive 1/0 burdens. The convergence c r i t e r i o n  used i n  each of  the 
three rou t ines  was i d e n t i c a l ,  namely the ca l cu la ted  out -of -p lane s t ress  fo r  the 
un iax ia l  specimen was forced t o  be w i t h i n  a small to lerance o f  zero. 

The execut ion times 
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The f i r s t  5 cases shown i n  Table I s u m a r i z e  the experience w i th  the NONSS i n t e -  
g r a t i o n  method. 
two rou t ines  s tud ied (Bodner's model us ing  Eu ler  i n t e g r a t i o n  shown as cases 6 
through 10 and Walker's model us ing  Eu ler  i n t e g r a t i o n  shown as cases 11 through 
15) .  
coarser t ime steps. One d i f ference between the  NONSS r o u t i n e  and the o ther  two 
s tud ied  i s  the lack  o f  a s e l f  adapt ive t ime step. This  i s  ev iden t  i n  the com- 
par ison o f  the computing times i n  cases 3 and 4 where the number of i n t e g r a t i o n  
t ime subincrements was doubled r e s u l t i n g  i n  an approximately doubled computing 
gime. 
each increment, bu t  underwent an automatic readjustment i n t e r n a l l y  (se l f -adapt ive  
time steps). 
t a t i o n  t ime even though the i n i t i a l  subincrement value was high. 
s e l f  adapt ive t i m e  s t e p  w i t h  the  NONSS method would l i k e l y  have prevented the  
convergence fa i l u res  which occurred i n  cases 1 and 2 w i thout  s i g n i f i c a n t  loss of 
e f f i c i e n c y .  

It can be seen t h a t  the  method i s  i n  general s lower than the o ther  

I n  add i t i on  i t  can be seen t h a t  there  i s  a tendency t o  f a i l  t o  converge for  

For the o ther  two rou t ines  the number o f  subincrements was s e t  i n i t i a l l y  f o r  

This s e l f  adapt ive fea tu re  o f t e n  r e s u l t s  i n  the same o v e r a l l  COmPU- 
I n c l u s i o n  of a 

The present study supports the conclus ion reached by Kumar e t .  a l .  ( 7 )  and by 
Imbrie, Hais ler ,  and A l l e n  (6);  namely t h a t  the Euler forward d i f f e rence  o r  a minor 
mod i f i ca t i on  o f  i t  i s  the most e f f i c e n t  method. Evidence o f  t h i s  f o r  the NONSS and 
Eu ler  methods )s seen by comparing cases 5 and 9 i n  Table 11. For case number 10, 
t he  s e l f  adapt ive t ime stepping was suppressed i n  order  t o  ge t  a d i r e c t  comparison 

,of the  two methods. 

The cases 6 through 9 and 12 through 14 compare the response o f  Bodner's and 
Walker's models t o  var ious i n i t i a l  i z a t i o n s  o f  the subincrement parameter. 
Walker's model the s e l f  adapt ive t ime step q u i c k l y  f i n d s  the lowest l e v e l  and 
consequently completes the i n t e g r a t i o n  i n  the  same amount o f  computing time regard- 
less  of the i n i t i a l  value o f  the subincrement. For Bodner's model t h i s  i s  also  
t r u e  t o  some extent.  However an examination o f  case number 7 shows t h a t  i n i t i a l -  
i z i n g  the subincrement parameter a t  too smal l  a value can a c t u a l l y  increase the 
t o t a l  i n t e g r a t i o n  time. 
Bodner's model which de t rac ts  f rom the  o v e r a l l  e f f i c i e n c y .  Add i t iona l  study i s  
requ i red  t o  i d e n t i f y  the  source o f  t h i s  i n s t a b i l i t y  and t o  determine if st ra teg ies  
e x i s t  which might prevent it. 

A d e t a i l e d  analys is  o f  the p o r t i o n s  o f  each code where the  computing time was 
a c t u a l l y  spent showed t h a t  n e a r l y  33% o f  computing t ime consumed by the NONSS 
method was spent i n  ma t r i x  invers ion .  This  r e s u l t  suggests t h a t  considerable 
e f f i c i ency  f o r  the N O N S  method cou ld  be gained i f  the i nve r ted  m a t r i x  were 
assembled d i r e c t l y .  I t  was a l s o  noted t h a t  t h e  a lgor i thm used f o r  Walker's model 
contained some redundant c a l c u l a t i o n s  which, i f  removed, would save approximately 
20% o f  comDutfna t ime. 

For 

Thus the re  appears t o  be an inherent  i n s t a b i l i t y  f o r  
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Table I 

A Comparison o f  Computing Times For 3 Const i tut ive Model Routines 

CASE I THEORY 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

13. 

14. 

15. 

Bodnqr' 

-Partom 

Bodner 

-Pa r tom 

Bodner 

-Partom 

Walker 

METHOD 

NONSS.. 

Eu ler  

(se l f -adapt ive )  

Eu ler  s e l f -  

adaptive, without 

d i r e c t i o n a l  hard- 

ening terms 

Eul e r  

(se l  f -adapt ive)  

CYCLES INCREMENTS 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

80 

80 

80 

80 

320 

80 

80 

80 

80 

320 

320 

80 

80 

80 

320 

SUB- 

INCREMENTS 

2 

3 

4 

8 

1 

1 

3 

4 

8 

1 

1 

1 

2 

8 

1 

* 0.78 t o  assemble m a t r i x ,  1.15 t o  i n v e r t  mat r ix  

** 0.81 when adjusted f o r  excess m a t e r i a l  p roper t ies  ca lcu la t ions  
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TIME 

fall-d 

failed 

3.50 

6.34 

3.53* 

1.28 

1.62 

1.26 

1.26 

1.76 

1.43 

0.45 

0.45 

0.45 

1.03** 
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NONLINEAR STRUCTURAL ANALYSIS OF A TURBINE AIRFOIL USING THE 
WALKER VISCOPLASTIC MATERIAL MODEL FOR B1900 + Hf 

T.G. Meyer, J.T. Hill, R.M. Weber 
Pratt C Whitney 

East Hartford, Connecticut 06108 

A viscoplastic material model for the high temperature turbine airfoil 
material B1900 + Hf has been developed under NASA contract NAS3-23925, 

(HOST)"', and has been 
demontrated in a three dimensional finite element analysis of a 
typical turbine airfoil. The demonstration problem is a simulated 
flight cycle and includes the appropriate transient thermal and 
mechanical loads typically experienced by these components. The 
Walker viscoplastic material model was shown to be efficient, stable 
and easily used. The following report summarizes the demonstration 
analysis and evaluates the performance of the material model. 

Constitutive Modeling for Isotropic Materials I1 

Background 

In recent years unified constitutive models have been developed as 
alternatives to the classical elastic-plastic-creep models for 
modeling nonlinear material behavior. These unified models are 
mathematically and functionally elegant and are capable of 
representing material nonlinear behavior over a wide range of 
temperatures and loading conditions while avoiding the simplifying 
assumptions of classical theory. The unified models are characterized 
by the use of a kinetic equation to relate inelastic strain rate to 
the applied stress and one or more internal state variables. 
Evolutionary equations are used to describe the variation of the 
internal state variables with loading history. Models of this kind 
have been shown to be capable of treating all aspects of inelastic 
deformation including plasticity, creep and stress relaxation. 
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Several unified models are being evaluated in a current NASA sponsored 
technical program, "Constitutive Modeling for Isotropic Materials 
(HOST)"'. Part of the evaluation includes a demonstration in an 
analysis of gas turbine component under simulated flight conditions. 
This paper presents the results of the demonstration of one of the 
unified models; the two state variable model patterned after 
Walker'". {orm of the inelastic flow law 
realtes the plastic strain rate tensor, Cij, to the applied deviatoric 
stress, Sij, by the simple realtionship: 

In this model, the general 

Sij -0ij 
iij = f( ) 

whereflij represents the "equilibrium" or "back" stress; and K, a 
scalar quantity, represents the degree of isotropic hardening. This 
two state variable unified model was developed by Walker2I3 and 
modified during the present NASA program', and includes the increased 
computational efficiency features developed by Cassenti'. 

Component Finite Element Model Descrition 

The component chosen for the demonstration of the B1900 + Hf 
viscoplastic material model is the airfoil portion of a typical cooled 
turbine blade. The foil was analyzed using the MARC' finite element 
program. Figure 1 shows the finite element mesh used in the analysis. 
A total of 173 elements and 418 nodes were used to describe the 
geometry, resulting in 1086 degrees of freedom. Two element types were 
used in the mesh. The bulk of the airfoil was modeled using 8 noded 
solid elements (MARC element type 71, but a portion of the leading 
edge was modeled with higher order 20 noded solid elements (MARC 
element type 21 1. A total of twenty four higher order elements were 
used in this region. 

Boundarv Conditions and Loading 

The loading and boundary conditions were chosen to simulate a typical 
commercial engine flight. The flight simulation is shown schematically 
in Figure 2 and includes periods of Taxi, Take-Off, Climb, Cruise, 
Descent , Taxi and finally Shutdown. The Take-Off potion includes a 
momentary pause in engine acceleration to more faithfully simulate 
actual "rolling take-off" conditions. The range of foil temperatures 
and the centrifugal load spectrum encompassed in the simulated flight 
excercises the material model over most of its range of 
applicability. 
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Radial deflections were specified to be zero at the radially innermost 
section of the foil. Additional nodal boundary conditions were 
imposed in this plane to fully suppress rigid body motion. 

The flight cycle was described in the stress analysis as a series of 
load increments which accounted for time steps and corresponding 
centrifugal loads and temperature profiles which were accessed from a 
previously generated thermal tape. The analysis proceeded until the 
cyclic response of the foil was noted to be stable from one flight to 
the next. 

To allow the possibility of a very small load increments in the stress 
analysis, temperature profiles were defined frequently on the thermal 
tape. The maximum nodal temperature change from one profile to the 
next was 50C. In the Take-Off portion of the flight, where foil 
temperatures change rapidly, 25 time points were used. During the 
Cruise portion of the flight, the temperature profile is essentially 
constant. However, the material model state variables continue to 
evolve ( e.g. creep deformation), so that step size is still 
important. Consequently, a large number of increments, (twenty-eight), 
were used in this portion of the flight. In total, 83 loading 
increments were used for each flight. 

Stress Analysis Results; Accuracy and Stability 

Two locations on the airfoil have been selected to illustrate the the 
results of the analysis. The behavior at these locations was expected 
to be very different and to provide an evaluation of the model over 
the widest possible range of conditions on the airfoil. Figure 3 
shows the location of these points superimposed on the temperature 
profile during Cruise. Point A corresponds to the integration point 
nearest the external wall at the leading edge "hot spot" ,  and was 
expected t o  have the largest amount of inelasticity in the foil. Point 
B corresponds to the integration point nearest the internal wall at an 
adjacent "cool spot". Both points are in the region of the model 
having higher order solid elements. 

Figure 4 shows the strain - temperature history at the locations of 
interest during the first flight. The Take-Off portion is shown in 
more detail than the remainder of the flight. The various parts of the 
flight are labeled consistently with the flight definition shown in 
Figure 2 .  Figures 5 and 6 show the stress - strain response during all 
three flights at locations A and B respectively. The two locations 
present somewhat different pictures of the cyclic response: At 
location A, it is appears that a stabiblized hysteresis loop is 
achieved after just three flights. At the end of Take-Off, the largest 
variation in stress or strain between the second and third flights is 
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less than 2% ( see Table 1 and this is much less than the change 
between the first and second flight. However at location B the change 
between successive flights is decreasing less rapidly ( 5% and 4% ). 
Thus the analysis predicts that different parts Of the foil stabilize 
at different rates, which is reasonable since the loading and 
temeratures vary significantly from one location to another. In an 
actual airfoil it could be expected that the cyclic response from one 
flight to the next may be very similar even though it may never 
completely "stabilize" due to load redistribution from adjacent 
sections. As a result the hysteresis loop at any location may ratchet 
throughout the service life. Consequently, it is not appropriate to 
judge the material model stability based on the stress - strain 
response alone. More useful criteria are those of smoothness and 
sensitivity to step size. The stress - strain response in Figures 5 
and 6 shows no tendancy to severe oscillation. The "Looping" observed 
during initial loading at location A is a result of the complex 
thermal and mechanical loading on the foil during the "rolling 
take-off" portion of the flight and should not be interpreted as of a 
material model deficiency. 

Table 1 

Change in stress and strain from one flight to the next 

Values at the end of Take-Off 

Flight Stress Strain Inelastic Strain 
(MPa) ( % I  (%) 

A t  Location A 
1st -235.9 -0.339 -0.239 
2nd -213.1 -0.344 -0.267 
3rd -209.7 -0.343 -0.276 

A t  Location B 1st 629.7 0.365 0.068 
2nd 594.5 0.371 0.096 
3rd 569.0 0.376 0.119 

Additional insight regarding the behavior of the material model and 
the adequacy of the solution can be gained by examining the evolution 
of key state variables and the inelastic strains. Figure 7 shows the 
evolution of the back stress in the radial direction at locations A 
and B during the first flight. Once again, the Take-Off pause is 
easily identified. The evolution of the inelastic strain in the 
radial direction during the first flight is shown in Figure 8 for 
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location A. It is clear that these variables evolve smoothly, adding 
confidence in the behavior of the model and the fidelity of the 
analysis. 

Figure 8 shows the accumulation of inelastic strain at location A 
during all three flights. Several observations can be made. First, the 
bulk of the inelastic strain is accumulated during Take-Off on the 
first flight. Secondly, the element exhibits some degree of reversed 
inelasticity as evidenced by the decrease in the inelastic strain 
during Cruise and Descent. The Take -Off portions of the second and 
third flights have nearly the same amounts of inelastic strain 
accumulation, indicating that the overall hysteresis loop shape is 
essentially unchanged. 

A further check on the model can be made by checking that the 
effective stress and effective strains during initial stages of 
loading coincide with the normal monotonic tensile behavior. This 
check is valid only during early stages of loading before significant 
inelastic history has been accumulated. This check was made for 
location A at increment 19 which shows the first significant amount of 
inelastic strain. At increment 19, the inelastic strain is 
approximately 10% of the total mechanical strain. On the previous 
increment the inelastic strain was only 4% of the total strain. Figure 
9 shows the monotonic stress - strain curve predicted by the material 
model (at a temperature and strain rate consistent with increment 19) 
along with the effective stress/ effective strain calculated €or that 
increment. 

Sensitivity to Step Size and Efficiency 

A study was conducted to determine the sensitivity of the solutibn and 
material model behavior to step size. The reults reported above, (Ease 
Case), were obtained using 23 increments to describe the Take-Off 
portion between ground In this study, 
this same period was described in 10 increments, (Case 21, and in 6 
increments, (Case 3 ) .  Only the first flight was studied. Figure 10 
shows the resulting stress - strain response at location A . Case 3 
failed to converge to a solution on increment 8. The convergence 
failure occurred at an element other than location A. Case 2 
converged for all increments and produced results at the end of 
Take-Off which are in very good agreement with the Base Case. 

Idle and the end of Take-Off. 

It should also be noted that the improved efficiency integration 
techniques introduced by Cassenti4 resulted in very fast solution 
times for the nonlinear analysis. Computing times for the nonlinear 
analysis were compared to computing times for a conventional elastic 
analysis at various times in the flight cycle. It was found that the 
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matrix solution times were the same, indicating that the material 
model routines are very efficient. The efficiency measures developed 
by Cassenti avoid matrix inversion on each increment. Instead, the 
stiffness matrix is assemble at a reference temperature only, and any 
change in the stiffness due to temperature dependent elastic 
properties is passed to the main MARC program as an incremental 
inelastic stress vector. The reference temperature stiffness matrix is 
assembled only at the start of the inelastic analysis and each time 
the inelastic analysis is restarted. The net effect is that an 
inelastic analysis involving several increments actually uses less 
computing time than an equal number of separate elastic analyses, 
because each separate elastic analysis requires the stiffness matrix 
to be assembled anew. 

Conclusions 

The two state variable (Walker) viscoplastic model for B1900 has been 
successfully demonstrated in an analysis of a turbine airfoil under 
complex and realistic flight cycle loading. The model behaved very 
stably thoughout the flight cycle, was easily used and is very 
efficient. Each inelastic solution is no more expensive that an 
ealstic solution. The model was demonstrated using both linear strain 
and higher order three dimensional elements. A sensitivity study 
indicates that surprisingly large time/temperature/load steps could be 
used. 
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Figure 1. Finite Element Mesh Used for Constitutive Model Demonstration 

Figure 2. Simulated Flight Used in The Demonstration Analysis 

365 



TWERATURE 
2 )  695 C 
3 )  735 c 
4 )  775 c 
5 )  815 C 
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Figure 4. Strain-Temperature History at Locations A and B During 
First Flight 
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Figure 5. Stress-Strain Response at Location A 

Figure 6. Stress-Strain Response at Location B 
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Unified constitutive models are characterized by the use a single 
inelastic strain rate term for treating all aspects of inelastic deformation, 
including plasticity, creep, and stress relaxation under monotonic or cyclic 
ioading. The structure of this class of constitutive theory pertinent for 
high temperature structural applications is first outlined and discussed. The 
effectiveness or" the unified approach for representing high temperature 
deformation of Ni-base alloys is then evaluated by extensive comparison of 
experimental data ar.d predictions of the 6odner-?artom and the Waiker 
models. The use of the unified ap9roach for hot section structural component 
analyses is demonstrated by applying the Walker model in finite element 
anziyses of a benchmark notch problem and a turbine blade problem. 

INTRODUCTION 

It is well-known t h a t  accurate prediction of component fatigue lives is 
critically dependent on the success with which local inelastic stress/strain 
states in the vicinity of holes, fillets, and other strain concentration sites 
can be calculated. Stress/strain computations for hot section components ar2 
complicated by two factors: (1) complex component geometries, and (2) 
nonlinear material behavior associated with high temDerature creep-plasticity 
effects. The latter factor is particularly signi-ficant for turbine engine 
components in view of the fact that the combinations of centrifugal, 
aerodynamic, thermal and other mechanical loads that typically occur in a 
flight operation are so severe that they tend to drive th2 underlying material 
response beyond accepted limits fcr linear elastic behavior and into the 
regime characterized by inelastic, tine- and temperature-dependent 
deformation, thereby renderir,g elestic analysis methodologies inapplicable. 
Thus, an accurate accounc of geometrical coaplexities, three-dimensional and 
inelastic effects of hot section components requires a nonlinear finite- 
element methodology with an ad-ranced material constitutive model appropriate 
for high temperature appiications. 

' Work suppcrted by NASA Lewis Ressarch Cznter throuyn Contract No. NAS3- 
23925. 
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Advanced constitutive models which have been developed for high 
temperature applications are generally based on the unified approach, 
utilizing a single inelastic term to encompass all aspect of inelasticity, 
including plasticity, creep, and stress relaxation. Unified constitutive 
models which have been proposed in the literature include those of Walker [l], 
Bodner-Partom [ 2,3] , Miller [ 4 1 , Kr ieg , Swearengen and Rhode [ 5 3 , Chaboche 
[6], Robinson [7], Hart [8], and Lee and Zaverl [9]. Of these newly proposed 
constitutive models, only a small number of them have been used in conjunction 
with finite-element methods for structural analysis applications. Despite the 
limited experience, the earlier works [ l ]  clearly demonstrated that the 
unified approach is entirely compatible with three-dimensional inelastic 
finite-element formulations, and constitutes a new approach for structural 
analysis which has heretofore been based on classical concepts with uncoupled 
creep-plasticity models. In avoiding the simplified assumptions of classical 
theory, the unified theory can more realistically represent the behavior of 
materials under cyclic loading conditions and high temperature environments. 

A joint effort by Southwest Research Institute and Pratt & Whitney 
Aircraft has been underway for the past two years [ 10,111 to: ( 1 ) develop 
unified constitutive models for representing high-temperature, time-dependent 
inelastic deformation of initially isotropic cast nickel-base alloys, and (2) 
a p p l y  a unified constitutive model for hot section component analysis. This 
effort is funded under the HOST (Hot Section Technology) Program managed by 
NASA Lewis Research Center. The objective of this paper is to summarize the 
results to date concerning the use of the unified approach for modeling high 
temperature deformation of nickel-base alloys and for structural analysis. In 
this paper, the structure of unified constitutive theories pertinent for high- 
temperature structural applications is first outlined and discussed. The use 
of the unified approach for representing high temperature deformation is then 
evaluated by extensive comparison of experimental data of a nickel-base alloy 
and predictions of two unified models: the Bodner-Partom and the Walker 
models. Finally, the use of the unified approach for hot section structural 
component analyses is demonstrated by applying the Walker model to finite 
element analyses of a benchmark notch problem and a turbine blade problem. 

OVERVIEW OF UNIFIED CONSTITUTIVE MODELS 

The "unified" models are inherently incremental (rate formulation), 
retaining the separation of elastic and inelastic behavior and the assumption 
of plastic incompressibility. Thus, 

.e 'P E = E  + E  ij ij ij 

and 

;p = 0 .  kk 

All inelastic behavior is represented in the single term lD.. For small 
deformation, the elastic term, ie , follows Hooke's law. Devhdcpmenf of the 
inelastic strain rate term generaqy includes three components: a flow law, a 

372 



kinetic relation, and a set of evolutionary equations for the internal 
variables describing the development of hardening and recovery processes due 
to deformation and thermal histories. An extensive review of the general 
forms for these components is given in [10,12]. 

Most models use the generalized form of the Prandtl-Reuss flow law, i.e. 

where S. is the deviatoric stress, a .  is also a deviatoric tensor often 
referredljto as the equilibrium stress :jback stress, or kinematic hardening 
variable, and x is a scalar coefficient incorporating isotropic hardening. In 
one model examined (Bodner-Partom), the a .  is dropped and directional 

Eq. 2 defines the direction of inelastic flow with respect to the applied 
hardening is included in an incremental scala$ .I fashion in the coefficient A. 

deviatoric stress S iJ or the effective stress S ij - 'ij* 
The functional relationship between the scalar increments of strain rate 

and stress and the temperature, T ,  and internal variables, Xi, is called the 
kinetic relation, e.@;.: 

where 

and 

The number of internal variables, Xi, used is arbitrary but usually is 
restricted to two; one representing isotropic hardening and the other 
directional (kinematic) hardening. A t  high temperatures, the evolutionary 
equations for the internal variables are based on the well-accepted Bailey- 
Orowan theory for a hardening process proceeding with accumulating deformation 
and a recovery or softening process proceeding with time. The evolution rate 
of an internal variable is then the difference between the hardening rate and 
the recovery rate. 

Thermal history effects are generally modeled by including thermal terms 
in the evolution equations for the isotropic and directional hardening 
variables [12,13]. The general forms of the evolu5ion equations for the 
isotropic hardening variable, K, and the directional hardening variable, 
niJ, are [12]: 

k = h,(K)M1 - r,(T,K) + O , ( K , T ) ' f  ( 1 )  
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= h ( a  )$I - d(9 ,T)Nij - r2(Qij,T)Vij 
' ij 2 ij ij iJ 

where hl, rl, and 8 represent, respectively, the hardening, static thermal 
recovery, and thermal history functions for K; h2, d, r2, and 0 represent the 
hardening, dynamic recovery, static thermal recovery, and t%ermal history 

are directional indices 
and 

functions for n respectively; f i .  , vi 
related to unitiJGectors representhjg piastic s ain rate, stress, or the 
directional hardening variable [ 121. The measure of the hardening rate, M, is 
taken as either the inelastic strain rate ;pj or the inelastic work rate, 

The appropriate forms of 0 and 0 are not very well established at this 
time. A general approach fbr modgling thermal history effects is to 
express 0 and 0 as functions of the internal variable and temperature 
[12,13]. 'New in?ernal variables may also be introduced [14]. In a particular 
approach [1,11], 8 ,  and 8 are assumed to depend on temperature only and are 
taken as functions reprisented by variations of material constants with 
respect to temperature [1,111. 

1 

wp = UijEij. 'P 

In the following sections, extensive experimental correlations with two 
specific models, Bodner-Partom [2,3] and Walker [ 11, will be presented. While 
following the general form outlined above, these two models differ 
considerably in detail but both have found considerable use in high- 
temperature problems. Details of both sets of equations are given in Tables 1 
and 2. 

EVALUATION OF THE BODNER-PARTOM AND THE WALKER MODELS 

Extensive experiments were conducted on a cast turbine blade or vane 
alloy (PWA B1900+Hf) over the entire range of conditions experienced by hot 
section components, which inc ude tem erature ranging from room temperature to 
1093C, strain rates from IO-# to IO4 sec'l and strain of 2 1 percent. The 
B1900+Hf alloy has a grain size of .8 mm (ASTM No. -2 to -3), a y a  size of 
0.9 vm in the fully heat-treated condition, and low porosity. All specimens 
were obtained from a single heat. 

Testing included isothermal tension, creep, stress relaxation, cyclic 
loading (with and without mean stress or hold time), thermomechanical fatigue 
(TMF) cycles, and proportional and nonproportional biaxial strain cycles. 
Details of the experimental procedures are described elsewhere (111. As 
described in [ll], the material constants for the Bodner-Partom model were 
derived from uniaxial tension data only, while the Ealker model required, in 
addition, a small amount of cyclic data. Tables 3 and 4 summarize the Bodner- 
Partom and the Walker model constants for Bl9OO+Hf, respectively. Formalized 
procedures for developing model constants are being developed [ll]. In the 
past, this function has been a major detraction from use of these models. The 
remaining cyclic, creep, relzxation, and biaxial data are predictions from 
each model. 
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A. Deformation Under Uniaxial Tension, Creep, and Cyclic Loading 

Figure 1 shows monotonic tensile results and corresponding mode& 
calc lations at three temperatures and a constant strain rate of 8 . 3  x 10- 
sec . These monotonic stress vs strain data are used to establish the 
constants for the evolutionary equations of the internal variables describing 
hardening and recovery behavior. In the case of the Walker model, the cyclic 
stress-strain curves are needed, in addition, in order to differentiate 
between the isotropic and directional components. Similar tensile data over a 
wide range in temperature and strain rate are given in Figure 2. Temperature 
and rate variations are needed to fix the constants related to the kinetic 
equations. At 760 C (1400 F), hardening mechanisms are dominant, while at 
1093 C (2000 F), the recovery terms in the evolutionary equations become 
dominant. The transition between hardening and recovery is dependent on both 
temperature and strain rate. At 760 C, the Walker model includes a strain- 
aging term which accounts for the region of negative strain-rate sensitivity. 

-Y 

Figure 3 shows the correlation for steady-state creep rate as a function 
of the applied stress at four temperatures. The hardening-recovery transition 
is evident in these data also. These results are predictions obtained from 
the monotonic tensile data. 

A sample cyclic stress-strain curve at 1093 C is given in Figure 4.  
These are saturated (stable) loops after a small amount of cyclic hardening. 
Cyclic hardening or softening is included in the models. Cyclic stress-strain 
data obtained by incrementally increasing the strain range for completely 
reversed cycling (R = -1) is summarized in Figure 5 for four different 
temperatures. Here again, it should be emphasized that the Bodner-Partom 
model predictions are based on monotonic input data only. 

The effects of imposed compressive and tensile mean strains on the cyclic 
constitutive behavior of B1900+Hf have also been investigated. The results 
for 760 C are summarized in Figure 6, with corresponding model predictions 
using both the Bodner-Partom and the Walker theories. For purposes of 
comparison the half stress range (Au/2), half cyclic plastic strain 
range (he /2) and mean cyclic stress at both the first and sixth cycle are 
plotted Qersus the half strain range ( A E / ~ )  for R ratios (minimum strain/- 
maximum strain) of 0, - 1 ,  and -=. Two important observations in Figure 6 are: 
(1) the experimental and theoretical saturated cyclic stress-strain curves 
(Au/2 - Ae/2 curves) appear to be unique at a particular strain rate and 
temperature and are independent of the R ratio, and (2) both unified models 
predict a drift in the mean cyclic stress which is not always observed in the 
experimental data. 

Stress relaxation tests were performed by holding strain at various 
locations of the hysteresis loops for a two minute period. Figure 7 compares 
model predictions and experimental results of stress relaxation during strain 
hold on the unloading portion of the saturated hysteresis loop of B1900+Hf at 
1093 C. The Bodner-Partom calculations agree well with the experimental data 
for strain holds at -65 and .55$. At .5%, the experimental result indicates 
reverse stress relaxztion as the stress is slightly increased from compression 
to tension during the hold period while the Bodner-Partom model predicts a 
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constant stress with essentially no stress relaxation. In principle, the 
reverse stress relaxation process is capable of prediction by the equilibrium 
stress approach. However, no stress relaxation calculations are currently 
available for the Walker model. 

B. Deformation Under Thermomechanical Cycling 

In practice, component parts are subject to simultaneous load and thermal 
cycling and a dominant failure mode is thermomechanical fatigue (TMF). The 
ability of a unified constitutive model to predict response to TMF cycling is 
of prime interest and constitutes a rigorous test of the model. It is of 
further interest to determine whether a model based on equilibrium isothermal 
data can handle the nonisothermal response problem. Numerous experimental TMF 
cycles have been run with both in-phase and out-of-phase temperature-strain 
cycles and with and without hold time. Figure 8 presents a typical data vs 
model correlation for a simple in-phase cycle. Similar results are obtained 
for an out-of-phase cycle with a 60 second strain hold at maximum compressive 
strain, Figure 9. The cycle time for both the in-phase and out-of-phase 
cycles was 60 seconds. The correlation with both isothermally-based models is 
reasonably good, indicating that no obvious correction is needed to account 
for the rate of change in temperature. For materials exhibiting strong 
dynamic strain aging effect or microstructural changes during thermomechanical 
cycling, this may no longer be the case and extra terms in the constitutive 
model may be required. 

C. Deformation Under Biaxial Loading 

Another critical test for the unified models is their ability to handle 
complex multiaxial stress or strain histories. Hardening laws under 
nonproportional loading still pose a problem in classical rate-independent 
plasticity. Most of these theories are based on initial yield and subsequent 
multiple loading surfaces with a normality rule. While unified theories can 
be developed based upon yield surface or plastic potential concepts [6-91, the 
models studied here assume viscoplastic flow occurs at all finite stress 
states other than S = n (Bodner-Partom assumes Q = 0). The evolutionary 
equations in combin&&ion u t h  the flow law define tAd incrementally-developed 
hardened state for each material direction. 

Figure 10 shows experimect-model correlations for a strongly 
nonproportional strain cycle in which the axial and torsional strain are 
controlled to have the same effective cyclic strain amplitude with a 90" phase 
difference between the two inputs. This results in the nearly circular stress 
trajectories shown in Figure 10 along with the individual stress-strain 
hysteresis loops. The models, based on uniaxial data, show good qualitative 
agreement with some overestimate of the stress amplitudes. 

Previous results with Hastelloy X [lo] had shown that cyclic strain 
hardening under similar out-of-phase, nonproportional loading was 
significantly greater than that obtained under uniaxial or other proportional 
loading paths. For B1900+Hf, sequential proportional and nonproportional 
straining histories produced no differences in hardening behavior at all 
temperatures from 20 C to 980 C. There seems to be a difference in this 
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aspect of hardening between the precipitation-hardened alloys and dominantly 
solid solution alloys. The nonproportional strain paths also provide useful 
information on the correct form of the flow law. In the strain trajectories 
of Figure 10, there is observed a phase lag of approximately 20" between the 
inelastic strain rate g p .  and the deviatoric stress Sij. This phase lag is 
reasonably predicted by Lhe Walker model through the use of the equilibrium or 

In the Bodner-Partom approach, gp and S are assumed back stress term, Qij. 
coincident. ij ij 

Figure 1 1  shows another more complex nonproportional path where the 
frequency of the shear strain is twice that of the axial strain. Again, 
qualitative agreement with the models is good; however, the hysteretic energy 
loss seems to be greater in the models than in the experiment. 

HIGH TEMPERATUaE STRUCTURAL ANALYSES 

Preliminary effort to demonstrate the utility of the unified models for 
component analysis has been accomplished at Pratt & Whitney Aircraft. For 
this purpose, the MARC nonlinear finite element computer program was the 
vehicle for incorporating the viscoplastic models. The incorporation in the 
MARC program was achieved by means of an initial stress technique. All of the 
material nonlinearity in the constitutive equations is put into an initial 

I load vector and treated as a pseudo body force in the finite element 
equilibrium equations. Because the models form a "stiff" system of 

i differential equations, it is necessary to form the incremental constitutive 
equation appropriate to the finite element load increment by means of a 
subincrement technique. Then the constitutive equations are integrated over 
the small subincrements to form an accurate representation over the finite 
eIement load increment. The integration of the constitutive equations is 
currently performed by using explicit Euler forward differences with 
subincrement time step sizes determined by convergence and stability 
criteria. Other integration schemes are under investigation in the attempt to 
improve computational efficiency. 

A. Senchmark Notch Analyses 

The MARC finite-element code and the Walker model were used to analyze a 
number of benchmark notch problems. Elevated temperature testing of 
instrumented notch round specimen was also conducted to generate notch 
displacement data for verification of the analytical methodologies. The 
benchmark notch testing was conducted on specimens of design shown in Figure 
12a for six load patterns at 871°C over load ranges sufficient to result in 
short time inelastic behavior and over load time sufficient to induce 
significant time-dependent inelastic notch strain. The lcading conditions and 
the experiment procedures for the benchmark notch experiments are described in 
[ll]. In these experiments, the radial and the diametrial displacements at 
the notch throat were measured. 

The finite-element mech for the benchmark notch specimen is shown in 
Figure 12b. In one of the benchmark experiment, the notch specimen wa loaded 
under monotonic tension at a nominal strain rate of 2~10'~ see-'. The 
variation in the diametrial displacement at the notch throat with tho applied 
load is presented with model prediction in Figure 13. At the imposed nominal 
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strain rate of 2~10'~ sec", the limit load was 35,800N (8050 lb). Finite 
element load versus displacement predictions agree well with the test data at 
low values of dimetrial displacement, but diverge at strain conditions 
indicative of bulk yielding in the notch. The limit load is overestimated by 
18%. 

In another benchmark experiment involving dwell, the notched specimen was 
cycled at f 331, 5352, 2365, k386, and f 414 MPa for 10 cycles at each stress 
level. Additionally, a minute hold was applied at both maximum tension and 
compression. The variation of the peak-to-peak notch displacement and the 
cyclic inelastic notch displacement with the cycle number is shown in Figures 
14a and b, respectively. As noted in Figures 14a and b, the finite element 
analysis predicts the peak-to-peak variation in the throat dimetrial 
displacement to within 141, but underestimates the cyclic inelastic notch 
displacement by nearly 60% at the highest test loads. However, it should be 
noted that the inelastic notch displacements are quite small. 

B. Inelastic Turbine Blade Analysis 

The MARC code along with the Walker constitutive model were Gsed to 
analyze a turbine blade under a simulated flight loading spectrum. The FEM 
blade model with the temperature and engine RPM flight history are given in 
Figure 15. The flight history, representative of a commercial airline, has 
some high transient response early followed by steady cruise conditions. 
While thermal 2nd mechanical response is computed continuously for the 
complete blade, we will present here a comparison only for a selected element 
between a totally elastic analysis and the viscoplastic analysis. This 
comparison is given in Figure 16. Besides showing the difference in response 
for a given problem by including viscoplastic behavior, this exercise provides 
some comparison of the relative computational times for the two problems. In 
this case, the viscoplastic computation time was about seven times as great as 
for the elastic case. More recent work has reduced this ratio to less than 
two [151. 

CONCLUSIONS 

Rapid advances are being made in the development of strongly nonlinear, 
time- and temperature-dependent constitutive models for metals used in gas 
turbine hot section components. These models, in conjunction with finite 
element structural analysis codes, will allow accurate prediction of stress 
histories and strain accumulation of components in service. This capability, 
particularly for regions of local stress concentration, is essential for 
reliable input into cumulative damage or crack initiation algorithms used for 
component life prediction. An. increased coupling between constitutive models 
describing stable deformation states and limit conditions describing the 
initiation of local material instability or failure is needed. 
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TABLE 1. SUMMARY OF BODYER-PARTOM MODEL 

I .  Fiow Law: 

q j  = iij e +  

i,g = x S l j  ; 

1 
i j  ‘ij - w i th  S 

_. 7 K i n e t i c  Equation: 

D2 ? = 0,‘ u(P 

J2  = S .  .S  . 2 1 J  13 

3.  Evolut ion Equarions o f  I n t e r n a l  Var i ab le s :  

a. I s o t r o p i c  HardeFing 
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CONSTITUTIVE RESPONSE OF RENE 80 UNDER THERMAL MECHANICAL LOADS 

K.S. K i m ,  T.S. Cook, R.L. McKnight 
General E l e c t r i c  Company 
C inc inna t i ,  Ohio 45215 

Accurate p r e d i c t i o n  o f  s t r u c t u r a l  response i n  the  h igh  temperature 

environment i s  a p re requ is i t e  f o r  r e l i a b l e  l i f e  p r e d i c t i o n  o f  ho t  sec t ion  
components o f  gas tu rb ine  engines. I n  many s i t ua t i ons ,  t h i s  invo lves the  use 

o f  general purpose f i n i t e  element code capable o f  modeling non l inear  mater ia l  
behavior. The c o n s t i t u t i v e  models o f  mater ia l  behavior may be e i t h e r  

c lass i ca l ,  1.e. separat ion o f  creep and p l a s t i c  deformation, o r  u n i f i e d ,  
wherein i n e l a s t i c  deformation as a whole i s  considered. While there  i s  

considerable i n t e r e s t  i n  the  u n i f i e d  theor ies,  these models requ i re  f u r t h e r  
development o f  c a p a b i l i t i e s  and experimental v e r i f i c a t i o n  under r e a l i s t i c  

loading cond i t ions .  A t  present, the  implementation o f  u n i f i e d  theor ies  i n  
numerical ana lys is  i s  no t  widespread. The c l a s s i c a l  theor ies,  on the  o ther  
hand, are r e l a t i v e l y  w e l l  estab l ished and ava i l ab le  i n  many F i n i t e  element 

codes. 
using a c l a s s i c a l  model ra the r  than a u n i f i e d  theory.  

study was t o  examine the  accuracy o f  a c l a s s i c a l  c o n s t i t u t i v e  model when 

appl ied t o  thermomechanical f a t i g u e  (TMF) o f  Rene’ 80. Using isothermal creep 
and c y c l i c  s t ress -s t ra in  data, two approaches were used t o  p r e d i c t  t he  h a l f  
l i f e  thermal mechanical hys teres is  loops. An e l a s t i c - p l a s t i c  analys is  using 

appropr ia te s t ress -s t ra in - ra te  data was fo l lowed by an e las t i c -p las t i c -c reep 

analys is .  Th is  l a t t e r  approach used, h igh  s t r a i n  r a t e  data f o r  t he  

e l a s t l c - p l a s t i c  ana lys is  and r e l i e d  on the  e x p l i c i t  I nc lus ion  o f  creep t o  
develop the  appropr ia te  t i m e  dependent behavior. 

approaches provides an i n d i c a t i o n  o f  t he  importance o f  e x p l i c i t l y  modeling the  

r a t e  e f f e c t s  i n  the  thermal mechanical cycles o f  Rene’ 80. 

Therefore, t he  p r e d i c t i o n  o f  c y c l i c  deformation I n  t h i s  study was made 
The ob jec t i ve  o f  the  

Comparison o f  the  two 
’ 
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MATERIAL 

The m a t e r i a l  se lec ted  f o r  t h i s  s tudy i s  t h e  c o n v e n t i o n a l l y  c a s t  s u p e r a l l o y  
Rene' 80. The composi t ion (ut. p c t . )  i s :  3.0 p c t .  A l ,  5.0 p c t .  T i ,  14.0 p c t .  

C r ,  3.9 p c t .  W, 4.0 p c t .  Mo, 9.8 p c t .  Co, 0.17 p c t .  C,  and t h e  balance N i .  

Th is  n icke l -base m a t e r i a l  i s  a t y p i c a l  h i g h  temperature a l l o y  and i s  q u i t e  
w i d e l y  used f o r  t u r b i n e  blades and nozz le vanes. 
a l l o y  has been descr ibed by An to lov i ch  and Domas [1,2], b u t  it c o n s i s t s  o f  

l a r g e  (ASTM 2 t o  3) ,  i r r e g u l a r  g r a i n s  w i t h  a d i s t r i b u t i o n  o f  g r a i n  boundary 
ca rb ides  and bor ides There a r e  severa l  s t reng then ing  mechanisms b u t  t h e  
major  one i s  u n i f o r m  y d i s t r i b u t e d  cuboidal  gamma pr ime p r e c i p i t a t e s .  These 
p r e c i p i t a t e s  tend t o  coarsen w i t h  i n c r e a s i n g  temperature and s t r a i n  r a t e  and 

a r e  a t  l e a s t  p a r t i a l  y respons ib le  f o r  t h e  temperature dependence o f  c y c l i c  
deformat ion.  A t  t h e  lowest  t e s t  temperature, t h e  deformat ion i s  l a r g e l y  
w i t h i n  t h e  m a t r i x  l e a d i n g  t o  m a t r i x  f a i l u r e  when a c r i t i c a l  d i s l o c a t i o n  
d e n s i t y  i s  achieved. A t  t h e  h i g h e r  temperatures, t h e  l a r g e  p r e c i p i t a t e s  tend 
t o  d i spe rse  t h e  s l i p ,  y i e l d i n g  more homogeneous deformat ion.  The damage 
accumulates a t  g r a i n  boundaries, l ead ing  t o  t h e  fo rma t ion  o f  o x i d e  sp ikes [l]; 
hence, n o t  o n l y  t h e  deformat ion b u t  a l s o  t h e  f a i l u r e  mechanisms a r e  

temperature dependent. 

The m i c r o s t r u c t u r e  o f  t h i s  

MECHANICAL TESTING 

S o l i d  c y l i n d r i c a l  specimens were c a s t  t o  s i z e  and f i n a l  machined u s i n g  low 

s t r e s s  procedures. 

l eng th .  
The specimens had a d iameter  o f  6.35mm and were 92.lmm i n  

The specimen ends were threaded f o r  at tachment purposes. 

A broad sequence o f  thermomechanical and i so the rma l  t e s t s  were c a r r i e d  o u t  

t o  develop and eva lua te  a TMF model. I so the rma l  c y c l i c  s t r e s s - s t r a i n  (CSS), 

low c y c l e  f a t i g u e  (LCF), creep, and r e l a x a t i o n  t e s t s  were conducted a t  t h r e e  

temperatures under a v a r i e t y  o f  t e s t  c o n d i t i o n s .  The CSS behav io r  was 

examined as a f u n c t i o n  o f  s t r a i n  r a t e ,  as was t h e  LCF l i f e .  Creep and 

r e l a x a t i o n  were examined i n  t e n s i o n  and compression; mean s t r e s s  e f f e c t s  and 
c r e e p - p l a s t i c i t y  i n t e r a c t i o n s  were i n v e s t i g a t e d .  A l l  these r e s u l t s  w i l l  n o t  
be repo r ted  here; t h i s  paper w i l l  concentrate on t h e  t i m e  dependent behav io r  

o f  Rene' 80. 
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A1 1 t e s t i n g  was c a r r i e d  ou t  I n  convent ional  servohydraul ic f a t i gue  
machines w i t h  extensometry. For the  displacement c o n t r o l l e d  tes ts ,  t o t a l  
l ong i tud ina l  s t r a i n  was con t ro l l ed .  The same t e s t  setup was used f o r  t he  
creep t e s t s  so t h a t  t he  creep curve was obtained. 

temperatures, 760, 871, and 982OC; the  m a j o r i t y  o f  t he  t e s t i n g  was done a t  
the  h ighest  temperature. Cyc l i c  t e s t i n g  was done a t  s t r a i n  ra tes  o f  10, 2, 
and 1 percent/minute, w i t h  a few t e s t s  a t  0.2 percent/minute. 
t e s t i n g  had establ ished s t ress -s t ra in  behavior a t  h igh  s t r a i n  ra tes,  

40-50WmIn. 12.31. 
s t r a i n  r a t i o s  (RE. = Emin / emax ) employed. 

Data were obtained a t  th ree  

Previous 

Tr iangu lar  waveforms were used i n  these t e s t s  w i t h  several  

The c y c l i c  s t ress -s t ra in  data was obtained i n  two ways. A t  a s t r a i n  r a t e  
o f  one percent/minute, f u l l y  reversed c y c l i c  t e s t s  w i t h  open hys teres is  loops 

were conducted. 
behavior was observed. 

By record ing the  loops, t he  m a t e r i a l ' s  approach t o  s tab le  
A loop a t  the  estimated h a l f  l i f e  was se lected as 

I 
I r epresenta t ive  o f  t he  c y c l i c  amplitude curve. 

obtained from the  LCF tes ts ;  t he  s t ress -s t ra ln  values a t  0.5 Nf were taken 
as po in ts  on the  c y c l i c  curve. 

temperatures and f o u r  s t r a i n  ra tes  i s  shown I n  Flgure 1. The data shows a 
complex p a t t e r n  o f  temperature dependent behavior. A t  760C, t he re  i s  very 
l i t t l e  e f f e c t  o f  s t r a i n  ra te .  
increase w i t h  ra te ,  w h i l e  the  982C s t ress-s t ra in  curve increases on ly  a t  the 
very h igh  ra te .  
mechanism o f  Rene' 80. 

Other s t r a i n  r a t e  data was 

I 
A summary o f  t he  c y c l i c  behavior a t  the  three 

A t  871C, the  s t rength  shows a s i g n i f i c a n t  

This behavior r e f l e c t s  the  temperature dependent deformation 

Since the  TMF cyc les had a per iod  o f  less  than th ree  mlnutes, t h e  creep 
The s t ress  l eve l s  t e s t s  concentrated on the  e a r l y  p a r t . o f  t he  creep curve. 

employed were t y p l c a l  o f  t he  TMF loads and the  i n i t i a l  load was app l ied  a t  

approximately t h e  r a t e  o f  the  TMF tes ts .  
cases bu t  most o f  t he  i n i t i a l  loading was e l a s t i c .  The m a j o r i t y  o f  t he  creep 

t e s t s  l as ted  two t o  th ree  hours, a l though a few were taken t o  f a i l u r e .  

There was s l i g h t  p l a s t i c i t y  i n  a few 

The creep data was analyzed us ing  a non l inear  regress ion r o u t i n e  and 
f i t t e d  w i th  the  creep curve 

E' = K amtn + Q a r t  , 
where K, m, n, Q, and r a re  constants determlned by t h e  regression. 
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80th t h e  t e n s i l e  and compressive creep da ta  were analyzed us ing  t h i s  

expression. 
p r e d i c t e d  by t h e  t e n s i l e  da ta  and v i c e  versa. I n  a d d i t i o n ,  when t h e  creep 

r a t e s  were examined, a t  982C ( t h e  o n l y  temperature examined a t  p resen t ) ,  t h e  

same creep r a t e s  were o c c u r r i n g  a t  t h e  same creep s t r a i n  rega rd less  o f  t h e  

s i g n  o f  t h e  load.  F i g u r e  2 shows t h e  t e n s i l e  creep data and t h e  r e s u l t i n g  

curve f i t s  a t  982 and 871C. 
i n  creep assoc ia ted  w i t h  t h e  s i g n  o f  t h e  load, t h i s  same f i t  was used t o  

desc r ibe  bo th  t h e  t e n s i l e  and compressive creep i n  t h e  modeling. 

It was found t h a t  t h e  compression curves cou ld  be reasonably 

Since t h e r e  does n o t  appear t o  be any v a r i a t i o n  

The Rene' 80 TMF specimens were subjected t o  t h e  t h r e e  temperature and 

s t r a i n  waveforms shown i n  F i g u r e  3 .  The genera l  t e s t i n g  procedure has been 
descr ibed by Embley and Russe l l  [ 4 ]  and c o n s i s t s  o f  two c o n t r o l  loops, one f o r  

s t r a i n  and one f o r  temperature.  I n d u c t i o n  h e a t i n g  was employed and c o n t r o l l e d  
by c a l i b r a t e d  thermocouples mounted on t h e  specimen shoulders.  The TMF c y c l e  

was l i m i t e d  by t h e  s o l i d  specimens; f o rced  a i r  c o o l i n g  would induce 
undes i rab le  temperature g r a d i e n t s  and was n o t  employed. A s t r a i n  r a t e  of one 

pe rcen t  p e r  minute was used i n  t h e  TMF experiments; t h i s  r e s u l t e d  i n  a p e r i o d  
o f  1.6 t o  2.6 minutes.  Th is  c o n s i d e r a t i o n  r e s t r i c t e d  t h e  temperature c y c l e  t o  

100-150°C. 
cyc le ,  b u t  i t  does s i m u l a t e  p a r t s  o f  t h e  c y c l e ,  f o r  example, a t h r u s t  r e v e r s a l  

Th i s  c y c l e  i s ,  o f  course, n o t  r e p r e s e n t a t i v e  o f  an e n t i r e  f l i g h t  

[51.  

Load-displacement h y s t e r e s i s  loops were recorded p e r i o d i c a l l y  throughout  

t h e  TMF and LCF t e s t s .  

c h a r t s  and used t o  determine cyc les  t o  crack i n i t i a t i o n ,  Ni, and f a i l u r e ,  

N f .  The Rene' 80 sof tened a t  a cons tan t  r a t e  f o r  much o f  t h e  f a t i g u e  t e s t ;  

an a c c e l e r a t i o n  i n  t h e  s o f t e n i n g  r a t e  was used t o  d e f i n e  crack i n i t i a t i o n .  

Cycles t o  f a i l u r e  was d e f i n e d  as 50 pe rcen t  l o a d  drop. The h y s t e r e s i s  l oop  

neares t  Nf/2 was used as t h e  d e f i n i t i o n  of c y c l i c  values. 
s t r a i n  ranges were ob ta ined  f rom t h i s  loop.  

was def ined as t h e  maximum w i d t h  0' t h e  s t r e s s - s t r a i n  h y s t e r e s i s  loop. 

Load and s t r a i n  da ta  were recorded on c a l i b r a t e d  s t r i p  

S t ress  values and 
The measured p l a s t i c  s t r a i n  range 
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THERMAL MECHANICAL ANALYSIS 

Analyses of t h e  thermal  mechanical h y s t e r e s i s  loops were made us ing  t h e  

f o u r  cons tan t  s t r a i n  t r i a n g l e  model shown i n  F i g u r e  4. 

program developed by McKnight [ 6 ]  was used throughout  t h e  study. 

approaches were taken t o  account f o r  t h e  i n e l a s t i c  deformat ion a t  h i g h  

temperatures.  

was considered. 

Instead,  t h e  s t r e s s - s t r a i n  curves a t  t h e  s t r a i n  r a t e  used i n  t h e  TMF t e s t s  

were i n p u t  t o  t h e  a n a l y s i s .  
i n c l u d e d  i n  t h i s  case s i n c e  t h e  creep e f f e c t s  a r e  r e f l e c t e d  i n  t h e  

rate-dependent s t r e s s - s t r a i n  curves. 

The f i n i t e  element 

Two 

I n  t h e  f i r s t  approach, o n l y  t h e  e l a s t i c  and p l a s t i c  deformat ion 
The creep was n o t  e x p l i c i t l y  i nc luded  i n  t h e  a n a l y s i s .  

It may be assumed t h a t  t h e  creep was i m p l i c i t l y  

I n  t h e  second approach, t h e  creep deformat ion was e x p l i c i t l y  i nc luded .  

The s t r e s s - s t r a i n  curves a t  h i g h  s t r a i n  r a t e s ,  SO%/min, a long w i t h  creep 

constants ,  were i n p u t  t o  t h e  a n a l y s i s .  It was assumed t h a t  t h e  creep 
deformat ion i s  n e g l i g i b l e  a t  t h e  h i g h  s t r a i n  r a t e .  

curves used as i n p u t  i n  t h e  a n a l y s i s  a re  h a l f - l i f e  curves, as a r e  t h e  

h y s t e r e s i s  loops be ing  c a l c u l a t e d  i n  t h i s  paper. From t h e  s tandpo in t  o f  l i f e  

p r e d i c t i o n ,  u s i n g  h a l f  l i f e  da ta  i s  more p r a c t i c a l  t han  r e l y i n g  on t h e  da ta  

based on cont inuous changes o f  c y c l i c  response, which i s  d i f f i c u l t  t o  p r e d i c t  

f o r  t h e  c l a s s i c a l  c o n s t i t u t i v e  models. 

A l l  t h e  s t r e s s - s t r a i n  

The thermal  mechanical cyc les  analyzed i n  t h i s  s tudy a r e  ( F i g u r e  3 ) :  

760 - 87loC, R E  = -1, A s  l X ,  E = lX/min; LIP, CWD, LOP 

871 - 982 C, R E  = -1, A ~ =  1%, 6 = 1Wmin; LIP, CWD, LOP 0 
( 1 )  
(ii) 

For  comparison purposes, i so the rma l  cyc les  a r e  a l s o  presented: 

R = -1, A€:= I .o%, i = ~ m i n  
E 

(iii) 87loC, 
( i v )  982OC, = -1, AS= 1.3%, = 2Wmin and 10%/min 
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For the  e l a s t i c - p l a s t i c  analys is ,  t h e  s i x  cyc les i n  (I) and (11) were 
analyzed. For e las t i c -p las t i c -c reep analys is ,  condi t ions ( i i ) ,  (111) and ( i v )  
were considered. The 760-871OC cyc les were no t  considered i n  the  l a t t e r  
approach because the  creep t e s t s  were completed on ly  f o r  871OF and 9 8 2 O C  

a t  t h i s  time. 

For completeness o f  presentat ion,  t he  c o n s t i t u t i v e  model used here in  i s  
ou t l i ned  i n  the  fo l low ing :  

(I) Time-Independent Deformation 

The s t r a i n  component can be w r i t t e n  as the  sum o f  t he  e l a s t i c ,  p l a s t i c  and 

thermal par ts :  

The e l a s t i c  and thermal s t r a i n s  a re  given by: 

E .e. = 1+ v V 1 J  - u.. - - E 1J E &ij 'kk , 

= a6 .AT 
i j  i J  

E Y 

(3 )  

( 4 )  

where E i s  t he  Young's modulus, v i s  the  Poisson r a t i o ,  a i s  the  thermal 
expansion c o e f f i c i e n t ,  6ij 1s the  Kronecker d e l t a  and AT 1s the  r e l a t i v e  
temperature. For the  p l a s t i c  deformation, t he  c l a s s i c a l  incremental 

p l a s t i c i t y  theory which u t i l i z e s  the Prandtl-Reuss f l ow  ru le ,  Von Mises y i e l d  
c r i t e r i a  and the  kinematic hardening r u l e  i n  the  s t r a i n  space, has been used 
i n  t h i s  study. The Bessel ing 's  subvolume method [ 7 ]  i s  used w i t h i n  t h i s  
c o n s t i t u t i v e  framework. I n  the subvolume method a strain-hardening ma te r ia l  
i s  considered as a composition o f  several  subvolumes, each o f  which i s  an 
e l a s t i c - i d e a l  l y  p l a s t i c  ma te r ia l .  The subvolumes have i d e n t i c a l  e l a s t i c  
constants bu t  d i f f e r e n t  y i e l d  stresses. The y i e l d  func t ion  f o r  t he  k - th  

subvolume i s  g iven by 
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I 
i j  

where e 
f o r  t h e  k - t h  subvolume and Pk i s  t h e  r a d i u s  o f  t h e  k - t h  subvolume y i e l d  

su r face  (P, < P2 < ...). 

i s  assumed t o  be i s o c h o r i c ,  i . e . ,  Eiik=O , which i m p l i e s  eijk=eijk 'P  'P . The 

p l a s t i c  s t r a i n  r a t e  o f  t h e  k - t h  subvolume i s  g i ven  by 

i s  t h e  s t r a i n  d e v i a t o r ,  ep. i s  t h e  p l a s t i c  component o f  e 
I i j  1 J k  

N o t i c e  t h a t  t h e  k inemat ic  hardening r u l e  i n  t h e  
I s t r a i n  space i s  used i n  Eq. ( 5 ) .  The p l a s t i c  deformat ion f o r  each subvolume 

'k' 

I i f  

I f k  = 0 and (eij - e y j k )  kij > 0 

' P  = , otherwise.  
e i j k  

The t o t a l  p l a s t i c  s t r a i n  can be w r i t t e n  as t h e  weighted sum o f  t h e  p l a s t i c  

s t r a i n s  o f  t h e  subvolumes s a t i s f y i n g  E q .  (6a ) :  

' p  = ep eij k 'k i j k  
( 7 )  

The d e t e r m i n a t i o n  o f  , 'k, and a l s o  Pk i n  E q .  ( 5 ) .  can be done by cons ide r ing  

t h e  u n i a x i a l  s t r e s s - s t r a i n  curves. For  d e t a i l s ,  t h e  reader  i s  r e f e r r e d  t o  
Besse l i ng  [ 7 ] .  

The e l a s t i c  p r o p e r t i e s  and t h e  s t r e s s - s t r a i n  curves a r e  i n p u t  a t  severa l  
temperatures.  I n  a t ime-va ry ing  temperature f i e l d ,  f o r  example, t h e  

thermomechanical process under cons ide ra t i on ,  t h e  m a t e r i a l  data,E,v,aYPk and 
Y' !' a r e  l i n e a r l y  i n t e r p o l a t e d  u s i n g  t h e  i n p u t  da ta  a t  nea res t  temperatures.  k '  
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(11) Time-Dependent Deformation 

The t o t a l  s t r a i n  i n  the  presence o f  creep i s  given by 

8 
i j  E i j  i j  i j  9 

= Ee + EP -+ E;j + E 

C 
where c i j  

creep s t r a i n  components a re  g iven by 

i s  t he  creep s t r a i n  and others are as g iven i n  equat ion ( 2 ) .  The 

- c  = x sij 
E i j  

where S i s  t h e  s t ress  dev ia to r ,  x i s  a func t i on  o f  t h e  h i s t o r y  of creep 
deformation. Def in ing  such t h a t  

1.j . c  

- E * c  =/- 

( 9 )  

i t  can be shown t h a t  

where 
- 
u =I ;  sij sij 
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The constancy o f  t h e  volume i n  creep deformat ion lik = 0 
assumed here. The e f f e c t i v e  creep s t r a i n ,  E , I s  determined by the  pr imary 

creep term of t h e  Bai ley-Norton type and a steady s t a t e  creep term;  

, i s  again 
-C 

I 

L 

L - m  n = K u  t + Q a r t  B 

where the  constants a re  those from (1)  and , 

I D i f f e r e n t i a t i n g  (13) w i t h  respect  t o  t ime and us ing equations ( 9 ) ,  (11) and 
(12), one can show t h a t  

- -  - m-ltn-1 S..Kno * c  - 
i j  2 1.J 

E 

f o r  small t imes where the  pr imary creep dominates. 

creep s t r a i n ,  equat ion (15)  can be w r i t t e n  as 

I n  terms o f  accumulated 

1 1 -- - 1 m  --I 
3 n = - S .  .Knno (F ') * C  

'i j 2 1 J  

Equation ( 1 5 )  i s  c a l l e d  " the  time-hardening formulat ion'1 and equat ion (16) i s  
c a l l e d  the  "s t ra in-hardening fo rmula t ion"  i n  the  contex t  o f  t he  creep ana lys is  

under t ime-vary ing s t ress  f i e l d .  I n . t h i s  study, t h e  s t ra in-hardening 

fo rmula t ion  was used simply because i t  i s  somewhat favored over the  

time-hardening r e l a t i o n  from the  s tandpoint  o f  c o r r e l a t i n g  t e s t  data. 
case where t h e  steady s t a t e  creep i s  no t  n e g l i g i b l e ,  t h e  creep t ime f o r  a 

g iven creep s t r a i n  must be determined numer ica l ly .  Then, t h e  creep s t r a i n  

r a t e  i s  determined from Eq. (15) w i t h  an a d d i t i o n a l  term f o r  t he  steady s t a t e  

creep. I n  t h i s  study, t h e  secondary creep was inc luded even though t h e  

pr imary creep was dominant. 

I n  the  
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The s t r e s s  r e v e r s a l  was assumed t o  occur  i f  

* 
where E i s  t h e  

1.j 
s t r e s s  r e v e r s a l .  

a l g o r i t h m  of app 

[ e l .  

s t r a i n  o r i g i n  which i s  updated, i f  

F u r t h e r  exp lana t ion  of t h e  s t r e s s  

i c a t i o n  o f  t h e  s t ra in -ha rden ing  r u  

necessary, a f t e r  each 
r e v e r s a l  and a l s o  t h e  

e can be found i n  Kraus 

I n  t h e  f i n i t e  element a n a l y s i s ,  t h e  creep constants  K, m, n, Q, and r a r e  

i n p u t  a t  a number o f  temperatures.  

temperature a r e  l i n e a r l y  i n t e r p o l a t e d  us ing  t h e  da ta  a t  nea res t  temperatures.  
The creep constants  a t  an i n t e r m e d i a t e  

DISCUSSION OF RESULTS 

(I) E l a s t i c - P l a s t i c  Ana lys i s  

The s t r e s s - s t r a i n  curves a t  t h e  lX/min s t r a i n  r a t e  which were i n p u t  t o  t h e  
a n a l y s i s  a r e  shown i n  F i g u r e  1. Note i n  t h e  f i g u r e  t h a t  t h e  s t r a i n  r a t e  

e f f e c t s  below t h e  r a t e  o f  10Wmin a r e  r a t h e r  smal l  a t  982OC, b u t  t hey  were 

cons ide rab ly  l a r g e r  a t  871OC. 

F igures 5 and 6 f o r  760-871°C in-phase and 871-982'C 90' out-of-phase 

cyc les ,  r e s p e c t i v e l y .  The p o i n t  rPl '  on t h e  curves des ignates t h e  p o i n t  where 

p l a s t i c i t y  develops. Fo r  f u r t h e r  d e t a i l s  o f  t h e  r e s u l t s ,  t h e  reader  i s  

r e f e r r e d  t o  Cook, e t  a l .  [ 9 ] .  I n  general ,  t h e  agreement between t h e  computed 

and t h e  exper imenta l  h y s t e r e s i s  loops was ve ry  good. I n  p a r t i c u l a r ,  e x c e l l e n t  

c o r r e l a t i o n  between a n a l y s i s  and t e s t  r e s u l t s  was found f o r  871-982'C c y c l e s  

f o r  a l l  t h r e e  phases. 

good as t h e  871-982'C r e s u l t s .  

deformat ion mechanisms ove r  t h e  760-871°C temperature range as d iscussed by 

An to lov i ch ,  e t  a l .  [ l , l O ] .  It should be p o s s i b l e  t o  improve t h e  c o r r e l a t i o n  

by i n c o r p o r a t i n g  more s t r e s s - s t r a i n  curves between t h e  two temperatures.  

Un fo r tuna te l y ,  such da ta  a r e  u n a v a i l a b l e  a t  t h i s  t ime.  

The a n a l y s i s  r e s u l t s  ob ta ined  a r e  shown i n  

The 760-871'C r e s u l t s  were s a t i s f a c t o r y  b u t  n o t  as 

This  cou ld  r e f l e c t  t h e  changing i n e l a s t i c  
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(11) Elast ic-Plast ic-Creep Analysis 

The ma te r ia l  data base f o r  t h i s  model, the  h igh  s t r a i n  r a t e  CSS curves and 
the  creep curves, a re  those i n  Figures 1 and 2. Using these data, t he  
e las t i c -p las t i c - c reep  analys is  modeled the  cyc le  using l i n e a r  s t r a i n  ramps; 
the  cyc le  was d i v ided  i n t o  38 i d e n t i c a l  t ime steps. For each step, the  
e l a s t i c - p l a s t i c  s t ress  analys is  was done f o r  the  s t r a i n  increment; then the  

s t ress  was re laxed i n  the  s t r a i n  ho ld  over the  t ime increment. The average 
values o f  t he  s t ress  i n  the  s t r a i n  ho ld were used i n  the  hys teres is  loop 
p l o t s .  The maximum s t ress  re laxa t i on  i n  a step was approximately 70 MPa. 
The temperature i n  the  s t r a i n  ho ld  was se t  equal t o  the  temperature a t  t he  
midpoint  o f  t he  t ime step. 

F i r s t ,  t he  isothermal temperature hysteres is  loops were obtained a t  2Wmin 

and 10Wmin s t r a i n  ra tes.  
a re  shown i n  Figures 1 and 8. 
observat ion i s  exce l l en t  f o r  both temperatures. 

The 2Wmin hysteres is  loops a t  871°C and 982OC 
The c o r r e l a t i o n  between p r e d i c t i o n  and 

The 871-982'C thermal mechanical cycles were reanalyzed f o r  t h e  th ree  
phases. The hys teres is  loops are  presented i n  Figures 9, 10 and 11 and are  
compared t o  the  experimental curves and the  e l a s t i c - p l a s t i c  r e s u l t s .  The 
shapes o f  t he  hys teres is  loops agree very we l l ;  i n  p a r t i c u l a r  note the  
f l a t t e n i n g  o f  t h e  loops i n  the  reg ion o f  t he  maximum temperature. 
features o f  t he  CWD loop are  accura te ly  reproduced b u t  note t h a t  t he  loop 
bears more resemblance t o  the  in-phase than the  out-of-phase cyc le.  This 
q u a l i t a t i v e  observat ion i s  supported by the  TMF l i f e  p r e d i c t i o n  model work o f  
Reference 9. That i n v e s t i g a t i o n  showed tha t ,  i n  terms o f  l i f e  modeling, t h e  
CWD cyc le  was s i m i l a r  t o  the  LIP cyc le  and the  same stress/ temperature 
parameters could be used i n  both. 

The general 

A comparison o f  t h e  th ree  871 -982C cycles pred ic ted  by the  e l a s t i c - p l a s t i c  
and e las t i c -p las t i c - c reep  models shows t h a t  there  i s  n o t  much d i f f e rence  I n  
t h e  r e s u l t s  o f  t he  two models. 'The e l a s t i c - p l a s t i c  model i s  marg ina l l y  b e t t e r  
a t  p r e d i c t i n g  t h e  hys teres is  loop o f  t he  CWD cyc le  bu t  t he  r e s u l t s  a r e  q u i t e  
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s i m i l a r  f o r  t h e  o t h e r  two cyc les .  
e x c e l l e n t ;  t h e  t i m e  dependence o f  t h e  load shows some v a r i a t i o n  among t h e  two 

models and t h e  exper imenta l  r e s u l t s .  The d iscrepancies i n  h y s t e r e s i s  l oop  

p r e d i c t i o n  seem t o  be assoc ia ted  w i t h  temperature i n c r e a s i n g  f rom 871 t o  982C 
and i n d i c a t e  t o o  h i g h  a s t r e n g t h  l e v e l  i n  t h i s  regime. It has n o t  been 

determined whether t h i s  i s  due t o  t h e  m a t e r i a l  da ta  o r  t h e  c o n s t i t u t i v e  model 

i t s e l f .  It must be p o i n t e d  o u t  t h a t  t h e  p r e d i c t e d  versus observed loops were 

n o t  as good f o r  t h e  lower  temperature cyc le ,  76O-87l0C, i n  Reference 9. 

genera t i on  o f  creep da ta  a t  760C i s  p r e s e n t l y  underway and i t  w i l l  be ve ry  
i n t e r e s t i n g  t o  see whether t h e  i n c l u s i o n  o f  e x p l i c i t  t ime dependence improves 

t h e  p r e d i c t i o n .  
use o f  h i g h  s t r a i n  r a t e  and creep da ta  can produce h y s t e r e t i c  behav io r  t h a t  i s  

n e a r l y  as good as an a n a l y s i s  based on t h e  c o r r e c t  s t r a i n  r a t e .  

The p l a s t i c  s t r a i n  range agreement i s  

The 

The r e s u l t s  f o r  t h i s  one temperature c y c l e  suggest t h a t  t h e  

CONCLUSIONS 

This  paper examines t h e  a p p l i c a b i l i t y  o f  a c l a s s i c a l  c o n s t i t u t i v e  model 

f o r  s t r e s s - s t r a i n  a n a l y s i s  o f  a n icke l -base supera l l oy ,  Rene' 80, i n  t h e  gas 
t u r b i n e  TMF environment. 
m a t e r i a l  da ta  and t o  i n v e s t i g a t e  t h e  m a t e r i a l  response under c y c l i c  

thermomechanical l oad ing .  Isothermal  s t r e s s - s t r a i n  da ta  were acqu i red  a t  a 

v a r i e t y  o f  s t r a i n  r a t e s  over  t h e  TMF temperature range. Creep curves were 
a l s o  generated over  t h e  same temperature regime. 

examined a t  two temperature ranges, 871-982C and 760-87113. Only t h e  former 

temperature c y c l e  was modeled i n  t h i s  paper as some o f  t h e  760C creep da ta  had 

t o  be regenerated. 

A v a r i e t y  o f  t e s t s  were conducted t o  generate bas i c  

Three TMF c y c l e s  were 

Two approaches were taken t o  a n a l y t i c a l l y  p r e d i c t  t h e  h y s t e r e s i s  loops. 
I n  t h e  f i r s t  approach, t h e  e l a s t i c - p l a s t i c  deformat ion was considered w i t h  
rate-dependent s t r e s s - s t r a i n  curves. I n  t h e  second approach, t h e  creep 

deformat ion was e x p l i c i t l y  i nc luded  and t h e  s t r e s s - s t r a i n  curves a t  h i g h  

s t r a i n  r a t e s  were i n p u t  t o  t h e  a n a l y s i s .  The r e s u l t s  i n d i c a t e  t h a t  bo th  

approaches p r o v i d e  accu ra te  h y s t e r e t i c  behav io r  o f  Rene' 80 under t h e  TMF 

loading.  

e x c e l l e n t  over  871-982OC f o r  a l l  t h r e e  cyc les  u s i n g  b o t h  approaches. 

The c o r r e l a t i o n  o f  t h e  p r e d i c t e d  and observed h y s t e r e s i s  loops was 

The 
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e l a s t i c - p l a s t i c  model p red ic t i ons  d i d  no t  compare w i t h  experiment as w e l l  f o r  

t h e  temperature range 760-871°C [9] .  As soon as the  appropr ia te  data i s  
ava i l ab le ,  t h i s  cyc le  w i l l  be examined w i t h  the  e l a s t i c - p l a s t i c  creep model. 

For the  cyc les examined, e i t h e r  model approach can be employed depending on 

the  ma te r ia l  data ava i l ab le .  

The r e s u l t s  o f  t h i s  paper prov ide optimism on the  a b i l i t y  o f  t he  c l a s s i c a l  
c o n s t i t u t i v e  model f o r  h igh  temperature app l i ca t ions ,  a t  l e a s t  f o r  the  
ma te r ia l  under considerat ion.  Fur ther  e f f o r t s  w i t h  wider  range o f  temperature 

cyc les and more general loading, i nc lud ing  the  e f f e c t s  o f  ho ld  time, mean 

s t ress  and s t r a i n ,  would be worthwhi le.  
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A CONSTITUTIVE MODEL FOR AN OVERLAY COATING 

D.M. Nlssley, G . A .  Swanson 
Pratt & Whitney 

East Hartford, Connecticut 06108 

Coatings are frequently applied to gas turbine blades and vanes to provide 
protection against oxidation and corrosion. One class of coatings, known as 
overlay, usually has a nickel base with various protective elements added. 
Since no strengthening elements are included, it has a very low strength and 
becomes highly inelastic in real turbine airfoil applications. By contrast, 
turbine blades and vanes are cast from highly strengthened superalloys, which 
experience very 1 ittle plasticity even though the thermomechanical loadings 
are severe. Strains generated in the superalloy airfoils during engine 
operation are imposed on the much thinner and weaker coating, subjecting it to 
severe cyclic damage, which leads to cracking of the coating. These cracks, in 
turn, are fatigue initiation sights for the airfoil. Hence, the inelastic 
behavior of the overlay coating plays an integral role in controlling the 
thermomechanical fatigue life of an advanced turbine blade or vane. This paper 
reports the results of an experimental and analytical study to develop a 
constitutive model for an overlay coating. Specimens were machined from a hot 
isostatically pressed (HIP) billet of PWA 286 (NiCoCrAlY t Hf t Si). The tests 
consisted of isothermal stress relaxation cycles with monotonically increasing 
maximum strain and were conducted at various temperatures. The results were 
used to calculate the constants for various constitutive models, including the 
classical, the Walker isotropic, a simplified Walker, and the Stowell models. 
A computerized regression analysis was used to calculate model constants from 
the data. The best fit (lowest standard deviation) was obtained for the Walker 
model, with the simp1 if ied Walker and classical models close behind. The 
Stowell model gave the poorest correlation. 
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Nomencl a tu re  

(3 

E t  

€e 

E i  n 

;in 

€P 

EC 

€ i n  e f f  

€ i n  e f f  

E 

t 

T 

R 

AH 

R 

0 2  

K 

= s t ress  ( p s i )  

= t o t a l  s t r a i n  ( i n / i n )  

= e l a s t i c  s t r a i n  ( i n / i n )  

= + = i n e l a s t i c  s t r a i n  ( i n / i n )  

= i n e l a s t i c  s t r a i n  r a t e  ( sec-1) 

= p l a s t i c  s t r a i n  ( i n / i n )  

= creep s t r a i n  ( i n / i n )  

= e f f e c t i v e  i n e l a s t i c  s t r a i n  ( i n / i n )  

= e f f e c t i v e  i n e l a s t i c  s t r a i n  r a t e  (sec-1) 

= e l a s t i c  modulus ( p s i )  

= t ime (sec) 

= absol Ute temperature ( "R)  

= universa l  gas constant (1545 f t - l b f  1 
1 bm-mol e- " R 

1 bm- mol e 
f t - l b f  ) = apparent a c t i v a t i o n  energy ( 

= instantaneous back s t ress  (k inemat ic  hardening parameter) ( p s i )  

= component o f  instantaneous back s t ress  ( p s i )  

= instantaneous drag s t ress  ( i s o t r o p i c  hardening parameter) ( p s i )  

Temperature dependent ma te r ia l  constants ( i n  cons is ten t  u n i t s )  : 

A1,A2,A3,Aq,n,nl,n7,ng,nlo,nll,mo,K1,K2,s,~o 
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Introduction 

One of the major goals of the NASA Hot Section Technology (HOST) program, 
which has sponsored this work, i s  the .investigation and development of 
improved durabi 1 i ty  model s for  gas turbine h o t ,  section a1 1 oys. T h i s  broad 
ac t iv i ty  addresses the durabi l i ty  issue considering both crack i n i t i a t i o n  and 
crack propagation of t radi t ional  isotropic  (polycrystal1 ine) and anisotropic 
( s ing le  crystal  and direct ional ly  so l id i f ied)  materials. 

In application, many hot section components a re  coated t o  prevent 
oxidation and corrosion damage (e.g. , combustors and turbine vanes and 
blades). Traditionally,  coated thermomechanical fatigue 1 i f e  prediction 
methods applied t o  those components simply correlated coated specimen 1 ives 
without regard t o  coating/substrate interactions.  A1 though the s ignif icant  
e f f ec t  of coatings on component thermomechanical fatigue l i f e  has been 
establ i shed (References 1-9 , 1 i t t l  e experimental or analytical  work has been 
conducted t o  evaluate the coating const i tut ive behavior necessary t o  provide 
i n p u t  t o  a coating cracking l i f e  prediction model. 

( 2 )  Walker isotropic ,  (3  ! simplified form of Walker isotropic ,  and ( 4 )  the 
Stowell equation t o  NiCoCrAlY overlay coating behavior i s  presented. 
I n i t i a l l y ,  the models are  applied t o  a baseline data s e t  which represents 
typical low and h i g h  temperature tests conducted t o  obtain model constants. 
Next, each model i s  used t o  predict a thermomechanical cycle ver i f icat ion data 
set. To f a c i l i t a t e  model-to-model comparisons, an identical baseline data set 
and automated material constant regression technique was used f o r  each model. 
Standard deviation between the observed and calculated coating stress was used 
as the quant i ta t ive comparison c r i t e r i a  fo r  the baseline data. Finally,  a 
simple two-bar mechanism analysis of a coating/substrate composite s t ructure ,  
exposed t o  an out-of-phase thermomechanical cycle, i s  presented t o  demonstrate 
the vast  d i  ssimi 1 a r i  ty  between coating and substrate behavior. 

In this paper, the a pl icat ion of four const i tut ive models: (1) Classical ,  
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Material and Test Specimen Descriptions 

NiCoCrAlY t Si t Hf (PWA 286) is a typical vacuum plasma sprayed overlay 
type coating used to provide oxidation protection of gas turbine airfoil 
superalloys. Overlay coatings are easily distinguishable from diffusion type 
coatings in that virtually no interfacial diffusion zone occurs as a result of 
the application process. Due to that fact and also the small grained structure 
of overlay coatings in general, PWA 286 i s  considered isotropic in the plane 
of the airfoil surface. As such, bulk specimens were considered useful in 
determining overlay coating constitutive behavior. 

The PWA 285 tested in this research effort was obtained in powder form, 
hot isostatically pressed (HIP) into an ingot, and then heat treated per 
normal engine hardware specifications. Constitutive specimens for both 
isotherinal and thermomechanical experiments were then machined from the ingot 
into the geometry presented in Figure 1. In general, the airfoil applied 
coating contains some porosity near the coating/substrate interface region 
which was not observed in the specimen due to the HIP fabrication process. 

Test Fac i 1 i ty 

The test facility used for the isothermal baseline tests included a 
servo-controlled, closed loop screw driven testing machine with set point 
controllers, an electrical resistance clamshell furnace, and a thermocouple 
for temperature monitoring. Axial deflection measurement was accomplished with 
a capacitance type extensometer. 
placed into small dimples located at the gage section extremities. 

a servo-controlled, closed loop hydraulic testing machine with MTS 
controllers, a 7.5 kW - 10 kHz TOCCO induction heater, and an Ircon infrared 
radiation pyrometer for temperature measurement. Axial deflect ion measurement 
was accomplished with an MTS extensometer. The extensometer quartz rods, which 
define a one-inch gage section, are spring loaded against the specimen and did 
not show any signs o f  slippage during testing. 

The extensometer specimen contact arms were 

The test facility used for the thermomechanical verification test included 

Base1 ine Data 

The baseline data consists of isothermal stress relaxation experiments of 
the sort shown schematically in Figure 2. Although the baseline tests were 
conducted at several elevated temperatures spanning the operating range of 
1000-2000°F, the present discussion is limited to the 1000°F and 1800OF data 
which is representative of low and high temperature behavior. The data from 
these two experiments are presented in Figure 3 .  Similar information at other 
temperatures is available in Reference 1. 
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Candidate Cons t i t u t i ve  Model s 

f o r  the  sake o f  s i m p l i c i t y ,  on ly  the  one-dimensional forms o f  t he  models 
t h a t  were used t o  c o r r e l a t e  the  u n i a x i a l  data are discussed. Expanding the  
model s i n t o  three-dimensional forms requi red  by nonl i near f i n i t e  element 
computer codes was considered unnecessary u n t i l  such t ime t h a t  t he  most 
promising candidate model i s  chosen f o r  continued development. 

o Class ica l  

The c l a s s i c a l  approach (e.g., Reference 10) was one o f  t he  f i r s t  attempts 
a t  developing a nonl inear  model which recognized the  observed d i s s i m i l a r i t y  
between monotonic t e n s i l e  and creep i n e l a s t i c  mater ia l  response. Time 
independent i n e l a s t i c i t y  ( p l a s t i c i t y )  and t ime dependent i n e l a s t i c i t y  (creep) 
are considered as uncoupled components o f  t he  t o t a l  i n e l a s t i c  s t ra in .  

+ E  (1 )  ‘ i n  = ‘p c 

E t L =  ‘e P C  

Thus, t he  t o t a l  s t r a i n  funct ion,  neg lec t ing  thermal s t ra in ,  i s  w r i t t en :  

+ E  + E  (2) 

o r  
= u/E + f ( u )  + g(u, t )  Et 

Both p l a s t i c  and creep s t r a i n  func t ions  f (u ) ,  g(u,t) are chosen t o  prov ide 
adequate d u p l i c a t i o n  o f  the  mater ia l  behavior. from t e s t s  o f  PWA 286, i t  was 
determined t h a t  both func t ions  cou ld  be described by simple power law 
re la t ionsh ips :  

( 3 )  

dg = (  $f4 d t  

o Walker 

The Walker model (Reference 11) i s  among a new generation of c o n s t i t u t i v e  
models based on a u n i f i e d  v i scop las t i c  approach which considers a l l  nonl inear  
behavior as t ime dependent i n e l a s t i c i t y .  No d i s t i n c t i o n  i s  made between 
p l a s t i c  and creep i n e l a s t i c  ac t i on  as i n  the  Class ica l  model. Walker, from h i s  
e a r l i e r  work on Haste l loy  X, chose t o  express i n e l a s t i c  behavior by a power 
law r e l a t i o n s h i p  which can be w r i t t e n  as: 

n 
E i n  = ( ? )  (6’) 
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where n i s  a constant and 0, back stress, and K, drag stress, a re  s t r a i n  
h i  story. dependent i n t e r n a l  s ta te  var iab les  which describe kinematic and 
i s o t r o p i c  c y c l i c  hardening, respect ive ly .  

The back s t ress term i s  a quan t i t y  which phys i ca l l y  corresponds t o  t h e  
asymptotic s t ress  s ta te  under r e l a x a t i o n  condi t ions.  Q u a l i t a t i v e l y ,  t he  
evo lu t ionary  expression f o r  back s t ress  i s  a sum o f  opposing hardening and 
thermal and dynamic recovery components which can be character ized as: 

ir = f (k in ,  € in ,  T, t )  - g (k in ,  0, T, t )  ( 7 )  

Drag s t ress  i s  a quan t i t y  which represents a res is tance t o  i n e l a s t i c  f low, and 
i s  considered a func t i on  o f  t h e  e f f e c t i v e  s t ra in ,  € i n  eff. 

K = K1 - K2 exp (-n7 tin ef f  1 

where: K 1  = f u l l y  hardened/softened drag s t ress 

K 1  - K2 = i n i t i a l  drag s t ress.  

Thus, t he  drag s t ress  func t i on  i s  a monotonical ly increas ing r e l a t i o n s h i p  
descr ib ing  i s o t r o p i c  hardening ( K p 0 )  o r  sof ten ing (K2<0). The Walker 
model form used for t h i s  i n v e s t i g a t i o n  i s  given below: 

(9a) i n  + ;  €t = 'e 

n 
E i n  =(?) 

K = K1 - K 2  exp (-n7 eff 1 

' i n  e f f  = l ' i n l  € 

References 11 and 12 prov ide a d e t a i l e d  discussion o f  Walker's and o ther  
u n i f i e d  approaches. 
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o S i m p l i f i e d  Walker 

This  model i s  i d e n t i c a l  t o  the  Walker model except t h a t  a l l  back s t ress  
terms were el iminated. 

= (a/KIn i n  
the  expression f o r  ;in i s  equ iva len t  t o  the  Class ica l  model power law creep 
equation; however, i n  t h i s  case, t he  drag s t ress  term, K, i s  no t  a constant, 
b u t  an evo lu t ionary  var iab le.  From a s i m p l i c i t y  standpoint, t h i s  model i s  very 
a t t r a c t i v e .  

o Stowel l  

The Stowel l  model (References 13 through 15) i s  another form o f  a u n i f i e d  
v i s c o p l a s t i c  approach i n i t i a l l y  developed t o  s imulate heat ing  r a t e  e f f e c t s  on 
y i e l d i n g  o f  metals. It considers i n e l a s t i c  ac t i on  based on an apparent 
a c t i v a t i o n  energy l e v e l  and uses a hyperbo l i c  s ine  s t ress  func t ion .  

k i n  = 2s T exp (=$) s inh  (k) 
V e r i f i c a t i o n  Data 

(11) 

Q u a l i t a t i v e  eva lua t ion  o f  t h e  p r e d i c t i v e  c a p a b i l i t i e s  o f  t h -  candidate 
c o n s t i t u t i v e  models was accomplished by app l i ca t i on  t o  v e r i f i c a t i o n  data 
cons is t i ng  o f  an out-of-phase thermomechanical waveform. Thermomechanical 
cyc les inc lude complex ma te r ia l  behavior such as s t ress  r e l a x a t i o n  and 
p l a s t i c i t y  which i s  use fu l  f o r  exerc is ing  the  models. The out-of-phase c y c l i c  
cond i t i on  i s  o f  p a r t i c u l a r  i n t e r e s t  i n  t h a t  such cond i t ions  are  t y p i c a l  o f  gas 
t u r b i n e  a i r f o i l  ex te rna l  surfaces where many thermomechanical f a t i g u e  cracks 
o r i g i n a t e  i n  t h e  coat ing.  

Cor re la t i on  o f  Basel ine Data 

Base1 i ne data c o r r e l a t i o n  by each candidate c o n s t i t u t i v e  model i s  
presented i n  f i g u r e s  4 and 5, and a summary o f  the  corresponding standard 
dev ia t ions  i s  g iven i n  Table I .  The mater ia l  constants f o r  each model obtained 
from the  basel ine t e s t s  are presented i n  Table 11. 
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As expected, t h e  C l a s s i c a l  model regress ion  i n d i c a t e d  t h a t  p l a s t i c i t y  
dominates t h e  i n e l a s t i c  response a t  low temperature w h i l e  creep dominates a t  
h i g h  temperature. The Walker and S i m p l i f i e d  Walker models c o r r e l a t e  t h e  da ta  
s i m i l a r l y .  It seems t h a t  t h e  added complex i ty  o f  i n c o r p o r a t i n g  back s t r e s s  i s  
unnecessary f o r  model ing t h i s  isothermal  data set .  The Stowel l  model 
c o r r e l a t e d  t h e  basel  i n e  i n f o r m a t i o n  t h e  poorest .  

Based on standard d e v i a t i o n  and t h e  g iven b a s e l i n e  data set ,  t h e  candidate 
c o n s t i t u t i v e  models can be l i s t e d  i n  o rder  o f  c o r r e l a t i o n  c a p a b i l i t y  as 
fo l lows:  ( I )  Walker, ( 2 )  S i m p l i f i e d  Walker, ( 3 )  Class ica l ,  and ( 4 )  Stowel l .  

P r e d i c t i o n  o f  Thermomechanical V e r i f i c a t i o n  Data 

Exper imental  and p r e d i c t e d  thermomechanical f a t i g u e  (TMF) waveforms a r e  
presented i n  F i g u r e  6. 

The h i g h  temperature response o f  t h e  TMF c y c l e  was f a i r l y  w e l l  p r e d i c t e d  
by a l l  t h e  models, b u t  none were a b l e  t o  p r e d i c t  t h e  e x t e n t  o f  t h e  low 
temperature t e n s i l e  i n e l a s t i c i t y .  I n  f a c t ,  o n l y  t h e  Walker and C l a s s i c a l  
models managed t o  p r e d i c t  any low temperature y i e l d i n g .  The S i m p l i f i e d  Walker 
and Stowel 1 model s p red ic ted  thermoel a s t i c  t e n s i  1 e responses. 

The a b i l i t y  of t h e  Walker model t o  p r e d i c t  t h e  observed t e n s i l e  y i e l d i n g  
t r e n d  can be exp la ined as f o l l o w s :  d u r i n g  t h e  compression/heating p o r t i o n  o f  
t h e  c y c l e  ( p o i n t s  A t o  B ) ,  t h e  m a t e r i a l  re laxes,  c r e a t i n g  a compressive back 
s t r e s s .  Then, d u r i n g  t h e  t e n s i l e / c o o l i n g  p o r t i o n  o f  t h e  c y c l e  ( p o i n t s  B t o  C), 
t h e  back s t r e s s  moves deeper i n t o  compression due t o  temperature r a t e  e f f e c t s .  
Thus, t h e  " e f f e c t i v e "  s t r e s s  ( o - n ) ,  a t  which y i e l d i n g  i n i t i a t e s ,  occurs a t  a 
lower  a p p l i e d  t e n s i l e  s t ress.  

The a b i l i t y  o f  t h e  C l a s s i c a l  model t o  p r e d i c t  some low temperature 
y i e l d i n g  r e f l e c t s  t h e  f a c t  t h a t  t h i s  model d i d  n o t  reproduce t h e  observed low 
temperature y i e l d i n g  t rend. Had t h e  C l a s s i c a l  model c o r r e l a t e d  t h e  1000°F 
behavior  b e t t e r ,  i t  i s  f e l t  t h a t  t h e  low temperature t e n s i l e  p o r t i o n  o f  t h e  
TMF p r e d i c t i o n  would have been more l i k e  t h e  S i m p l i f i e d  Walker and S t o w e l l  
models...thermoelastic. 

Simul a t i  on o f  Coated Supera l l  oy C o n s t i t u t i v e  Behavior 

A s imple one dimensional two-bar mechanism s i m u l a t i o n  o f  c o a t i n g  and 
s u b s t r a t e  c o n s t i t u t i v e  behavior  was performed t o  he1 p v i  sua1 i ze t h e  c o a t i n g  
response t o  TMF c y c l i n g  as would occur on an a i r f o i l .  A schematic o f  the  
two-bar mechanism and t h e  p r e d i c t e d  r e s u l t s  a r e  presented i n  F i g u r e  7. 

A thermo-e last ic  creep niodel was used f o r  t h e  PWA 1480 coo l>  and the  
Walker model was used f o r  t h e  PWA 286. Note t h a t  t h e  mechanical s t r a i n  range 
o f  t h e  PWA 286 i s  0.25 percent  h i g h e r  than t h e  PWA 1480 subst rate.  T h i s  i s  due 
t o  t h e  thermal  growth and s t r e n g t h  c h a r a c t e r i s t i c s  o f  both m a t e r i a l s .  Upon 
load r e v e r s a l ,  h i g h  s t r e s s  and p l a s t i c i t y  a r e  generated i n  t h e  c o a t i n g  as t h e  
s t r u c t u r e  i s  cooled. 

42 6 



Summary and Conclusions 

1. Four candidate coat ing  c o n s t i t u t i v e  models were evaluated based on the 
a b i l i t y  t o  c o r r e l a t e  a basel ine data s e t  cons i s t i ng  o f  isothermal s t ress  
r e l a x a t i o n  experiments. The f o u r  models presented can be ranked as 
fo l lows:  (1 )  Walker, ( 2 )  S i m p l i f i e d  Walker, ( 3 )  C lass ica l ,  and ( 4 )  Stowel l  
based on the standard dev ia t ion  o f  the co r re la t i on .  

2. An out-of-phase thermomechanical cyc le  was used t o  evaluate the fou r  
candidate models. Although none o f  the models accura te ly  p red ic ted  the TW 
cyc le,  a back s t ress  fo rmula t ion  such as i s  incorporated i n  the Walker 
model i s  considered necessary t o  dup l i ca te  the observed mater ia l  behavior. 

3. A one-dimensional two bar  mechanism was u t i l i z e d  t o  ca l cu la te  PWA 286 
coa t ing  behavior on a PWA 1480 <001> subst rate dur ing out-of-phase 
thermomechanical cyc l ing .  The coat ing  was pred ic ted  t o  have s i g n i f i c a n t l y  
l a r g e r  mechanical s t r a i n  range and reverse i n e l a s t i c i t y  than the PWA 1480 
substrate.  

Ac k now1 e dgemen t s  

The experimental t e s t i n g  and a n a l y t i c a l  work were conducted by  P r a t t  & 
Whi tney, Un i ted  Technologies Corporation, East Har t ford,  Connect icut  under 
sponsership of the NASA Lewis Research Center, Contract  NAC3-23939. 
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I Walker 

S i m p l i f i e d  
Walker 

C1 assical 

S towel 1 

Table I 

Summary o f  Const i tu t ive  Model Regression F i t  
Standard Deviat ion ( 1  s t d  dev., i n  p s i )  

1 OOO'F 1400'F 1600°F 1800°F 2000°F 

2000 181 5 633 153 101 

2041 1717 876 220 119 

2255 1878 736 300 127 

6541 2091 1044 377 1 40 
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TABLE I1 

E 

Walker 

w 
K 1  
K2 

Sinipl i f  i e d  
Wa 1 k e r  

n 
"7 
K 1  
K2 

C l a s s i c a l  

Stowel 1 

S 
AH 
00 

Summary o f  C o n s t i t u t i v e  Model Regressed Temperature 
Dependent Mater ia  1 Constants 

1000°F 1400°F 1600°F 1800°F 2000°F 

.185E8 .1E8 .8E7 .3E7 .1E7 

26.85 
1617.0 
2369.0 

253.3 
.2389E-4 
.4955E7 

1.2 
.1736E6 
.3315E5 

3.318 2.240 2.036 
704.6 806.0 1316.0 

1202 .o 2653.0 1900.0 
58.5 131.7 38.87 

.1469E-3 .5504E-3 .2184E-3 

.4006E6 .5625E6 .7500E5 
1.2 1.2 1.2 

.5845E6 .54 10E6 .2053E6 

.2048E6 .3624E6 -. 1094E4 

1.649 
1573.0 

184.3 
113.7 

.1340E-3 
.33 12E5 

1.2 
.1435E6 

- .47 11E5 

29.57 3.554 3.424 3.295 3.295 
787.7 770.4 405.3 100.6 156.0 

.1865EG .5 164E6 .1545E6 .5044E5 .1408E5 

.435 1 E5 .2302E6 .4906E5 .2370E5 .5820E4 

.3054E6 .5153E6 .3325E6 .8385E5 .4753E5 
7.579 2.711 2.026 2.261 2.183 

.7778E6 .4885E6 .1928E6 .486 1 E5 .8368E4 
7.325 3.627 3.207 3.214 3.909 

.1156E- 11 .7814E-10 .1529E-9 .1282E-8 .7478E-9 
.2193E7 .447 1 E6 .3640E6 ,1668E7 .1121E7 
.1376E5 4971. 1682. 681.6 191.3 
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NON-ISOTHERMAL ELASTOVISCOPLASTIC ANALYSIS OF PLANAR CURVED BEAMS' 

G .  J. Simitses" R. L. Carlson** and R .  Riff* 
Georgia I n s t i t u t e  of Technology 

Atlanta, Georgia 30332 

The paper focuses  on t h e  development of a general mathematical model 

and so lu t ion  methodologies, t o  examine t h e  behavior of t h i n  s t ruc tu ra l  

e l e m e n t s  s u c h  a s  beams, r i n g s ,  a n d  a r c h e s ,  s u b j e c t e d  t o  l a r g e  

non-isothermal elasto-viscoplastic deformations. T h u s ,  geometric a s  wel l  

a s  m a t e r i a l - t y p e  n o n l i n e a r i t i e s  o f  higher order  a r e  present  i n  t h e  

analysis. 

For t h i s  purpose a complete t rue abini to  r a t e  theory of kinematics and 

kinet ics  f o r  t h i n  bodies, without any r e s t r i c t i o n  on t h e  magnitude of t h e  

t r a n s f o r m a t i o n  i s  presented.  A p rev ious ly  formulated elasto-thermo- 

viscoplastic material consti tutive law is employed i n  the analysis.  

The methodology is demonstrated through t h r e e  d i f f e r e n t  s t r a i g h t  and 

curved beams problems. Moreover importance of the i n c l u s i o n  of  l a r g e  

s t r a i n s  is clear ly  demonstrated, through the chose applications.  

' T h i s  work was performed under N A S A  Grant N A G  3-54. 

* Professor and Assistant Professor, respectively; School of Engineering 
Science and Mechanics. 

**Professor; School of Aerospace Engineering. 
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1 .  I n t r o d u c t i o n  

T h e  p r e d i c t i o n  o f  i n e l a s t i c  behav io r  of metall ic m a t e r i a l s  a t  e l e v a t e d  

t e m p e r a t u r e s  has  i n c r e a s e d  i n  i m p o r t a n c e  i n  r e c e n t  y e a r s .  T h e  o p e r a t i n g  

c o n d i t i o n s  w i t h i n  t h e  h o t  s e c t i o n  of a r o c k e t  motor o r  a modern gas t u r b i n e  

e n g i n e  p r e s e n t  an  e x t r e m e l y  h a r s h  t h e r m o - m e c h a n i c a l  e n v i r o n m e n t .  L a r g e  

thermal t r a n s i e n t s  are induced  each time t h e  e n g i n e  is s tar ted o r  s h u t  down. 

A d d i t i o n a l  thermal t r a n s i e n t s  from an  e l e v a t e d  ambient  o c c u r ,  w h e n e v e r  t h e  

e n g i n e  power l e v e l  is a d j u s t e d  t o  meet f l i g h t  r e q u i r e m e n t s .  The s t ruc tura l  

e l e m e n t s  employed t o  c o n s t r u c t  s u c h  h o t  s e c t i o n s ,  a s  well a s  a n y  e n g i n e  

c o m p o n e n t s  l o c a t e d  t h e r e i n ,  m u s t  be  c a p a b l e  of w i t h s t a n d i n g  s u c h  e x t r e m e  

c o n d i t i o n s .  F a i l u r e  of a component w o u l d ,  d u e  t o  t h e  c r i t i c a l  n a t u r e  of 

t h e  h o t  s e c t i o n ,  l e a d  t o  a n  immediate  a n d  c a t a s t r o p i c  loss  i n  power and 

t h u s  canno t  be  tolerated.  C o n s e q u e n t l y ,  a s s u r i n g  s a t i s f a c t o r y  l o n g  term 

performance  for  s u c h  components is a major  c o n c e r n  for t h e  d e s i g n e r .  

T r a d i t i o n a l l y ,  t h i s  r e q u i r e m e n t  f o r  l o n g  term d u r a b i l i t y  has b e e n  a 

more s i g n i f i c a n t  c o n c e r n  for g a s  t u r b i n e  e n g i n e s  rather t h a n  r o c k e t  motors. 

However, w i t h  t h e  a d v e n t  of r e u s a b l e  s p a c e  v e h i c l e s ,  s u c h  as t h e  S p a c e  

S h u t t l e ,  t h e  r e q u i r e m e n t  t o  a c c u r a t e l y  p r e d i c t  f u t u r e  per formance  f o l l o w i n g  

r e p e a t e d  e l e v a t e d  t e m p e r a t u r e  o p e r a t i o n s  m u s t  now be e x t e n d e d  t o  i n c l u d e  

t h e  more ex t r eme  rocket motor a p p l i c a t i o n .  

Under t h i s  k i n d  o f  s e v e r e  l o a d i n g  c o n d i t i o n s ,  t h e  s t r u c t u r a l  b e h a v i o r  

i s  h i g h t l y  n o n l i n e a r  d u t  t o  t h e  combined a c t i o n  of g e o m e t r i c a l  and p h y s i c a l  

n o n l i n e a r i t i e s .  On one  s i d e ,  f i n i t e  d e f o r m a t i o n  i n  a s t r e s s e d  s t r u c t u r e  

i n t r o d u c e s  n o n l i n e a r  geometric e f f e c t s .  On t h e  o t h e r  s i d e ,  p h y s i c a l  

n o n l i n e a r i t i e s  a r i s e  e v e n  i n  small s t r a i n  r e g i m e s ,  w h e r e b y  i n e l a s t i c  

p h e n o m e n a  p l a y  a p a r t i c u l a r y  i m p o r t a n t  r o l e .  F r o m  a t h e o r e t i c a l  

s t a n d p o i n t ,  n o n l i n e a r  c o n s t i t u t i v e  e q u a t i o n s  s h o u l d  b e  a p p l i e d  o n l y  i n  
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c o n n e c t i o n  w i t h  n o n l i n e a r  t r a n s f o r m a t i o n  measures  ( i m p l y i n g  both 

deformation and ro ta t ions) .  However, i n  almost a l l  of t h e  works i n  t h i s  

a r e a  (See Ref. l ) ,  the  two ident i f ied sources of nonlinearit ies a r e  always 

separated. T h i s  separation yields ,  a t  one end of the spectrum, problems of  

l a r g e  r e s p o n s e ,  w h i l e  a t  t h e  o t h e r  end, problems of viscous and/or 

non-isothermal behavior i n  the presence of  small s t r a i n ,  

The c l a s s i c a l  t h e o r i e s ,  i n  w h i c h  t h e  m a t e r i a l  r e s p o n s e  i s  

c h a r a c t e r i z e d  a s  a c o m b i n a t i o n  of  d i s t i n c t  e l a s t i c ,  thermal ,  t ime 

independent i n e l a s t i c  ( p l a s t i c )  and time dependent i n e l a s t i c  ( c r e e p )  

deformation components cannot explain some phenomena, which can be observed 

i n  complex thermo-mechanical loading his tor ies .  T h i s  is p a r t i c u l a r l y  t r u e  

when high-temperature non-isothermal processes should be taken into account. 

There is a sizeable body of l i t e r a t u r e '  n 2  on phenomenological c o n s t i t u t i v e  

equat ions  f o r  t h e  r a t e  - and temperature  - dependent p l a s t i c  deformation 

behavior of metal l ic  materials. However, almost a l l  of these new " u n i f i e d "  

t h e o r i e s  a r e  based on small  s t r a i n  t h e o r i e s  and several s u f f e r  from s3me 

thermodynamic i n c o n s i s t e n c i e s .  

I n  a p r e v i o u s  paper3 ,  t h e  a u t h o r s  have presented an a l t e r n a t i v e  

c o n s t i t u t i v e  law f o r  elastic-thermo-viscoplastic behavior of m e t a l l i c  

m a t e r i a l s ,  i n  which t h e  main f e a t u r e s  a re :  ( a )  unconstrained s t r a i n  and 

deformation kinematics, ( b )  se lect ion of reference space and c o n f i g u r a t i o n  

f o r  t h e  s t r e s s  t e n s o r ,  b e a r i n g  i n  m i n d  t h e  r h e o l o g i e s  o f  r e a l  

materials,  ( c )  an i n t r i n s i c  re la t ion  which s a t i s f i e s  m a t e r i a l  o b j e c t i v i t y ,  

( d )  thermodynamic c o n s i s t e n c y ,  and ( e )  proper choice o f  e x t e r n a l  and 

internal  thermodynamic variables. Accuracy of the formulat ion was checked 

on a wide range of examples4. 
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The formulat ion presented i n  t h i s  paper focuses  on a mathematical 

model t o  examine t h e  behavior of t h i n  s t r u c t u r a l  elements s u b j e c t e d  t o  

l a r g e  non-isothermal elasto-viscoplastic deformations. T h u s ,  geometric a s  

well a s  material-type n o n l i n e a r i t i e s  of higher  order a r e  p r e s e n t  i n  t h e  

a n a l y s e s .  Such t h i n  e lements ,  inc luding  beams, r i n g s  and a r c h e s ,  a r e  

intended t o  present g e n e r i c  types  of components, which m i g h t  be l o c a t e d  

w i t h i n  o r  ad jacent  t o  t h e  hot s e c t i o n  of a rocke t  motor or gas turbine 

engine.  

The r a t e  form of t h e  c o n s t i t u t i v e  equat ions  sugges ts  t h a t 5  a r a t e  

approach be taken  toward t h e  e n t i r e  problenl s o  t h a t  flow is viewed a s  

h i s t o r y  dependent process  r a t h e r  than an event. A di rec t  consequence of 

the consistent adoption of the r a t e  viewpoint i n  a s p a t i a l  r e f e r e n c e  frame 

is t h a t  t h e  problem is found t o  be governed by quasi-linear d i f f e r e n t i a l  

equations i n  time and i n  space. Hence, the a n a l y s i s  r e q u i r e s  s o l u t i o n  of 

an i n i t i a l -  and boundary- value problem involving instantaneously l inear  

equations. The quasi- l inear  n a t u r e  of t h e  problem not only s u g g e s t s  an 

incremental  approach t o  numerical solution, b u t  a l so  provides confidence i n  

t h e  completeness of t h e  incremental  equat ions .  I n  t h i s  c a s e ,  f i n i t e  

element s o l u t i o n  c a p a b i l i t y  is e s t a b l i s h e d ;  it should be noted, however, 

t h a t  the l i n e a r i t y  of the instantaneous governing equations admits use of a 

wide v a r i e t y  of  o t h e r  e s t a b l i s h e d  numerical  procedures f o r  s p a t i a l  

i n t e g r a t i o n .  A complete t r u e  a b  i n i t i o  r a t e  theory of kinematics  and 

k i n e t i c s  f o r  continuum and double curved t h i n  s t r u c t u r e s ,  without any 

r e s t r i c t i o n  on t h e  magnitude of t h e  s t r a i n s  o r  t h e  d e f o r m a t i o n  was 

formulated i n  Ref. 4 and w i l l  be rephrased here. 

Formulation of problems concerned w i t h  f i n i t e  deformation of beams has 

P r e s c r i b i n g  t h e  beam by its deformed or followed two d i f f e r e n t  paths6.  



undeformed c e n t r o i d a l  a x i s  and c r o s s  s e c t i o n ,  one may i n t r o d u c e  a t  the 

o u t s e t  beam s t ress  r e s u l t a n t s  and t h e i r  c o n j u g a t e  k inemat i c  v a r i a b l e s  

c h a r a c t e r i z i n g  d i s p l a c e m e n t  and r o t a t i o n  of the c ross  sec t ion .  Together 

wi th  appropr ia te  beam c o n s t i t u t i v e  e q u a t i o n s  a n d  a g l o b a l  ba l ance  law a 

c o n s i s t e n t  theory is obtained. Al te rna t ive ly ,  one may imbed beam theory i n  

t h e  s e t t i n g  of deformable s o l i d  c o n t i n u a ,  i n  which c a s e  one i s  concerned  

w i t h  l o c a l  c o n s t i t u t i v e  e q u a t i o n s  c o n n e c t i n g  t h e  s t r e s s  t e n s o r  w i t h  a 

s t r a i n  t enso r ,  which may i n  tu rn  be expressed i n  terms of a combina t ion  of 

undetermined beam kinematic var iab les  and funct ions of the beam coordinates .  

Momentum may then be balanced global ly  by i n t e g r a t i n g  t h e  l o c a l  e q u a t i o n s  

over  t h e  deformed beam c o n f i g u r a t i o n .  Both p a t h s  w i l l  be considered i n  

what follows. 

2. Two-Dimensional Plane Beams ( A  Plane S t r e s s  Problem) 

2.2 - Kinematics of the  Continuum 

Let  a continuum i n  s p a c e  be descr ibed by two systems of coordinates ,  

t h e  xi-system, which s t a y s  a t  rest ( t h e  f ixed  system) a n d  the  ua-system, 
which i s  a s s o c i a t e d  w i t h  materials points  ( t h e  convected mater ia l  system). 

The t ransformation equations from one system t o  t h e  o ther  a re :  

where 

i i a  d x  = f a  du 

a i  
i dua = u d x  ( 2 )  

i 
f = -  i a ax 

a U a  
0 

( 3 )  
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The covariant components of the metric tensor i n  the material system ua 
are: 

where G i j  a r e  t h e  c o v a r i a n t  components of the metric tensor in the fixed 

system xi .  For the fixed Cartesian system (Euclidian space) we have, 

where 6i.J a r e  the components of the Kronecker de l ta ,  The c o o r d i n a t e  l i n e s  

of the  xi-system a r e  assumed t o  "deform" w i t h  t h e  continuum i n  order t o  

enable the material points t o  keep t h e i r  coordinates ( i n  the ua-system) 

unchanged. 

The c o n t r a v a r i a n t  components of the  v e l o c i t y  vector  i n  t h e  f i x e d  

system are  defined by: 

i 

d t  
i dx v = -  ( 7 )  

I t  is impossible  t o  d e f i n e  veloci ty  a s  a change i n  the coordinates i n  the 

material  system, however, distances a re  obviously changing. The l e n g t h  of 

the elementary a r c  i n  the material coordinates is given by: 

ds2 = gaB dua duB 

Defining the r a t e s  of change i n  the material system by - a 
change of the elementary a r c  is, 

the r a t e  of a t '  

From E q  ( 9 )  one may conclude also that  

The c l u e  f o r  t h e  i n t r i n s i c  r a t e s  of change may be unraveled, then, by the 

derivation of the r a t e s  of change of the metric tensor. 
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I t  can be shown4 

material  coordinates is 

t h a t  t h e  r a t e  of change of the metric tensor i n  the 

given by 

where 

Y 
V 

a,B gYa , B  
V 

a i  So x ( f B )  or vi is the  velocity i n  the fixed system as observed i n  
, B  

(12)  

t h e  m a t e r i a l  system. The Components of the deformation r a t e  tensor defined 

as follows, 

+ V  ) = d  A 1 agaB 1 = - - =  
da8 2 a t  7('a,B 8 , a  Ba 

and t h e  components of the s p i n  tensor as, 

( 1  3 )  

Subst i tut ion of E q .  (13)  i n t o  E q .  (10)  yields ,  

(15 )  a A' A B  ( a  a = -1 dua 
d s  - ( l o g  d s )  = daB a t  

As soon a s  the  deformation r a t e  is established a s  t h e  time derivative 

of the metric tensor,  t h e  i n t r i n s i c  charac te r i s t ics  of the continuum, b e i n g  

m e t r i c  propert ies  of space, a r e  readi ly  differented ( w i t h  respect t o  t ime) .  

For more d e t a i l s  see Ref. 4 .  

2.2 The Rate of Global Pr inciples  

The pr inciple  of v i r tua l  power (or of v i r tua l  v e l o c i t i e s ) ,  

i s  e q u i v a l e n t  t o  t h e  equat ions  of equilibrium along w i t h  the complete s e t  
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of b o u n d a r y  c o n d i t i o n s .  I n  E q .  (161,  u i j  a re  t h e  c o n t r a v a r i a n t  components 

of t h e  Cauchy stress t e n s o r ,  p t h e  mass d e n s i t y ,  a n d  f j  i s  a v e c t o r  of 

s p e c i f i c  body f o r c e s .  

Total  d i f f e r e n t i a t i o n  of E q .  ( 1 6 )  y i e l d s 4 ,  

v V 

. dbv j  - YTJ dt d A = o  ( 1 7 )  

A 

A t  a n y  i n s t a n t  Eq. ( 1 7 )  m u s t  be  s a t i s f i e d .  The v i r t u a l  v e l o c i t y  and 

its time d e r i v a t i v e  are, t h e n ,  i ndependen t .  Moreover, t h e  l a s t  t h r e e  terms 

of E q .  ( 1 7 )  are e q u i v a l e n t  t o  Eq. ( 1 6 ) .  Hence, t h e  p r i n c i p l e  of the  r a t e  of 

v i r t u a l  p o w e r  may b e  o b t a i n e d  i n  i t s  c o n c i s e  fo rm.  F o r  f u r t h e r  

c l a s s i f i c a t i o n s ,  t h e  t o t a l  d e r i v a t i v e  of  t h e  s t ress  c o m p o n e n t s  w i l l  be 

r e p r e s e n t e d  by the  Jauman d e r i v a t i v e ,  namely 

and  t h e  f o l l o w i n g  i n t e g r a l s  are d e f i n e d  by 

v 
(20)  

(21 1 
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T h e n ,  s u b s t i t u t i o n  i n  E q .  ( 1 7 )  y i e l d s  t h e  f i n a l  form o f  t h e  p r i n c i p l e  of 

t h e  r a t e  of v i r t u a l  power, 

df’ 6 v .  dV + 1 Y dt 
J 

1 - 1  + I d + I r  e 
r 

which is e q u i v a l e n t  t o  

A 

p d l k  f J  = 0 J i  aiJ + p - -  d f  do - 
d t  ‘ V  

d t  , i  ,i ,k 

and 

( 2 2 )  

( 2 3 )  

A s imi la r  p r o c e s s  c a n  be a p p l i e d 4  t o  o b t a i n  t h e  p r i n c i p l e  of t h e  r a t e  o f  

b a l a n c e  of ene rgy  from the first law of  thermodynamics. 

2.3 C o n s t i t u t i v e  E q u a t i o n s  

I n  a p r e v i o u s  p a p e r 3 ,  t h e  a u t h o r s  h a v e  p r e s e n t e d  a comple t e  se t  of 

c o n s t i t u t i v e  r e l a t i o n s  fo r  n o n i s o t h e r m a l ,  l a r g e  s t r a i n ,  e l a s t o - v i s c o p l a s t i c  

b e h a v i o r  of metals. I t  was shown there3  t h a t  t h e  metric t e n s o r  i n  t h e  

convec ted  ( m a t e r i a l )  c o o r d i n a t e  s y s t e m  c a n  be l i n e a r l y  decomposed i n t o  

e l a s t i c  a n d  ( v i s c o )  p l a s t i c  par t s .  So a y i e l d  f u n c t i o n  was assumed, which 

is d e p e n d e n t  o n  t h e  r a t e  of c h a n g e  of  s t r e s s  o n  t h e  m e t r i c ,  o n  t h e  

t e m p e r a t u r e  a n d  a s e t  of i n t e r n a l  v a r i a b l e s .  Moreover, a hypoelas t ic  law 

was chosen  t o  describe t h e  thermo-elastic p a r t  of t h e  de fo rma t ion .  

A time a n d  t e m p e r a t u r e  d e p e n d e n t  l l v i s c o p l a s t i c i t y “  model  was 

f o r m u l a t e d  i n  t h i s  convec ted  material sys tem t o  accoun t  for  f i n i t e  s t r a i n s  

and r o t a t i o n s .  The h i s t o r y  and t e m p e r a t u r e  d e p e n d e n c e  were i n c o r p o r a t e d  

t h r o u g h  t h e  i n t r o d u c t i o n  of i n t e r n a l  v a r i a b l e s .  The choice  of  t h e s e  

v a r i a b l e s ,  a s  well as t h e i r  e v o l u t i o n ,  was m o t i v a t e d  by t h e r m o d y n a m i c  

c o n s i d e r a t i o n s .  
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The n o n i s o t  hermal  e l a s  t o - v i  s c o p l a s  t i c de format ion process  was 

d e s c r i b e d  c o m p l e t e l y  b y  I t thermodynamic s t a t e ”  e q u a t i o n s .  I*lost  

i n v e s t i g a t o r s 1  , 2  ( i n  the area of viscoplast ic i ty)  employ p las t ic  s t r a i n s  as 

s t a t e  v a r i a b l e s .  T h i s  s tudy3 shows t h a t ,  i n  g e n e r a l ,  u s e  of  p l a s t i c  

s t r a i n s  a s  s t a t e  v a r i a b l e s  may lead  t o  i n c o n s i s t e n c i e s  w i t h  regard  t o  

thermodynamic considerations. Furthermore,  t h e  approach and formula t ion  

employed i n  previous works leads t o  the condition that  a l l  the p l a s t i c  work 

is completely d i s s i p a t e d .  T h i s ,  however ,  i s  i n  c o n t r a d i c t i o n  w i t h  

experimental  evidence, from which it emerges that part of the p l a s t i c  work 

is used f o r  producing r e s i d u a l  s t r e s s e s  i n  t h e  l a t t i c e ,  which ,  w h e n  

phenomenologically cons idered ,  causes  hardening. Both l i m i t a t i o n s  were 

excluded from t h i s  formulation. 

The const i tut ive re la t ion  w i l l  be rephrased here as follows 

P 
( 2 5 )  

i i k  k 2 a )  if F = ( tk  - C po  g B k ) ( t i  - C p, g Si) - k (W,T) = 0 

i i ’0 i 
k ’  k p k’ where, s the Kirchhoff s t r e s s  tensor,  s = - u and the temperature T 

i a re  independent process variables,  tk  being the deviator of the Kirchhoff 

P 
s t r e s s .  si and W and B k  a r e  internal  parameters, then k ’  

w i t h  
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b) i f  

and 

then 

with 

c )  if 

or 

F = O  

i Ei 
dk = dk 

P 

F < O  
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( 3 2 )  

( 3 3 )  

(35)  

( 3 6 )  

( 3 7 )  



i Ei then dk = d k  (38) 

P 

w = o  

'i 
Bk = 0 

( 3 9 )  

(40 )  

2.4 Plane S t r e s s  Approximation 

B y  d e f i n i t i o n ,  a body is s a i d  t o  be i n  t h e  s t a t e  of plane s t r e s s  

p a r a l l e l  t o  t h e  u l ,  u 2  plane when t h e  s t r e s s  components u 1 3 ,  u23, u33 

vanish7. I t  is  wel l  known i n  l i t e r a t u r e  tha t  t h e  case of plane s t r e s s  is 

d i f f i c u l t  t o  handle t h e o r e t i c a l l y .  Even l i n e a r  e l a s t i c i t y  has t o  t r e a t  

t h i s  c a s e  i n  an a p p r o x i m a t e  manner.  To remove some of t h e o r e t i c a l  

d i f f i c u l t i e s  Durban and Baruch5 introduced the notion of  Generalized P lane  

S t r e s s ,  where i n s t e a d  of dealing w i t h  the quant i t ies  themselves, one deals 

w i t h  t h e i r  average values. 

I n  our case  t h e  problem is  even more d i f f i c u l t .  The nonl inear i t ies ,  

which the general three-dimensional theory  t a k e s  i n t o  account w i l l  a l s o  

cause a l a r g e  change of the geometr ical  q u a n t i t i e s  i n  the u3  direct ion.  

Clearly, some assumptions a r e  needed t o  t r e a t  t h e  case of plane s t r e s s  a s  

a two-dimensional case. 

The f i r s t  b a s i c  assumption is t h a t  t h e  t h i c k n e s s ,  h ,  of the plate 

defined by the coordinates u l ,  u 2  l o c a t e d  i n  i t s  middle p lane ,  i s  small  

a s  compared w i t h  the other two dimensions. A second assumption is that  the 
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e x t e r n a l  f o r c e s  a c t  i n  t h e  u l ,  u 2  d i r e c t i o n s  a n d  a r e  symmet r i ca l ly  

d i s t r i b u t e d  w i t h  r e s p e c t  t o  the  midd le  p l ane .  

In a way similar t o  t h e  p rocedure  proposed  by Durban and  B a r u c h 5 ,  a l l  

t h e  k i n e m a t i c  e x p r e s s i o n s  a r e  o b t a i n e d  by a v e r a g i n g  t h e  th ree -d imens iona l  

e x p r e s s i o n s .  

A b a s i c  a s s u m p t i o n  for the  case of p l a n e  stress is t h a t  t h e  components 

connec ted  w i t h  t h e  t h i r d  d i r e c t i o n  are small a n d  c a n  b e  n e g l e c t e d .  S o ,  a 

new concep t  of g e n e r a l i z e d  stress t e n s o r  is i n t r o d u c e d  

i 0; 
T = -  

ho 

I t  m u s t  be  n o t e d  t h a t  i n  t h e  l i n e a r  t h e o r y  o f  e l a s t i c i t y ,  where t h e  

geometry does n o t  c h a n g e ,  t h e  a v e r a g e d  a n d  g e n e r a l i z e d  stress t e n s o r s  

c o i n c i d e .  

So t h e  t h r e e - d i m e n s i o n a l  i n c r e m e n t a l  e l a s  t o - v i  s c o p l a s t i c  t h e o r y ,  

d e v e l o p e d  p r e v i o u s l y ,  c a n  be  a d o p t e d  f o r  t w o - d i m e n s i o n  p l a n e  s t r e s s  

problems.  

3. A Thin  Curved Beam 

3.1 Doubly Curved Element 

A c o m p l e t e  r a t e  t h e o r y  o f  k i n e m a t i c s  a n d  k i n e t i c s  f o r  d o u b l y  a n d  

s i n g l y  c u r v e d  t h i n  s t r u c t u r e s ,  w i t h o u t  a n y  r e s t r i c t i o n  o n  t h e  m a g n i t u d e  o f  

the s t r a i n  or t h e  d e f o r m a t i o n ,  was p r e s e n t e d  in Ref. 4.  

F i v e  d i f f e r e n t  she l l  theories ( a p p r o x i m a t i o n s ) ,  i n  r a t e  fo rm,  s t a r t i n g  

w i t h  t h e  s i m p l e  K i r c h h o f f - L o v e  t h e o r y  a n d  f i n i s h i n g  w i t h  a c o m p l e t e l y  

u n r e s t r i c t e d  one ,  were c o n s i d e r e d  t here4. 

The k i n e m a t i c  and  k i n e t i c  e q u a t i o n s  f o r  i n t r i n s i c  s h e l l  d y n a m i c s ,  

i n t r o d u c e d  i n  Ref. 4 a r e  p r e s e n t e d  here ,  i n  compact form, together  w i t h  

basic n o t a t i o n s .  For s i m p l i c i t y  we c o n s i d e r  here Ki rchhof f  motion only8 .  
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The components of the velocity vector w = i are  . . -  
wa = j . yo,  w = y e n  ’a n 0 = y o  

a 
(42 )  

where is the u n i t  normal to  y ,  and y is the weighted motion. 

Expressions for the components of the velocity gradients, i, follow 

from different ia t ion of E q .  ( 4 2 )  

The time r a t e s  of t he  components of the metric and curvature tensors 

follow immediately from the above as 

To complete t h e  kinematics, we get the components of the acceleration 

vector by time d i f fe ren t ia t ion  of E q .  ( 4 2 )  and through use of E q s .  ( 4 3 )  and 

( 4 4 )  J 

- .  
y . n = w  + 2 w a  n 

The a c c e l e r a t i o n s  form the  r i g h t  s i d e s  of the  equations of motion. The 

l e f t  sides a r e  t h e  s t a t i c  terms t h a t  can, f o r  example, be expressed i n  

terms of symmetrical s t r e s s  resul tants4.  The r e s u l t  becomes 
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-3 - 
.-IC,-? 2 , ? ,  m a re  loading components and mass, r e spec t ive ly ,  per un i t  a rea  

3 . 2  A Simpl i f ied  Version of Curved Beam Element 

F i g .  1 - Reference Line of a Curved Beam 

k ? o r t i o n  of t h e  re ference  l i n e  f o r  a curved beam is  shown on F i g .  1 .  

:-.s c ~ l r r e n t  a r c  l e n g t h  i s  denoted  by s ,  w h i l e  q i s  t h e  cur ren t  angle  of 

:r !?: lnation of t he  normar t o  t h e  r e f e r e n c e  l i n e ,  a n d  p is t h e  r a d i u s  o f  

3 A r v i i  i re .  

T?e s t r e s s  resul tmts  ac t ing  on t h e  beam cross  sec t ion  are the  bending 

, 7 m e n t  '1, t h e  a x i a l  f o r c e  N ,  and t h e  s h e a r  f o r c e  Q .  The e x t e r n a l  l o a d ,  

- .?2;ir?d p e r  u n i t  of cur ren t  length  of t h e  re ference  l i n e ,  has the components 

- 2 . 7 -  i n  t h e  a i r e c t i o n  of t h e  u n i t  vectors  e and e r e spec t ive ly .  
S n r..  * . A  ?n 
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I f  v and vn deno te  t h e  v e l o c i t y  components i n  t he  d i r e c t i o n  of  t h e  
S 

u n i t  v e c t o r s  e and en r e s p e c t i v e l y ,  t h e  ra te  o f  ex tens ion  is 
S 

'n d = - - -  
as P ( 4 9 )  

The r a t e  o f  r o t a t i o n ,  i, of a given s e c t i o n  is given by 

. 
(50)  

vs ,=*=as+- P 

while t h e  g e n e r a l i z e d  ra te  o f  deformation a s s o c i a t e d  w i t h  bending is 

(51 1 
I ; ,-=-- a i  a avn "s 

as as ( - +  $ 
The  r a t e  of  e q u i l i b r i u m  e q u a t i o n s  f o r  t h i s  s i m p l i f i e d  v e r s i o n  may be 

put  i n  the f o l l o w i n g  form: 

4. Numerical S o l u t i o n  

The q u a s i - l i n e a r  n a t u r e  of t h e  v e l o c i t y  e q u i l i b r i u m  e q u a t i o n s  suggests  

t h e  a d o p t i o n  of a n  i n c r e m e n t a l  a p p r o a c h  t o  n u m e r i c a l  i n t e g r a t i o n  w i t h  

r e s p e c t  t o  t ime. The a v a i l a b i l i t y  of  t h e  f i e l d  f o r m u l a t i o n  p r o v i d e s  

a s s u r a n c e  of t he  completeness of  t h e  i n c r e m e n t a l  e q u a t i o n s  and  a l l o w s  t h e  

u s e  o f  a n y  c o n v e n i e n t  procedure f o r  s p a t i a l  i n t e g r a t i o n  over  the domain B. 

In t h e  p r e s e n t  i n s t a n c e  t h e  choice has been made i n  f a v o r  of a s i m p l e  f i r s t  

o r d e r  e x p a n s i o n  i n  time f o r  t h e  c o n s t r u c t i o n  of inc remen ta l  s o l u t i o n s  from 

452 



t h e  r e s u l t s  of f i n i t e  e l e m e n t  s p a t i a l  i n t e g r a t i o n  of the  governing ' 

equations. 

The procedure employed permits  the r a t e s  of the  f i e l d  formulation t o  

be i n t e r p r e t e d  a s  i n c r e m e n t s  i n  t h e  n u m e r i c a l  s o l u t i o n .  T h i s  i s  

p a r t i c u l a r l y  convenient f o r  t h e  c o n s t r u c t i o n  of incremental  boundary 

cond i ti  on h i s  tor  i es . 
The f i n i t e  element method f o r  s p a t i a l  d i s c r e t i z a t i o n  has been well 

documented (see,  e.g. Zienkiewiczg or Odenf0) and w i l l  not be detai led here. 

I t  should be noted,  however ,  t h a t  a s  a c o n s e q u e n c e  of t h e  p r e s e n t  

formula t ion ,  the v e l o c i t y  e q u i l i b r i u m  equations a r e  not symmetric.  T h i s  

feature  precludes implementation of a Ritz procedure a s  commonly employed 

i n  f i n i t e  element analysis  of infinitesimal deformation. Linear algebraic 

equations governing the d iscre te  model f o r  t h e  f i n i t e  case a r e  developed 

employing t h e  method of Calerkin. 

The s p a t i a l  discret izat ion r e s u l t s  i n :  

CKI { v }  = { i }  (53) 

where [K] is the nonsymmetric s t i f f n e s s  matrix, { v }  is the vector 

containing the generalized nodal veloci t ies ,  and {;} is t h e  r a t e  of the 
load .  The s o l u t i o n  t o  Eq.  (53) a t  time t o  provides a basis for evaluation 

of a deformation increment and associated changes i n  i n t e r n a l  stresses and 

b o u n d a r y  l o a d i n g .  The incremental s o l u t i o n  d e f i n e s  t h e  deformed 

configuration and s t r e s s  r a t e  a t  t = to + 6 t  thereby p e r m i t t i n g  d e f i n i t i o n  

of a new s p a t i a l  problem at  the l a t e r  time. 

5. Applications 

The c a p a b i l i t i e s  of the models presented here i n  have been evaluated 

through three simple numerical examples. The f i r s t  example demonstrates  

the  c a p a b i l i t y  of t h e  plane s t r e s s  approximation t o  predict deflections and ,  
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,--,:?e.; ; ?  ?i * J ? ~ T I  loaded  by a constant moment. Figure 2 i l l u s t r a t e s  t h e  

--:-.e :?e " i n i t e  e1e:nent model. A quar te r  of the beam was d i v i d e d  i n t o  

;- < ~ 1 1 ? : j f r t j  i ?  t h e  v e r t i c a l  d i r e c t i o n  and i n t o  f i v e  e l e m e n t s  i n  t h e  

' . d n i ; > r i t i :  l i - e c t i o n .  The ex te rna l  moment was i n t r o d u c e d  b y  s i x  p a r a l l e l  

~ 6 .n , ,7- - , . >  , -  ?~?? . i r~g  on t n e  sec t ion  i3C ( s ee  Fig. 2 ) .  

T r i ?  -/3lue 3 f  the ex te rna l  moment is 3500 kg/cm, and t h e  m a t e r i a l  of 

,d I ~ T ? & Y >  i s  :5!?-17. Tne v i s c o p l a s t i c  p r o p e r t i e s  of t h e  m a t e r i a l  were 

I , L z L : ? ~ :  1 ex2eri:nentaily from u n i a x i a l  t e s t s  i n  Ref .  1 .  T h i s  p r o p e r t i e s  

.. '----? - : ;*-la ' :m~~Lef,  i n t o  the  present mater ia l  model. 

. ̂ e  - .  

T n ?  . / x i ? t i o n  of the  d e f l e c t i o n  of p o i n t  E as  a f u n c t i o n  of tirne is 

j i ~ . : ! ~  i ?  F i g .  3 .  I t  i s  impor t an t  t o  p o i n t  o u t  t h e  va lue  of  t h e  l a r g e  

:e:;:.::?tion 3 n E I l y s i s .  4 f t e r  t e n  n i n u t e s  of t h e  deformation is  i n c r e a s e d  by 

. r -. _ _  -~ ~I .,. i ?t t h e  sa:lt? t i s e  t h e r e  a r e  important  changes i n  the  stress f i e l d  

' ; - -  ..i > - lj. ii). - .  

F i z .  2 - The Beam Model 
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Fig .  j - P o i n t  E Def lec t ion  

2 5  30i 
I \  ei 5 rt IO 

I I I I I 1 - 
3 4 6 6 h  01 0 I 2 

Fig. 4 - S t r e s s  Distribution 
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T h e  n e x t  e x a m p l e  c o n s i s t s  of  a s t r a i g h t  s i m p l y  s u p p o r t e d  beam, loaded 

by a t r a n s v e r s e  c o n c e n t r a t e  force a t  t h e  m i d s p a n .  The  beam is 25  i n c h e s  

l o n g ,  two i n c h e s  h i g h  a n d  o n e  i n c h  wide .  The material is s t a i n l e s s  s t ee l  

3 0 4  (Heat 9 T 2 7 9 6 ) .  The mater ia l  c o n s t a n t s  i n  s u b  s e c t i o n  2 . 3  were 

c o r r e l a t e d  w i t h  t h e  u n i a x i a l  t e n s i o n  e x p e r i m e n t a l  r e s u l t s  g i v e n  i n  Ref. 12 .  

The beam was s u b j e c t e d  t o  a l o a d  of 2000 p o u n d s  a t  llOO°F, t h i s  l o a d  was 

t h e n  h e l d  c o n s t a n t  f o r  312 h r . ,  a n d  t h e n  i n c r e a s e d  t o  2250 pour ids  a t  

1 400°F. 

T h e  p r i m a r y  p u r 2 o s e  o f  t h i s  e x a i n p l e  is  t o  c o m p a r e  t h e  r e s u l t s ,  

o b t a i n e d  by  t h e  two p r e v i o u s l y  d i s c u s s e d  m o d e l s .  The  f i r s t  o n e  is t h e  

t w o - d i m e n s i o n a l  ? l a n e  s t r e s s  m o d e l ,  a n d  t h e  S e c o n d  o n e  is t h e  t h i n  beam 

model as d e r i v e d  from t h i n  s h e l l  t h e o r y .  F i g u r e  5 p r e s e n t s  r e s u l t s  i n  t h e  

f o r m  of l o a d  v e r s u s  midspan d e f l e c t i o n .  The f i n i t e  e l e m e n t  rnodel c o n s i s t s  

of  f i v e  s i m p l e  p l a n e  s t ress  e l e m e n t s  ( d a s h e d  l i n e  i n  F i g .  5 )  o r  f i v e  

s o p h i s t i c a t e d  beam e l e m e n t s  ( f u l l  l i n e  i n  F i g .  5 ) .  

I t  can  be s e e n  ( F i g .  5 )  t h a t  t h e  r e s u l t s  a g r e e  q u i t e  well  u p  t o  t h e  

3 1 2 - h o u r  h o l d  p e r i o d  ( p o i n t s  3 , 4 ) .  D u r i n g  t h e  h o l d  p e r i o d ,  t h e  material 

h a r d e n s  and o n l y  t h e  beam model can  r e p r e s e n t  t h i s  b e h a v i o r  a f t e r  t h e  l o a d  

is f u r t h e r  i n c r e a s e d .  

T h e  l a s t  e x a s p l e  p r e s e n t s  a n  a n a l y s i s  o f  a c i r c u l a r  a r c h .  T h e  

geometry of t h e  shallow c i r c u l a r  arch is shown on F i g .  6 .  T h e  m a t e r i a l  is 

o n c e  a g a i n  t h e  304 s t a i n l e s s  s t e e l .  T h e  a r ch  is  f i x e d  a t  bo th  e n d s  and 

c a r r i e s  a c o n c e n t r a t e d  l o a d  a t  t h e  c e n t e r .  T h e  e l a s t o - v i s c o p l a s t i c  

a n a l y s i s  o f  t h i s  arch is per formed w i t h  t h e  a i d  o f  a t e n  c u r v e d  beam e lmen t  

model and  w i t h  t h e  i n e r t i a  terms t a k e n  i n t o  a c c o u n t .  The load P is  a s s u m e d  

t o  b e  a p p l i e d  i n  a q u a s i - s t a t i c  manner  a t  t = 0 .  The r e s u l t s  o f  t h i s  

a n a l y s i s  a r e  s h o w n  o n  F i g .  6 ,  a s  t h e  t i m e - h i s t o r y  o f  t h e  m i d s p a n  

456 



ORIGINAL PAGE IS 
ZOOR QUALITY 

Fig. 5 - Deflection v s  Load 

i: 1.3 1 
i . 6  , 
I .i i ? = 2r: Its. 
1.2 f :\% !I J 
-3.L 1 
0 . 2  , / 

0 0.1 0 . 2  0.3 0.6 0 . 5  0 .6  
time, hours 

Fig .  6 - Circular  Shallow Arch 
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disp lacement .  The response of the  a rch  s t a r t s  w i t h  t h e  i n s t a n t a n e o u s  

e l a s t i c  deformation a t  t - 0,  followed by slow deformation u p  t o  p o i n t  B ,  

whioh can be considered a s  a limit point for  the given value of the load P. 

Beyond point B ,  the displacements increase r a p i d l y  towards poin t  C .  This 

may suggest the  existence of c r i t i c a l  time for the prescribed load, 
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EFFECTS OF STATE RECOVERY ON CREEP BUCKLING UNDER VARIABLE LOADING 

D.N. Robinson* and S.M.  Arnold+ 
U n i v e r s i t y  o f  Akron 

Akron, Ohio 44325 

S t r u c t u r a l  a l l o y s  embody i n t e r n a l  mechanisms t h a t  a l l o w  r e c o v e r y  o f  s t a t e  
w i t h  v a r y i n g  s t r e s s  and e leva ted  temperature; t h a t  i s ,  t hey  can r e t u r n  t o  a 
s o f t e r  s t a t e  f o l l o w i n g  pe r iods  o f  hardening. Such m a t e r i a l  behav io r  i s  known 
t o  s t r o n g l y  i n f l u e n c e  s t r u c t u r a l  response under some impor tan t  thermomechani- 
c a l  loadings;  for example, those i n v o l v i n g  thermal r a t c h e t i n g .  Here, we inves- 
t i g a t e  the  i n f l u e n c e  o f  dynamic and thermal recovery on t h e  creep b u c k l i n g  o f  
a column under v a r i a b l e  l oad ing .  The column i s  taken as the  i d e a l i z e d  (Shan- 
l ey )  sandwich column. The c o n s t i t u t i v e  model, u n l i k e  the  commonly employed 
Nor th  creep model, i nco rpo ra tes  a r e p r e s e n t a t i o n  o f  bo th  dynamic and thermal 
( s t a t e )  recovery.  The m a t e r i a l  parameters o f  t h e  c o n s t i t u t i v e  model a re  chosen 
t o  c h a r a c t e r i z e  Narloy-Z, a r e p r e s e n t a t i v e  copper a l l o y  used i n  t h r u s t  nozz le  
l i n e r s  of reusable r o c k e t  engines. V a r i a b l e  l o a d i n g  h i s t o r i e s  i n c l u d e  r a p i d  
c y c l i c  un load ing / re load ing  sequences and i n t e r m i t t e n t  r e d u c t i o n s  o f  l o a d  for 
extended pe r iods  o f  t ime; these a re  superimposed on a cons tan t  load.  The c a l -  
c u l a t e d  r e s u l t s  show t h a t  s t a t e  recovery s i g n i f i c a n t l y  a f f e c t s  creep b u c k l i n g  
under v a r i a b l e  l oad ing .  
t i v e  r e l a t i o n s  can l e a d  t o  nonconservat ive p r e d i c t i o n s  o f  t h e  c r i t i c a l  creep- 

t 

I 
i 

F a i l u r e  t o  account f o r  s t a t e  recove ry  i n  t h e  c o n s t i t u -  
I 
I b u c k l i n g  t ime.  

INTRODUCTION 

The i n f l u e n c e  o f  dynamic and thermal recovery on t h e  h i g h  temperature 

For example, recovery i s  b e l i e v e d  t o  p l a y  a major r o l e  i n  one of  t h e  
behavior  o f  s t r u c t u r a l  a l l o y s  i s  well recognized (refs. 1 and 2 ) .  (See f i g s .  1 
and 2 . )  
c e n t r a l  s t r u c t u r a l  problems r e l a t i n g  to  l i q u i d  metal  breeder r e a c t o r  design, 
t h e  problem o f  thermal r a t c h e t i n g .  F a i l u r e  t o  account for recove ry  e f fec ts  i n  
s t r u c t u r a l  analyses i n v o l v i n g  repeated thermal t r a n s i e n t s  has been shown to 
g i v e  qual  1 t a t i v e l y  i n c o r r e c t  and nonconservat ive p r e d i c t i o n s  o f  r a t c h e t i n g  i n  
some instances ( r e f .  3 ) .  Specia l  p r o v i s i o n s  f o r  t a k i n g  recove ry  i n t o  account 
(e.g., t he  so c a l l e d  a - rese t  procedure ( r e f . 4 ) )  a re  now f i n d i n g  t h e i r  way 
i n t o  documents g u i d i n g  s t r u c t u r a l  a n a l y s i s  i n  t h e  U . S .  n u c l e a r  i n d u s t r y .  The 
e f f e c t s  of thermal r a t c h e t i n g  have a l s o  been observed i n  t h r u s t  n o z z l e  l i n e r s  
of reusable r o c k e t  engines. 

A second area i n  which recove ry  e f f e c t s  a re  thought  to  p l a y  a p r lmary  
role, and one t h a t  impacts e s s e n t i a l l y  a l l  h i g h  temperature system design, i s  
t h a t  of creep c rack  growth under c reep- fa t i gue  ( v a r i a b l e  s t r e s s )  c o n d i t i o n s .  

*NASA Lewis Resident Research Associate.  
*Now a t  NASA Lewis Research Center.  



Creep ( s t a t e )  recovery i s  b e l i e v e d  to  be one o f  the  main causes o f  a c c e l e r a t i o n  
o f  crack growth i n  t h e  creep regime and under v a r i a b l e  loads.  A s tudy by Kubo 
( r e f .  51, u s i n g  the same c o n s t i t u t i v e  r e l a t i o n s  ( r e f s .  2 and 6) employed i n  
t h e  present  work, shows t h a t  t he  exper imen ta l l y  observed a c c e l e r a t i o n  o f  creep 
cracks under v a r i a b l e  s t r e s s  can be p r e d i c t e d  through the  i n c l u s i o n  o f  appro- 
p r i a t e  mechanisms o f  recove ry  i n  the  c o n s t i t u t i v e  r e l a t i o n s .  

I n  t h i s  paper we d iscuss a t h i r d  area o f  mechanics i n  which recove ry  i s  
expected t o  have s i g n i f i c a n t  i n f l u e n c e ,  t h a t  i s  t h e  problem o f  creep b u c k l i n g  
under v a r i a b l e  loading.  The presence o f  mechanisms o f  recovery can a l l o w  creep 
s t r a i n  r a t e s  to  increase f o l l o w i n g  pe r iods  o f  hardening and thus cause a c c e l e r -  
a t i o n  o f  creep b u c k l i n g .  Load r e v e r s a l s  may be accompanied by dynamic recove ry  
as i n  f i g u r e  1 ,  and load  r e d u c t i o n s  by thermal recove ry  as i n  f i g u r e  2;  i n  
e i t h e r  case, creep r a t e s  a re  increased upon r e l o a d i n g ,  which tends to  reduce 
t h e  c r i t i c a l  t i m e  t o  b u c k l i n g .  

I n  the  v a s t  m a j o r i t y  o f  creep-buck l ing s tud ies  t h e  c o n s t i t u t i v e  model used 
has been o f  the  Norton type ( r e f s .  7 t o  9 )  wherein t h e  (s teady s t a t e )  creep 
r a t e  i s  taken as a f u n c t i o n  of  s t r e s s  and temperature alone. Some i n v e s t i g a -  
t i o n s  have made use o f  hardening t h e o r i e s  ( r e f s .  10 t o  12) t h a t  i n c l u d e  a p r i -  
mary creep phase. However, these t h e o r i e s  do not g e n e r a l l y  a l l o w  fo r  i n e l a s t i c  
s t a t e  recovery and, consequent ly,  for r e j u v e n a t i o n  o f  p r imary  creep. These 
c o n s t i t u t i v e  t h e o r i e s  a re  adequate i n  the  case o f  cons tan t  l o a d i n g  b u t  may s i g -  
n i f i c a n t l y  ove r  p r e d i c t  t h e  t i m e  to  b u c k l i n g  under c e r t a i n  types o f  v a r i a b l e  
loading.  

Here, we examine the  e leva ted  temperature creep-buck l ing problem under 
v a r i a b l e  l o a d i n g  us ing  t h e  simple Shanley model ( r e f .  13) o f  a column b u t  w i t h  
a c o n s t i t u t i v e  model ( r e f s .  2 and 6) t h a t  embodies a r e p r e s e n t a t i o n  o f  bo th  
dynamic and thermal recove ry .  The c o n s t i t u t i v e  model i s  t h a t  developed p r i n c i -  
p a l l y  by Robinson a t  Oak Ridge Na t iona l  Laboratory  and NASA Lewis Research Cen- 
t e r ;  and t h a t  used by Kubo i n  s tud ies  concerning creep c rack  growth.  

The p resen t  s tudy was mo t i va ted  p a r t l y  by the  occurence of what appears 
t o  be l o c a l  r a t c h e t i n g - b u c k l i n g  f a i l u r e s  i n  the  t h r o a t  l i n e r  o f  the  main t h r u s t  
nozzles o f  reusable r o c k e t  engines, n o t a b l y  the  NASA Space S h u t t l e  main engine. 
For t h a t  reason the m a t e r i a l  parameters used i n  the  c o n s t i t u t i v e  equat ions a r e  
chosen to  rep resen t  a copper a l l o y ,  Narloy-Z, which i s  t y p i c a l  o f  m a t e r i a l s  
used i n  r o c k e t  engine t h r u s t  nozz le l i n e r s .  

We s h a l l  f i r s t  s t a t e  t h e  c o n s t i t u t i v e  model and, secondly, s p e c i f y  t h e  
geometry o f  the  Shanley column model. We then i n v e s t i g a t e  creep-buck l ing 
behavior under constant  l oad ing ;  c y c l i c  l o a d i n g  which i nc ludes  r e l a t i v e l y  r a p i d  
load reduc t i ons  and r e v e r s a l s  (dynamic recovery) ;  and c y c l i c  l o a d i n g  which 
i nc ludes  i n t e r m i t t e n t  r e d u c t i o n s  o f  load fo r  extended pe r iods  o f  t ime  ( thermal  
recovery) .  
creep model, a re  repeated for comparison. Some p h y s i c a l  aspects assoc ia ted  
w i t h  the c o n s t i t u t i v e  model a re  discussed a long w i t h  the  r e s u l t s .  F i n a l l y ,  we 
s t a t e  the  conclus ions drawn f rom the study. 

Some o f  the c a l c u l a t i o n s ,  u s i n g  a r o u g h l y  e q u i v a l e n t  Norton type 

THE CONSTITUTIVE THEORY 

We make use o f  the  
g i ves  the  complete m u l t  

c o n s t i t u t i v e  law r e p o r t e d  i n  references 2 and 6, which 
a x i a l  statement o f  the  model. Here, we s t a t e  the  mode 
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I 

I 

i n  u n i a x i a l  t e r m s  t o g e t h e r  w i t h  t h e  co r respond ing  parameter  va lues  a p p r o p r i a t e  
for  t h e  copper a1 loy Nar loy-Z .  

Flow law: 

; F 5 0 or F > 0 and U(U-U) 5 0 Io 
E v o l u t i o n a r y  law:  

I 

i n wh ich  

and 

Rlalm-’sgn a; a > a and uu > 0 0 

a = (  

A = 1 . 6 0 ~ 1 0 - 8  
n = 4  

m = 8.73 

p 
~2 = 209.6 - 0.20(T)  
H = 1 . 4 6 ~ 1 0 7  

R = 1 . 0 6 ~ 1 0 - ~  

= 1 . 0 7 ~ 1 0 - ~  ( T 2 )  + 1 .60  

( 2 )  

( 4 )  

uo = 0.2 

Also, EP i n d i c a t e s  t h e  i n e l a s t i c  s t r a i n  r a t e  i n  h r -1  and 
u n i a x i a l  s t r e s s  i n  MPa. I n  t h e  genera l  form of  t h e  t h e o r y ,  K (MPa) i s  a 
Bingham-Prager t h r e s h o l d  s t r e s s  p l a y i n g  t h e  r o l e  o f  a s c a l a r  s t a t e  v a r i a b l e ;  
h e r e  i t  i s  t aken  t o  have t h e  c o n s t a n t  v a l u e  g i v e n  above. For p r e s e n t  purposes,  
u (MPa) i s  t h e  s i n g l e  i n e l a s t i c  s t a t e  v a r i a b l e .  I t  r e p r e s e n t s  t h e  u n i a x i a l  
component o f  a t e n s o r i a l  s t a t e  v a r i a b l e  ( i n t e r n a l  s t r e s s )  t h a t  appears i n  t h e  
m u l t i a x i a l  f o r m u l a t i o n  of t h e  t h e o r y .  The minimum a t t a i n a b l e  v a l u e  o f  1.1 i s  
uo which  p l a y s  a p r i m a r y  ro le i n  t h e  r e p r e s e n t a t i o n  of dynamic r e c o v e r y .  (See 
D i  scuss ion.  ) 
( T ) ,  a r e  c o n s i s t e n t  w i t h  t h e  u n i t s  MPa, h r ,  and degrees K e l v i n .  The e l a s t i c  
response i s  c h a r a c t e r i z e d  by a l i n e a r l y  tempera tu re  dependent Young’s  modulus 
E (MPa) g i v e n  by 

U, t h e  a p p l i e d  

The rema in ing  parameters ,  i n  some cases f u n c t i o n s  o f  tempera ture  

E = 1 . 4 7 ~ 1 0 5  - 70.5(T> ( 5 )  
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Equations ( 1 )  t o  (4)  i n c o r p o r a t e  both dynamic and thermal recovery and the re -  
f o r e  a re  capable o f  p r e d i c t i n g  the  type of  behavior  i l l u s t r a t e d  i n  f i g u r e s  1 
and 2 .  

The parameter values fo r  Narloy-Z were determined from u n i a x i a l  t e n s i l e  
and s t r e s s  r e l a x a t i o n  t e s t  data.  
r e q u i r e d  t o  c h a r a c t e r i z e  a p a r t i c u l a r  a l l o y  by u s i n g  the  present  c o n s t i t u t i v e  
theo ry  was n o t  a v a i l a b l e ,  t he  t e n s i l e  and r e l a x a t i o n  da ta  had t o  be considered 
s u f f i c i e n t .  

Because the  complete data base no rma l l y  

T e n s i l e  da ta  were  found ( r e f .  14) over  a wide temperature range (-30 t o  
811 K )  b u t  a t  o n l y  a s i n g l e  s t r a i n  r a t e  0.002/sec. L i m i t e d  s t r e s s  r e l a x a t i o n  
d a t a  ( r e f .  15) were  found a t  t he  temperature 811 K (1000 O F ) ;  these were used 
i n  the  absence o f  creep data.  The most se r ious  da ta  de f i c iency  i n  the  p resen t  
c o n t e x t  i s  t he  l a c k  o f  t e s t s  g i v i n g  a d i r e c t  measurement o f  recovery e f f e c t s ;  
t h a t  i s  such t e s t s  as s t r a i n  or s t r e s s  t r a n s i e n t  d i p  t e s t s  o r  open loop  c y c l i c  
t e s t s  i n v o l v i n g  p a r t i a l  s t r e s s  r e v e r s a l s .  Nevertheless,  i t  i s  b e l i e v e d  t h a t  
t he  m a t e r i a l  c h a r a c t e r i z a t i o n  i s  adequate for a reasonably q u a n t i t a t i v e  s tudy 
o f  creep-buck l ing behavior  under v a r i a b l e  s t r e s s .  

equa t ions  ( 1 )  t o  ( 4 ) .  F igu re  4 s i m i l a r l y  compares t y p i c a l  r e l a x a t i o n  responses 
w i t h  a p r e d i c t i o n .  
d i c t i v e  c a p a b i l i t y  o f  the  c o n s t i t u t i v e  model b u t  s imply  as an assessment o f  
c o r r e l a t i o n  w i t h  e x i s t i n g  data.  
t heo ry  has been adequate ly  demonstrated r e l a t i v e  to  o t h e r  a l l o y s  i n  e a r l i e r  
p u b l i c a t i o n s  ( r e f s .  2 and 6) .  

F igu re  3 shows a comparison of the  t e n s i l e  da ta  w i t h  p r e d i c t i o n s  based on 

N e i t h e r  f i g u r e  i s  in tended as a demonstrat ion o f  the pre-  

The p r e d i c t i v e  c a p a b i l i t y  o f  the  c o n s t i t u t i v e  

THE SHANLEY COLUMN 

The column model adopted here i s  t he  sandwich i d e a l i z a t i o n  i n t roduced  by 
Shanley ( r e f .  13) and used by Kachanov ( r e f .  16) and o t h e r s .  The column geome- 
t r y  i s - i n d i c a t e d  i n  f i g u r e  5- 
t he  s lender  bar  elements 1 and 2 o f  l e n g t h  h and cross s e c t i o n a l  
The remainder of  the column o f  l e n g t h  L (L>>h)  remains r i g i d .  The 
the column, t h a t  i s ,  t he  d i s tance  separa t i ng  bars 1 and 2, i s  a l s o  

A l l  o f  t h e  deformat ion i s  presumed 

The column i s  loaded by a t i m e  dependent l oad  P ( t )  (shown pos 

o occur  i n  
area A/2. 
w i d t h  o f  
taken as h. 

t i v e ) ;  t he  
l a t e r a l  d isplacement of the  l oad  p o i n t  a t  any t i m e  i s  denoted by u ( t > .  The 
s t r e s s  and t o t a l  s t r a i n  i n  bars 1 and 2 a re  denoted by ul, u2,  and el = 61/h 
and e2 = fi2/h, r e s p e q t i v e l y .  

E q u i l i b r i u m  r e q u i r e s  t h a t  

~ 

and 

I 

I where uo = P I A .  

2u0 u2 + u1 = (6) 

( 7 )  
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D i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  t ime  p rov ides  t h e  r a t e  form o f  t h e  equ i -  
l i b r i u m  equa t ions ,  

6,  + Ul = 2U0 (8) 

i and 
I 

(9) 4u . u 
U2 - U, = Uo + 4U0T;- 

I From geomet r ic  c o n s i d e r a t i o n s  ( f i g .  5) t he  c o m p a t i b i l i t y  c o n d i t i o n  i s  
o b t a i n e d  as 

61 - 6 ,  u - uo - -  
h - L  

I 
I or 

u - uo 
el - e2 = - L 

(10) 

( 1 1 )  

i n  wh ich  uo i s  t h e  i n i t i a l  d isp lacement  ( i m p e r f e c t i o n ) .  The r a t e  form o f  the  
c o m p a t i b i l i t y  r e l a t i o n  i s  

(12)  u 
L el - e ,  = - 

Decomposing the  t o t a l  s t r a i n  r a t e s  i n  each bar  i n t o  e l a s t i c  and i n e l a s t i c  
c o n t r i b u t i o n s  g i v e s  

O1 . p  
+ El e, = E 

O2 .p  e2 = E + c 2  

(13 )  

(14)  

where E i s  t h e  Young's modulus as s p e c i f i e d  i n  equa t ion  (5). The i n e l a s t i c  
s t r a i n  r a t e s  E ;  and E! are ,  o f  course, o b t a i n e d  by a p p l y i n g  the  i n e l a s t i c  
c o n s t i t u t i v e  equa t ions  ( 1 )  t o  (4 )  to  each ba r .  

Combining the  e q u i l i b r i u m  equa t ions  (8) and X 9 1 ,  t h e  c o m p a t i b i l i t y  equa- 
t i o n  (121, and the  c o n s t i t u t i v e  r e l a t i o n s h i p s  (13) and (14) leads  to  . _- 

6, (1 + Eh 4L uo) = uo (1 + 4L uo - 2u) - p oo ( E ;  - E ! )  (15)  
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Under cons tan t  compressive s t r e s s  ( ! .e . ,  oo < 0 and 6,  = 01, and i n  t h e  

absence o f  i n e l a s t i c i t y  (i; = E* * p  = 01, e q u a t i o n  (15) g i v e s  the  E u l e r  c r i t i c a l  
s t r e s s  for  t h e  i d e a l i z e d  column as 

Eh 
uc = 4L 

F u r t h e r ,  c a l l i n g  

aO 
P=; 

C 

and 

2u 
h q = -  

(16) 

(17) 

(18) 

where Q i s  termed the  nondimensional  d isp lacement ,  we have from e q u a t i o n  (15)  

Now, from e q u a t i o n  ( 6 )  

6, = 2u0 - u1 

and from equa t ions  ( 1 2 ) ,  (131, (141, and (18)  

(20) 

The coup led  s y s t e m  o f  equat ions  ( 1 1 ,  ( 2 1 ,  (3), (19> ,  (20 ) ,  and ( 2 1 )  
t o g e t h e r  w i t h  the  a p p r o p r i a t e  i n i t i a l  c o n d i t i o n s ,  i n c l u d i n g  the  i n i t i a l  imper- 
f e c t i o n  qo = q(O), a l l o w  the  (nond imens iona l )  d isp lacement  q ( t )  t o  be ca l cu -  
l a t e d  f o r  a s p e c i f i e d  tempera ture  T ,  E u l e r  c r i t i c a l  s t r e s s  oc, and h i s t o r y  o f  
l o a d i n g  uo(t).  The r e s u l t s  o f  severa l  such c a l c u l a t i o n s  fo r  v a r i o u s  l o a d i n g  
h i s t o r i e s  a r e  p resented  i n  t h e  f o l l o w i n g  s e c t i o n .  

RESULTS 

A l l  o f  t h e  c a l c u l a t e d  r e s u l t s  a r e  i so the rma l  w i t h  the  tempera ture  taken 
t o  be 811 K (1000 O F ) .  i s  200 MPa and the  load- 
i n g / u n l o a d i n g  ramp r a t e  l U o l  i s  96 MPa/sec. 
was i n t e g r a t e d  u s i n g  a s e l f - a d a p t i n g  Adams-Bashfcrth p r e d i c t o r - c o r r e c t o r  method 
w i t h  a f o u r t h - o r d e r  Runge-Kutta method as a s t a r t e r .  
performed i n  doub le  p r e c i s i o n  on a Prime 850 computer w i t h  an upper e r r o r  bound 

The E u l e r  c r i t i c a l  s t r e s s  uC 

The gove rn ing  system o f  equat ions  

The c a l c u l a t i o n s  were 

o f  10-4. 
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I n  a l l  cases, t he  c r i t e r i o n  d e f  
taken as 

n 

n i n g  t h e  c r i t i c a l  t i m e  t o  b u c k l i n g  tc i s  

= p =  1 ( 2 2 )  

Th is  i s  e q u i v a l e n t ,  under c o n s t a n t  l,ad, to t h e  c r i t e r i o n  

u1 = 0 

t h a t  i s ,  t he  s t r e s s  i n  ba r  element 1 becoming zero .  

(23)  

Behav io r  Under Constant Load 

I n  a l l  c a l c u l a t i o n s  t h e  compressive l o a d  i s  f i r s t  a p p l i e d  from zero ,  where 
the  deforming elements a r e  cons ide red  i n  a v i r g i n  s t a t e  ( i . e . ,  a, = a, = O), t o  
a nominal va lue  o f  t h e  a p p l i e d  s t r e s s  (u0 
Eu le r  s t r e s s  uC = 200 MPa t h e  nominal va 

OO -35 p = -  = -  
0 200 

C 

I n  t h i s  s e c t i o n  we p r e s e n t  t h e  c a l c u  

= P / A >  o f  -35 MPa. 
ue o f  t h e  r a t i o  p (eq .  (17 ) )  i s  

Thus, w l t h  the  

= -0.175 ( 2 4 )  

a t e d  r e s u l t s  for a c o n s t a n t  l o a d  P 
h e l d  a t  t he  above v a l u e .  F i g u r e  6 shows a response q(r) under these cond i -  
t i o n s  fo r  f o u r  d i f f e r e n t  va lues  of i n i t i a l  (nond imens iona l )  d isp lacement  

qo = 
0.02, 0.05, 0.10, and 0.2. The t i m e  1: = t i t o  i n  f i g u r e  6 i s  nondimensional ,  
be ing  normal ized  w i t h  r e s p e c t  t o  t h e  c r i t i c a l  t i m e  co r respond ing  t o  no = 0.02; 
t h a t  i s ,  t o  = 6 h r .  

F igu re  6 shows t h a t  t h e  c r i t i c a l  t ime  t o  b u c k l i n g  i s  reduced by  a f a c t o r  
o f  almost 8 w i t h  an o r d e r  o f  magnitude inc rease  i n  t h e  i n i t i a l  d isp lacement .  

For the  sake of comparison, a l l  subsequent c a l c u l a t i o n s  a r e  taken  t o  have 
the  i n i t i a l  i m p e r f e c t i o n  qo = 0.02 and a re  p resen ted  i n  terms o f  t h e  nondimen- 
s iona l  t ime 'I: = t / t o .  

Behav io r  Under V a r i a b l e  Load 

We f i r s t  cons ide r  t h e  e f f e c t  o f  r a p i d  l o a d  r e d u c t i o n s  and r e v e r s a l s  super- 
imposed on the  cons tan t  l o a d  u0 = -35 MPa (p  = -0.1751. 
i n s e r t s  o f  f i g u r e  7, l o a d  i n t e r r u p t i o n s  occu r  a t  t i m e  i n t e r v a l s  of T~ = 0.15 
w i t h  v a r y i n g  amp l i t ude .  These i n c l u d e  r e d u c t i o n s  ( i n  t h e  t e n s i l e  d i r e c t i o n )  
o f  o0 t o  -20 MPa and to  0 MPa ( i n s e r t  ( a ) ) ,  to  +20 MPa ( i n s e r t  ( b ) ) ,  and a 
complete r e v e r s a l  to  +35 MPa ( i n s e r t  ( c ) ) .  
h i s t o r i e s  on the  c reep-buck l i ng  response Q ( ' I : )  a r e  shown i n  t h e  r e s p e c t i v e  
curves (a ) ,  ( b ) ,  and ( c )  o f  f i g u r e  7 .  

A s  shown i n  t h e  

The c a l c u l a t e d  e f f e c t s  o f  these 
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Curve (a )  corresponds t o  the  l o a d i n g  h i s t o r i e s  i n d i c a t e d  i n  i n s e r t  ( a ) ;  
reduct ions to  -20 and 0 MPa. The response curve fo r  each i s  i d e n t i c a l  to  t h a t  
o f  f i g u r e  6 fo r  the same i n i t i a l  d isplacement 0.02, thereby i n d i c a t i n g  t h a t  no 
change i n  the b u c k l i n g  response has occurred.  
t o  i n s e r t  (b)  i n  which t h e r e  i s  a l o a d  r e v e r s a l  t o  uo = +20 MPa. H e r e ,  we 
begin to  see a measurable change i n  the  c a l c u l a t e d  creep-buck l ing response, 
the c r i t i c a l  t i m e  hav ing d imin ished from the cons tan t  l oad  case by about 
10 percent .  F i n a l l y ,  i n  curve ( c )  we observe a r e d u c t i o n  o f  more than 30 per-  
cent i n  the t i m e  t o  b u c k l i n g .  This  corresponds t o  the  h i s t o r y  o f  i n s e r t  ( c )  
where a complete load r e v e r s a l  from u0 = -35 MPa t o  u0 = +35 MPa occu rs  a t  
each load i n t e r r u p t i o n .  Immediately f o l l o w i n g  each r e v e r s a l ,  we see evidence 
o f  the reappearance o f  p r imary  creep. This  i s  a t t r i b u t e d  t o  the  presence o f  
dynamic recovery ( f i g .  1 )  where creep (or r e l a x a t i o n )  i s  observed to  be accel -  
e ra ted  w i t h  s t r e s s  r e v e r s a l s  -even  i n  the  absence o f  s i g n i f i c a n t  reve rsed  
i n e l a s t i c  s t r a i n .  Al though, t o  the  knowledge o f  t h e  authors,  these e f f e c t s  
have n o t  been observed d i r e c t l y  i n  creep-buck l ing phenomena, i t  i s  expected 
t h a t  such e f f e c t s  can occur ,  on the  b a s i s  o f  t h e  exper imental  obse rva t i ons  
i l l u s t r a t e d  schemat i ca l l y  i n  f i g u r e  1 .  

Response curve (b )  corresponds 

bar element 
i n  f i g u r e  6 
load-up t o  
increase i n  
creeps unde 
the geometr 
t h a t  i n  bar 

The i n f l u e n c e  o f  dynamic recove ry  i s  bes t  understood by c o n s i d e r i n g  the  
s t a t e  space (u,a> of  f i g u r e  8. Note t h a t  i n  f i g u r e  8 and a l l  subsequent repre-  
sen ta t i ons  o f  t h e  s t a t e  space, compressive u and a are  shown as p o s i t i v e  
and are p l o t t e d  upward and t o  the  r i g h t ,  r e s p e c t i v e l y .  Herea f te r ,  t he  r e l e v a n t  
quadrants o f  the s t a t e  space w i l l  be r e f e r r e d  t o  as the  f i r s t  (ua > 0) and the 
f o u r t h  (ua < 0). I n  f i g u r e  8 the t r a j e c t o r y  o f  the s t a t e  p o i n t  (u2, a2) f o r  

2 i s  shown corresponding t o  the  constant  load response curve (a )  
The segment OA t races  the  pa th  o f  the  s t a t e  p o i n t  d u r i n g  i n i t i a l  

-35 MPa. Some i n e l a s t i c i t y  i s  i n d i c a t e d  over  p a t h  OA by the  
the i n e l a s t i c  s t a t e  v a r i a b l e  a,. A s  u, i s  h e l d  cons tan t ,  bar  2 
OO = 

n e a r l y  constant  s t r e s s ,  and t h i  s t a t e  p g i n t  moves toward B .  A s  
c n o n l i n e a r i t y  becomes p r e v a l e n t ,  t he  s t r e s s  i n  bar  2 increases (as 
1 decreases), and the s t a t e  p o i n t  moves toward C. P o i n t  C co r re -  

sponds t o  the  buckled c o n d i t i o n  q = 1 i n  f i g u r e  6 ( cu rve  ( a ) ) .  

S i m i l a r l y ,  f i g u r e  9 shows the  t r a j e c t o r y  o f  the  s t a t e  p o i n t  f o r  t h e  load- 

Here ,  we see the  e f f e c t  o f  the  ab rup t  l o a d  changes as 
i n g  h i s t o r i e s  i l l u s t r a t e d  i n  i n s e r t  (a )  o f  f i g u r e  7; l oad  r e d u c t i o n s  t o  
-20 MPa and t o  u0 = 0. 
v e r t i c a l  ( e l a s t i c )  t r a j e c t o r i e s  i n  the  s t a t e  space, r e s u l t i n g  i n  no o v e r a l l  
change i n  the  s t a t e  pa th  OABC from t h a t  j u s t  considered fo r  a cons tan t  load.  
This ,  o f  course, r e s u l t s  i n  the  same creep-buck l ing response observed e a r l i e r  
f o r  the constant  load.  

uo = 

The s t a t e  pa th  o f  f i g u r e  10 r e l a t e s  t o  the  l o a d i n g  h i s t o r y  o f  i n s e r t  (b )  
i n  f i g u r e  7 .  Here,  we begin t o  see evidence of  s t a t e  recovery.  The l o a d  v a r i -  
a t i o n s  now produce s t r e s s  r e v e r s a l s  i n  bar 2 and the  s t a t e  p o i n t  t r a j e c t o r i e s  
are n o t  s imply  v e r t i c a l  ( e l a s t i c )  l i n e s  as be fo re ,  b u t  now fol low curved paths 
as the s t a t e  p o i n t  penetrates i n t o  the  f o u r t h  quandrant (ua < 0) corresponding 
t o  a r e v e r s a l  o f  s t ress .  The s t a t e  recovers w i t h  t h e  s t ress  r e v e r s a l ,  r e s u l t -  
i n g  i n  a r e l a t i v e l y  softer s t a t e  ( s m a l l e r  a2) upon r e l o a d i n g .  
i n g l y ,  the creep r a t e  i s  increased i n  response t o  each load  c y c l e .  Evidence 
of increased creep r a t e  f o l l o w i n g  r e l o a d i n g  i s  apparent i n  curve (b )  ( f i g .  7). 

Correspond- 
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Load h i s t o r i e s  i n v o l v i n g  l a r g e r  s t r e s s  r e v e r s a l s  produce increased s t a t e  
recovery.  F igu re  11 shows-the s t a t e  pa th  i n  bar  2 f o r  t h e  f u l l y  reversed load  
dep ic ted  i n  i n s e r t  ( c )  ( f i g .  7). I n  f i g u r e  11, t he  e f f e c t  of dynamic recove ry  
a t  each un load ing / re load ing  c y c l e  r e t u r n s  t h e  s t a t e  p o i n t  w e l l  back i n t o  the  
p r imary  creep regime. A s  observed e a r l i e r ,  c l e a r  evidence o f  t h e  r e j u v e n a t i o n  
o f  p r imary  creep a f t e r  each l o a d i n g  c y c l e  i s  seen i n  curve ( c ) ,  w i t h  t h e  t o t a l  
e f f e c t  o f  d i m i n i s h i n g  t h e  c r i t i c a l  b u c k l i n g  t i m e  by about 30 percent .  

Since the  p e r i o d  o f  a p p l i c a t i o n  o f  t h e  r a p i d  l o a d i n g  c y c l e s  (.e 0.15) 

F igu re  12 shows the  b u c k l i n g  response curves ~ ( T C )  for load 
was chosen q u i t e  a r b i t r a r i l y ,  we now i n v e s t i g a t e  the  e f f e c t  o f  the  ! requency 
o f  l oad  cyc les .  
h i s t o r i e s  i n v o l v i n g  a f u l l  r e v e r s a l ;  t h a t  i s ,  u0 = -35 to  +35 MPa (as i n  
i n s e r t  ( c )  f i g .  7), w i t h  pe r iods  .eo, r 0 / 2 ,  To/4, and ~018. (The constant  
l oad  response curve i s  a l s o  shown fo r  re fe rence . )  
o f  more f requen t  ( s h o r t e r  p e r i o d )  s t r e s s  r e v e r s a l s .  Reversals w i t h  p e r i o d  
~ 0 / 8  reduce the t ime to b u c k l i n g  by more than a f a c t o r  of 3. 

t he  creep-buck l ing t ime.  
i n s e r t s  of f i g u r e  13. Case a ( 1 . e . .  i n s e r t  (a )  and response curve ( a ) )  i s  
e q u i v a l e n t  t o  one o f  those considered p r e v i o u s l y  ( i n s e r t  (a)  o f  f i g u r e  71, 
where the  t ime d u r a t i o n  a t  t he  reduced l o a d  u0 = 0 i s  e f f e c t i v e l y  zero.  
h i s t o r y  produces no change i n  the  b u c k l l n g  response over  t h e  constant  l oad  
case. 

We see t h e  pronounced e f f e c t  

N e x t ,  we examine the i n f l u e n c e  o f  l oad  r e d u c t i o n s  o f  extended d u r a t i o n  on 
The l o a d i n g  h i s t o r i e s  considered a r e  shown i n  the  

This  

I n s e r t  (b)  d e p i c t s  the  h i s t o r y  where the  load, hav ing been a p p l i e d  fo r  
p e r i o d  T , i s  a b r u p t l y  removed ( a t  a r a t e  IUoI  = 96 MPa/sec> and h e l d  a t  ze ro  

the  column under constant  l oad .  
reduces the  c r i t i c a l  t ime as shown i n  curve (b )  by about 15 pe rcen t .  Here ,  t he  
t i m e  ‘I: 

fo r  a per  P od .el; a t l m e  comparable t o  t h e  a c t u a l  c r i t i c a l  t ime  (.eo = 6 h r )  o f  
The sequence i s  then repeated. 

i nc ludes  o n l y  t h a t  t i m e  i n  which the  l oad  u0 = -35 MPa i s  app l i ed .  

This  behavior  i s  b e s t  v i s u a l i z e d  i n  t h e  s t a t e  space (u2, a2), f i g u r e  14. 
S t a t e  recovery i s  observed as, i n  t ime, t h e  s t a t e  p o i n t  moves a t  ze ro  s t r e s s  
toward smal ler  a2; fo r  example, on t h e  first load  r e d u c t i o n  from p o i n t  D t o  
E .  Reloading r e t u r n s  t h e  s t a t e  p o i n t  to  a s o f t e r  s t a t e  than  b e f o r e  the  l oad  
r e d u c t i o n  and, correspondingly ,  t o  a h i g h e r  creep r a t e .  
sequence thus causes a c c e l e r a t i o n  o f  the  creep-buck l ing process. 

s t r e s s  i s  now increased a hundred fo ld  t o  100rl.  
curve ( c )  shows a f u r t h e r  decrease i n  t h e  c r i t i c a l  t ime, about 30 pe rcen t .  
The r e l a t e d  s t a t e  p o i n t  t r a j e c t o r y  shown i n  f i g u r e  15 i s  q u a l i t a t i v e l y  s i m i l a r  
t o  t h a t  of  f i g u r e  14 b u t  now shows s i g n i f i c a n t l y  increased recove ry  w i t h  the  
hundredfo ld  increase i n  h o l d  t ime  a t  t he  reduced s t r e s s .  

This  h i s t o r y  

R e p e t i t i o n  of  t h e  

I n s e r t  ( c )  o f  f i g u r e  13 shows a l o a d i n g  h i s t o r y  i n  which t h e  t ime a t  z e r o  
The corresponding response 

Comparison With P r e d i c t i o n s  by Norton Law 

I n  t h i s  s e c t i o n  we compare the  r e s u l t s  presented w i t h  those fo r  I d e n t l c a l  
l o a d i n g  h i s t o r i e s  based on a c l a s s i c a l  creep law o f  the Nor ton-Bai ley type; 
t h a t  i s ,  
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A r o u g h l y  e q u i v a l e n t  r e p r e s e n t a t i o n  was o b t a i n e d  by  c a l c u l a t i n g  t h e  s teady  
s t a t e  c reep  r a t e s  f o r  v a r i o u s  s t r e s s  l e v e l s  u s i n g  equa t ions  ( 1 )  t o  (4) and f i t -  
t i n g  e q u a t i o n  (25) t o  these " d a t a "  by choos ing  o p t i m a l  va lues  o f  B and N i n  a 
l e a s t  squares sense. T h i s  p rocess  y i e l d e d  t h e  f o l l o w i n g :  

B = 2 . 0 3 ~ 1 0 - 1 9  

N = 9.375 

wh ich  a r e  c o n s i s t e n t  w i t h  u n i t s  o f  u i n  MPa and & P  i n  h r -1 .  By u s i n g  
e q u a t i o n  (251, t h e  c r i t i c a l  t i m e  t o  b u c k l i n g  ( c o r r e s p o n d i n g  t o  t h e  c o n s t a n t  
l o a d  case o f  cu rve  (a )  f i g u r e  6 )  t u r n e d  o u t  to  be t b  = 7.8 h r ;  s l i g h t l y  
g r e a t e r  t h a n  t h e  e a r l i e r  r e f e r e n c e  Thus, i n  t h e  c a l c u l a t e d  r e s u l t s  
p r e s e n t e d  he re  ( f i g .  161, t h e  nondimensional  t i m e  'I: i s  o b t a i n e d  by  no rma l i za -  
t i o n  w i t h  r e s p e c t  t o  tb.  
u0 = -35 MPa i s  a p p l i e d .  
response q(r) f o r  a l l  o f  t h e  l o a d i n g  h i s t o r i e s  p resen ted  e a r l i e r  have been 
i n c l u d e d  i n  f gu re  16. A s  expected ,  t h e  t ime  t o  b u c k l i n g  i s  c o m p l e t e l y  una f -  
f e c t e d  b y  any o f  t h e  v a r i a b l e  l o a d i n g  h i s t o r i e s .  T h i s  i s  because t h e  c l a s s i -  
c a l  Norton-Ba l e y  r e p r e s e n t a t i o n  (eq.  (25)) f a i l s  to  account  fo r  s t a t e  r e c o v e r y  
i n  any form. 

tb  = 6 h r .  

The t i m e  p l o t t e d  i s  t h a t  f o r  wh ich  t h e  l o a d  
On t h i s  b a s i s ,  c a l c u l a t i o n s  o f  c r e e p - b u c k l i n g  

DISCUSSION 

Dynamic r e c o v e r y ,  as i l l u s t r a t e d  i n  f i g u r e  1 and by t h e  s t a t e  p o i n t  t r a -  
j e c t o r i e s  o f  f i g u r e s  10 and 1 1 ,  i s  c h a r a c t e r i z e d  i n  t h e  p r e s e n t  c o n s t i t u t i v e  
model t h rough  t h e  dua l  a n a l y t i c a l  forms o f  t h e  e v o l u t i o n a r y  l aw  (eqs .  2)). 
T h i s  d e s c r i p t i o n  i s  c o n s i s t e n t  w i t h  t h e  v i e w p o i n t  o f  Onat ( r e f .  17) i n  r e p r e -  
s e n t i n g  i n e l a s t i c  b e h a v i o r  t h r o u g h  t h e  s p e c i f i c a t i o n  o f  a n a l y t i c a l l y  d i f f e r e n t  
mathemat ica l  fo rms c o r r e s p o n d i n g  t o  v a r i o u s  r e g i o n s  of t h e  s t a t e  space. H e r e ,  
d i f f e r e n t  a n a l y t i c a l  forms a r e  s p e c i f i e d  depending o n  whether  t h e  s t a t e  p o i n t  
l i e s  i n  t h e  f i r s t  ( t h i r d )  quadran t  ua > 0 or t h e  f o u r t h  (second)  quadran t  
ua < 0 o f  t h e  s t a t e  space. I n  e f f e c t ,  t h i s  p e r m i t s  t h e  s t a t e  p o i n t  t o  r e c o v e r  
r a p i d l y  upon r e v e r s i n g  t h e  s t r e s s ,  even i n  t h e  absence o f  s i g n i f i c a n t  r e v e r s e d  
i n e l a s t i c  s t r a i n  ( f i g .  1 ) .  T h i s  f o r m u l a t i o n  i s  i n t e n d e d  as an i d e a l i z a t i o n  o f  
a p h y s i c a l  p rocess  where in  t h e  d i s l o c a t i o n  s t r u c t u r e  (or t h e  a s s o c i a t e d  s t r u c -  
t u r e  o f  i n t e r n a l  s t r e s s )  i s  a b r u p t l y  a l t e r e d  w i t h  a r e v e r s a l  o f  t h e  a p p l i e d  
s t r e s s ,  because p r e v i o u s l y  i m m o b i l i z e d  d i s l o c a t i o n s  a r e  r e m o b i l i z e d  on t h e i r  
s l i p  p lanes  ( r e f .  18) .  S ince  t h e  i n e l a s t i c  s t a t e  v a r i a b l e  a i s  t aken  as an 
averaged,  phenomenologica l  measure o f  t h e  d i s l o c a t i o n  m i c r o s t r u c t u r e  (or i t s  
a s s o c i a t e d  i n t e r n a l  s t r e s s  s t a t e ) ,  i t  too shou ld  r e f l e c t  a r a p i d  change as t h e  
s t r e s s  i s  reve rsed .  

The s p e c i f i c  f u n c t i o n a l  form o f  t h e  f i rst  o f  equa t ions  ( 2 )  i s  f o r m u l a t e d  
i n  accordance w i t h  t h e  exper imen ta l  r e s u l t s  of M i t r a  and McLean ( r e f .  19 ) .  
The second o f  equa t ions  ( 2 )  can be cons ide red  an a n a l y t i c a l  c o n t i n u a t i o n  of 
t h e  f i r s t  equa t ion ,  e v a l u a t e d  a t  a. ( s m a l l  a) i n  t h e  f i rs t  quadran t  o f  t h e  
s t a t e  space, i n t o  t h e  second quadran t ;  or w i t h  symmet r ica l  response i n  t e n s i o n  
and compress ion,  a t  -ao 

1 

i n  t h e  t h i r d  quadran t  i n t o  t h e  f o u r t h  quadran t .  
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Th is  amounts t o  a h i g h l y  i d e a l i z e d  r e p r e s e n t a t i o n  o f  t h e  u n d e r l y i n g  p h y s i c a l  
process, b u t  cap tu res ,  n e v e r t h e l e s s ,  t h e  e s s e n t i a l  f e a t u r e  - t h a t  a b r u p t  mic ro-  
s t r u c t u r a l  rearrangements o c c u r  w i t h  s t r e s s  r e v e r s a l s .  

The p a t h  o f  t h e  s t a t e  p o i n t  i n  the  f o u r t h  quadrant  oa < 0 i n  f i g u r e s  1 1  
and 12, and, thus  t h e  e x t e n t  o f  recove ry ,  depend on t h e  t o t a l  s t r a i n  r a t e  and, 
c r i t i c a l l y ,  on the  parameter ao. I d e a l l y ,  a or, more comprehensively,  a 
f u n c t i o n  of u and a r e p l a c i n g  i t ,  shou ld  be de termined from exper iments i n  
which the  recove ry  o f  c reep r a t e  or f low s t r e s s  under s t r e s s  r e v e r s a l s  i s  
measured d i r e c t l y ;  and n o t  i n f e r r e d  i n d i r e c t l y  from a v a i l a b l e  monotonic ten- 
s i l e ,  creep and/or  r e l a x a t i o n  d a t a  as was done here .  The p r e s e n t  representa-  
t i o n ,  however, i s  b e l i e v e d  t o  be adequate, and c o n s i s t e n t  w i t h  t h e  o b j e c t i v e  
o f  demonst ra t ing  t h e  s t r o n g  i n f l u e n c e  o f  s t a t e  r e c o v e r y  i n  c reep b u c k l i n g .  A 
more comprehensive d e s c r i p t i o n  o f  dynamic recove ry ,  i n  t h e  same s p i r i t  as t h a t  
descr ibed,  and t h e  r e l e v a n t  e x p e r i m e n t a t i o n  a r e  t o p i c s  o f  c o n t i n u i n g  research .  

0 ’  

Thermal recove ry ,  as d e p i c t e d  i n  f i g u r e  2 and i n  t h e  s t a t e  pa ths  shown i n  
f i g u r e s  14 and 15, i s  m a n i f e s t  i n  t h e  second ( n e g a t i v e )  te rm o f  t h e  B a i l e y -  
Orowan e v o l u t i o n a r y  equa t ions  (2). I n  the  a p p l i c a t i o n s  cons idered,  t h e  s t a t e  
p o i n t  recove rs ,  i n  t ime,  under c o n s t a n t  ( ze ro )  reduced s t r e s s ,  g i v i n g  r i s e  t o  
an inc reased  c reep r a t e  on r e a p p l i c a t i o n  o f  s t r e s s  ( f i g .  2 ) .  P h y s i c a l l y ,  t h i s  
macroscopic behav io r  i s  a s s o c i a t e d  w i t h  t h e r m a l l y  a c t i v a t e d ,  d i f f u s i o n  con- 
t r o l l e d ,  m ic roscop ic  processes such as c l i m b  of edge d i s l o c a t i o n s ;  which a l l o w  
d i s l o c a t i o n s ,  i n  t ime,  t o  bypass i m m o b l l i z i n g  o b s t a c l e s ,  t hus  p roduc ing  a 
s o f t e r  s t a t e  ( s m a l l e r  a). The i m p o r t a n t  m a t e r i a l  parameters i n  equa t ions  ( 2 )  
a r e  R ,  m, and p .  I d e a l l y ,  these parameters a r e  de termined from b o t h  creep 
d a t a  and i n f o r m a t i o n  o b t a i n e d  from s t r e s s  or s t r a i n  t r a n s i e n t  d i p  t e s t s  
( r e f .  6) t h a t  p r o v i d e  a d i r e c t  measurement o f  thermal  recove ry .  Again,  as 
these d a t a  were n o t  r e a d i l y  a v a i l a b l e  fo r  the  a l l o y  Nar loy-Z, t h e  p e r t i n e n t  
parameters were i n f e r r e d  i n d i r e c t l y  from a v a i l a b l e  d a t a .  T h i s  approach 
a l though  n o t  o p t i m a l ,  i s  cons ide red  c o n s i s t e n t  wi th t h e  p r e s e n t  o b j e c t i v e s .  

CONCLUSIONS 

We have examined t h e  c reep-buck l i ng  response o f  an i d e a l i z e d  (Shanley) 
column under some s p e c i a l  v a r i a b l e  l oad ings .  The two types  o f  l o a d i n g  cons id -  
e red  amount t o  s u p e r p o s i t i o n s  o f  t h e  f o l l o w i n g  l o a d  sequences on a cons tan t  
a p p l i e d  load:  ( 1 )  r a p i d  c y c l i c  u n l o a d i n g / r e l o a d i n g  sequences i n v o l v i n g  s t r e s s  
r e v e r s a l s ,  and ( 2 )  c y c l i c  l o a d i n g  t h a t  i n c l u d e s  i n t e r m i t t e n t  r e d u c t i o n s  of l o a d  
for  extended p e r i o d s  of  t i m e  ( a t  e l e v a t e d  tempera ture) .  

A l though t h e  sandwich column model used i s  h i g h l y  i d e a l i z e d ,  t h e  c o n s t i t u -  
t i v e  model i s  q u i t e  comprehensive i n  t h a t  i t  i n c o r p o r a t e s  a r e p r e s e n t a t i o n  of 
dynamic and thermal ( s t a t e )  recove ry .  There i s  s u b s t a n t i a l  expe r imen ta l  e v i -  
dence t h a t  many s t r u c t u r a l  a l l o y s  embody i n t e r n a l  mechanisms a t  e l e v a t e d  tem- 
p e r a t u r e  t h a t  a l l o w  i n e l a s t i c  s t r a i n  r a t e s  t o  inc rease  ( r e c o v e r )  f o l l o w i n g  
p e r i o d s  o f  harden ing .  I n  p a r t i c u l a r ,  t h i s  i s  b e l i e v e d  t o  be t r u e  for t h e  
r e p r e s e n t a t i v e  copper a l l o y  Nar loy-Z c h a r a c t e r i z e d  he re .  

l o a d i n g  h i s t o r i e s  fo r  any p a r t i c u l a r  s t r u c t u r a l  component; i n s t e a d ,  t hey  were 
chosen to  b e s t  i l l u s t r a t e  t h e  g e n e r i c  i n f l u e n c e  o f  b o t h  dynamic and thermal 
recove ry  on s t r u c t u r a l  behav io r  i n  the  presence o f  a c reep induced i n s t a b i l i t y .  

The l o a d i n g  sequences examined a r e  n o t  i n tended  t o  r e p r e s e n t  p r o t o t y p i c a l  
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We expect  t h a t  q u a l i t a t i v e l y  s i m i l a r  behav io r  w i l l  accompany more r e a l i s t i c  
v a r i a b l e  l o a d i n g  c o n d i t i o n s  (and more r e a l i s t i c  s t r u c t u r e s ) ,  and t h a t  n e g l e c t  
of s t a t e  recove ry  e f f e c t s  i n  such cases w i l l  l ead ,  s i m i l a r l y ,  t o  nonconserva- 
t i v e  p r e d i c t i o n s  o f  t h e  c r i t i c a l  t i m e  t o  c reep b u c k l i n g .  

The f o l l o w i n g  conc lus ions  can be drawn from t h i s  s tudy :  

1 .  S t a t e  recove ry  (dynamic and the rma l )  can have a s i g n i f i c a n t  e f f e c t  on  
c reep-buck l i ng  behav io r ,  t h a t  i s ,  on the  c r i t i c a l  t ime .  

2. F a i l u r e  t o  account f o r  s t a t e  recove ry  i n  t h e  c o n s t i t u t i v e  equa t ions  
can l e a d  t o  nonconserva t i ve  p r e d i c t i o n s  o f  the  c r i t i c a l  b u c k l i n g  t i m e  under 
v a r i a b l e  l o a d i n g .  

3. A c l a s s i c a l  Nor ton -Ba i l ey  t y p e  creep law, commonly used i n  creep- 
b u c k l i n g  analyses, does n o t  account for s t a t e  r e c o v e r y  and, t h e r e f o r e ,  may s i g -  
n i f i c a n t l y  o v e r  p r e d i c t  t h e  t i m e  to  creep b u c k l i n g  under v a r i a b l e  l o a d i n g .  

4. I t  i s  i m p o r t a n t  t h a t  c o n s t i t u t i v e  models (wh ich  a r e  t o  be used i n  
c reep-buck l i ng  ana lyses  I n v o l v i n g  v a r i a b l e  l o a d i n g )  a l l o w  fo r  r e c o v e r y  e f f e c t s ,  
and fu r thermore ,  t h a t  t h e  C h a r a c t e r i z a t i o n  t e s t s  used f o r  d e t e r m i n i n g  t h e  pe r -  
t i n e n t  m a t e r i a l  parameters i n c l u d e  d i r e c t  measurements o f  s t a t e  recove ry .  
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Figure 1 .  - Schematic representation of dynamic recovery. In the absence of 
stress reversals, the stress relaxations over a fixed time ab ,  cd, and ef 
show successive hardening. 
hj shows evidence of (creep) softening, that is, evidence of recovery of 
state (ref. 1 ) .  

After the stress reversal fgh, stress relaxation 

47 4 



E / 
0 

A 
/ 

0 
0 0 0 

0 

0 

I 

I 

Figure 2. - Schematic representation of  thermal recovery. Response i n  an 
interrupted creep test typically exhibits relatively small strain recovery 
E 

stress reduction, that is, recovery o f  state (ref. 2). 
but measurable softening (depending on the interval AT) following a r 
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F igu re  4. - Comparison o f  s t r e s s  r e l a x a t i o n  da ta  ( r e f .  15) and a p r e d i c t l o n  
for Narloy-Z a t  811 K (1000 O F ) .  

t h r e e  t e s t s .  S t a r t i n g  s t r e s s  i s  120 MPa. 
Crosshatched r e g i o n  i n d i c a t e s  range of 
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F i g u r e  5 .  - Geometry of the  Shanley sandwich column. 

478 



n 

1.00 

0 .  eo 

0. a0  

0.40 

0 . 2 0  

0.00 

‘I 
I 

F i g u r e  6 .  - Nondimensional d isp lacement  versus  t i m e  fo r  i n i t i a l  i m p e r f e c t i o n s  
o f  qo = 0.02 (a ) ,  0.05 (b), 0.1 ( c ) ,  and 0.2 ( d ) .  
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Figure  7 .  - Nondimenslonal displacement versus time f o r  load ing  h i s t o r i e s  
depicted i n  i n s e r t s  ( a ) ,  ( b ) ,  and ( c ) .  
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F i g u r e  8 .  - S t a t e  space for ba r  2 showing s t a t e  pa th  for cons tan t  l o a d  
( cu rve  ( a ) ,  f i g .  6). U n i t s  MPa. 
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F i g u r e  9.  - S t a t e  space f o r  b a r  2 showing s t a t e  pa ths  co r respond ing  t o  l o a d i n g  
h i s t o r i e s  of i n s e r t  ( a ) ,  f i g u r e  7.  U n i t s  MPa. 
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Figure 10. - State space for bar 2 showing state path corresponding t o  loading 
history o f  insert ( b ) ,  figure 7. Units MPa. 
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F i g u r e  1 1 .  - S t a t e  space for bar 2 showing pa th  corresponding t o  l o a d i n g  
h i s t o r y  o f  i n s e r t  ( c ) ,  f i g u r e  7. U n i t s  MPa. 
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Figure 12. - Nondimensional displacement versus time showing the effect of the 
frequency of load reversals. 
and periods of T ~ ,  ~ ~ 1 2 ,  ~ ~ 1 4 ,  and ~ ~ 1 8 .  

Response curves for constant load (-35 MPa) 
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F i g u r e  13. - Nondimensional d isp lacement  versus t ime  for l o a d i n g  h i s t o r i e s  
d e p i c t e d  i n  i n s e r t s  ( a ) ,  ( b ) ,  and ( c ) .  
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F i g u r e  14. - S t a t e  space for bar  2 showing s t a t e  p a t h  corresponding t o  
i n s e r t  ( b ) ,  f i g u r e  13.  U n i t s  MPa. 
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F igure  15.  - S t a t e  space for  bar  2 showing s t a t e  path  corresponding to 
i n s e r t  ( c ) ,  f i g u r e  13. U n i t s  MPa. 

488 



1 IO0 

0 ,  e o  

o .  eo 

0 . v o  

0 . 7 0  

0 . 0 0  0 . 2 0  O.UQ 0 . 6 0  a .  1 0  1 . 0 0  

T 

Figure 16. - Nondimensional displacement versus time for all loading histories 
using classical Norton type creep law. 
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